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In this paper, we deal with some classes of singular integral equations on the real axes with reflections of
the form

3000+ 200+ [RIE L i iomde= 1) ©1)
and
20000 + 2, () + = jt‘P(‘)d‘ + i t)@(r)dHZ [a, 0, (Do = £ 1) ©2)

By means of the Riemann boundary value problems and of the systems of linear algebraic equations, we
give an algebraic method to obtain all solutions of equations (01) and (02) in a closed form. Note that some
special cases of normal sovability of (01) have been considered in [2 — 3].

1. Introduction. Let X = H*(0),(0 <p <1) be the Holder space on 0. Consider the following operators in X:

(o)) = _['(T,t)(P(T)dT, (1.1)
(St == jM, 1.2)
iy Tt

where I(z,t) is a given function satisfying the Holder condition in (t,t) e[l x[.

Definition 1.1 (see [2; 4]). We say that the function I(x,t) belongsto H " (1< p <) if:

@) 1(z,€) isanalyticin z and ¢ is in the upper half-plane [1 * (if one variable is fixed, then I(z,t) is
analytic in " ull );

(b) J'| I(z+iy,x)|" dt <const, r>1 foralmost x €], where constant is independent of y, y >0;

© I, ”Lp—)Lp<ConSt' where
(,0)(x+iy) = [I(z, x+iy)e(r)dx.
u]
Write

WO =0(-0), Q=(1+W), Q=201 -W) 13)

:%u ), B _—(| 9). (1.4)
It is easy to check that (see [2])
SW =-WS, SQ =Q;S, WS, =PW, i=j, i,j=12
X=X, ®X,=X"®X ", X;=Q,X, X" =BX, X =RX. (1.5)
We consider the solvability of the singular integral equations (in X) of the following form

000+ 200+ [RICE L i nomde= 1) (L6)
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and

m

4000+ 2,000+ =L LI froo@derY B Ob@edr= 1O, @7

J=1p

a;,b, e X (j=1,2,...,m) are given.

2. The solvability of equation (1.6)
Rewrite the equation (1.6) in the form

a, (DQ)(1) +a (H(Q,e)(®) +b, ()(SQ)) + (Io)(t) = f (1), 21

where Q,,Q,,S,| are the operators defined by (1.1) — (1.3) and a, (t) = a(t) +a,(t). In this paper, we shall
assume that

where a,a,,b,,

+

I(-7,t) =I(g,t), tel. (2.2)
It is easy to see that the equation (2.1) is equivalent to the system:

{Ai(t)(Qltp)(t) + G, (D(Q0)(1) + B, ((SQe) (1) + (Q1Qu)(t) = £, (1),
A, (D(Q0)(1) + C (1)(Q0)(1) + B, (1)(SQ)(D) + (R IQu)(t) = £, (1),

and this is a consequence of the assumption (2.2), where

AL0=3@ 02a,(-). B = 5b.0b,(-1),

CLold=5(@ 022 (), £,,0=5(FO F(-0)
Write o,(t) = (Qe)(t) and ¢,(t) = (Q@)(t), then ¢, e X, for j=1,2. Hence, we get the following

systemin X;x X, :

{Al(t)cpl(t) +C, (0o, (1) + B, (S )() +(Qle)(®) = f,(1), 23)

A (00, (1) +C, (09, (1) + B (D)(S o)1) + (Qlo)(1) = ().

Lemma 2.1 If (¢,,¢,) isasolution of the equation (2.3) in X x X, then (Q,¢,,Q,p,) isitssolutionin X, x X,.
Proof. Using the representation ¢; = Q¢; +Q,@; we can write (2.3) in the form:

A OQ) (1) +C, (1)(Q,9,)(1) + B, (1)(SQup,)(1) + (QlQup,)(1) — (1) =

= _[AI.(t)(QZ(pl)(t) + Cz (t)(Q1(P2)(t) + Bz (t)(SQZ(Pl)(t)] -

LA, (O(Q0,)(1) +C, (D(Q0,)(1) + B, (1)(SQ,0,)(D)] =

= A (O(Q) (1) +C, (1)(Q,9,)(1) + B (D (SQu, )(1) +(QIQu0, (1) — F, (D).
Note that

ADQID = 5 Q@ 00,0 +2 O, (-) £ X,
Cz (t)(Qz(Pz)(t) = %Ql(a— (t)(Pz (t) -a (t)(Pz (_t)) € X1,

B, (1)(SQie,)(1) = %Ql(kl O e)(®) =b, (-)(Se)(1) € X,,
(QIQe)(®) € X, (1) = (Q.F)(1) € X,.
AOQe)(1) = %QZ (@ e, (0 +a. (e, (1) € X,

C,(0(Q,)(1) = %Qz (& (De, () +a (e, (-1)) € X,,
B, (1)(SQ,,)(1) = %Qz (b, 1)(Se,)(®) —b. (-1)(S¢,)(1)) € X,.
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Similarly, it is easy to see that all the left sides of this system belong to X,; however, the right sides
belong to X,. From (1.5), both sides are equal to zero, which was to be proved.

Thus, it is enough to consider the system (2.3) in the space X x X only.
From system (2.3), we have:

G, (1) f,(1) = C, (1) £, (1) = [ADC.(1) - A,(C, (D], (1) +
HC,(1)B, (1) - C, (1B, ()](S,)(1) + C, (1)(Ql ) (1) - C, (D)(Q.l9,) (1),
A M) (1) - A1) f,.(t) = [ADC, () - A(1C,(D]e,(t) +
HA(1)B, (1) = A, () B, (OIS e)(1) + AM(Q.10)(1) - A, (D(Ql9,)(D).

2.1. Case of A(t)C,(t)— A, (t)C,(t) =0, vtell
Now we consider the case of A (t)C,(t) - A, (t)C,(t) =0, vt eJ. Then (2.3) can be rewritten in the form

{ u®e, (1) +v(O(Se)(1) +Qla (=) (le)®)]=C, (1) f (1) -C, ) f, (1),

2.4
u®o, (1) +v, (DS e ) (0 +Q,[a, (-)(le, )] = A1) f, () - A, (1) £, (1), @4

where
u(t) = %[«1 (-Ha_(t)+a.(a (-H]=Qla.(a ()],
V) = 5[0, 3 (- -a (b, (-] = Q,[b. (a (-0}
vi(t) = %[«% (Db, (-t) +a, (-1)b, ()] = Q[a, (b, (-1)].
THEOREM 2.1. Suppose that the function I(z,t) satisfies the condition (2.2), i.e. I(~t,t) = I(z,t) and
[u® +vOl "Qla (-Hle)O1eH, ", (2.5)
then the equation (2.5) admits all solutions in a closed form

o(t) = (Q.)(1) +(Q0,)(1),

where (o, (t), ¢,(t)) is a solution of the system (2.4) in X x X.
Proof. Put

_ 1 e(0)
(I)l(Z) - Z—M‘J.T_—Zd'c

According to Sokhotski — Plemelij formula, we have

{ ¢, (t) = ®; (1) - D; (1)
(Se)(t) = @; (1) + P, (t).

The first equation of system (2.4) can be written in the form (2.7)
u(t)[@; (t) — D, 1+ V[P, (1) + D (O] +Qfa (-)I(D; (1) — D, ()] = C, (1) f,(t) —C, (1) f, (1)

By [1] (Lemma 5.1), we obtain 1®; (t) =0, I1®, (t) e X* and

(2.6)

o (1) - A2 EOP O _ u® -V -y SO O -C, (0 1) 27
' u+v(d)  u)+ve) u v :

Put

o (t) = o (1) - 2RO O]
! u(t) +v(t) ’ (2.8)

D (t) = @, (1),
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we reduce the first equation of system (2.4) to the following Riemann boundary problem

D' (t) =GP (1) +g(t), (2.9)
where G(t) = % =50 f;((tt)) - SES) f(t)

Suppose that u?(t) —v(t) is a non-vanishing function on [J. Then G(t), g(t) € X and G(t) =0 for any
tel. Put

i = IndG(t):%J.dlnG(t),
T [

1% =i dt
F(z)—%iln{(m) G(r)}-:,

x+@):e~<n,x-@):(z:ij'er(@_

Z+i

Using the results of Riemann boundary problem, we have to consider the following cases:
1. If i >0 then the problem (2.9) is solvable and has the general solution given by formula

o(2) = X (2)| P(2) + 22D | (2.10)
(z+i)
where
1% g(r) dt
Y(z)=— —_ 2.11
(@) 2Tti:£x+(’t)‘t—2 (21D
and P _,(2)=p,+p,z+---+p,z " isapolynomial of degree i —1 with arbitrary complex coefficients.
2. If i <0 then the necessary condition for the problem (2.9) to be solvable is that
[ 9t o ok=12 i
5 X(1) (v+i)
Last conditions can be written as follows
J'Cl(T) L) =C,(0)f() _de =0,k=1,2,...,i. (2.12)

S OX @U@ HVE) @)
If the condition (2.12) is satisfied then all solutions are given by formula
D(z) = X(2)¥(2).
Hence, we have

R o1 8 G 9 L (9) [
o) =0, ) -D () =D (V) + L0 V(D) @ (1)

and o,(t) is defined by (2.4). The proof is complete.
2.2. Case of A(t)C,(t)- A, (t)C,(t)=0.

THEOREM 2.2. Suppose that the function I(t,t) satisfies the condition (2.2), i.e. I(-z,t) =I(t,t).
Consider the case u(t)=0 and

Ql[a+ (t)b+ (_t)] = O
If it is the case, the equation (2.1) admits all solutions in a closed form

o(t) = (Qe (1) + (Qup,)(V),
where (o, (t), ¢,(t)) is a solution of the system (2.4) in X x X.

{Qz [b, (a_(-1)] =0,
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Proof. Note that
G, ft)-C, (1) f,(t) =Q[a (t) f (-1)],
A0 - AWM (1) =Q,[a, (-t) f (V)]

and (2.4) is equivalent to the system

{ Qla, Ma (1], () +Q,[b, (tha_ (-1)I(Se () + Qfa_ ()l )(t)] = Q,[a_(t) f (-1)], (2.13)
Qla, (ha (-0, (1) +Q[a, ()b, (-1)1(Se,)(1) +Q,[a, (-1)(le, )] = Q,[a, (-1) f ()]. '
The first equation of system (2.13) can be rewritten in the form

Qla, M2 (-0]Qe)M) +Q,[b, (a (-H)](Q,Se,)(t) + 214

+Qa_(-t)(le)(O] = Qyla (1) f ()]
Qla. (ha (-DI(Qe)(1) +Q,[b, (Ha (-DI(QSe)(t) =0. (2.15)

Rewrite the second equation of system (2.13) in the form

Qla, Ma (-)1(Qe.)(1) +Qila, (b, (-1)1(Q,S¢,)() +
+Q,[a, (-1)(lo)(V] = Q,[a, (1) f (1)]

Qla. (Na (DI(Qe.)(1) +Q[a, (b, (-1)I(QSe,)(t) = 0. (2.17)

(2.16)

Note that
Qfa, (t)a (-)Qe 1) =Qla, Ma (-1)Qe)M)] e X,,

Q,[b, (Ma (DI(Q,Se)(1) = Q,[b, (Ha (-)(QSe) O] € X,,
Qla. (Da (-DI(Qe.)(1) = Q[a, (Ha (-)(Q0,)(V] € X,

and
Qla, (b, (-DI(QSe)(t) = Qfa, ()b, (-1)(Q.Se)(t)] € X,.
Hence, equation (2.14) and (2.16) are equivalent to the systems:
{Ql[éh (Ha_ (-1)(Qe )] +Qfa_(-)(e,) ()] = Qfa.(t) f (-1)],
Q,[b, (Ha_ (-1)](Q,S¢,)(t) =0;

{Qz[an (t)a_(-)(Q0,)1]1+Q,[a, (-t)(Ie,) ()] = Q,[a, (-t) f (1)],
Qla, (b, (-)1(Q,Se,)(t) =0.

Under the assumption u(t)=0 i.e. Q[a, (t)a (-t)]=0. If it is the case, equation (2.15) and equation (2.17)
are equivalent to the system:
{Qz [b. (Ha_(-)]1(QS¢,)(t) =0,
Qa, ()b, (-)1(QSe,)(t) =0.

Since Q,[b, (t)a (—t)]=0 and Q[a, (t)b, (-t)]=0, then equation (2.13) is equivalent to the system:
{ék (Ma_ (-)(Qe)(t) +a (-t)(le)(t) =a_(t) f (1) + z,(1),
a, (Da_(-)(Q,9,)() +a, (-t)(le,)(t) = a, (1) f (1) + (1),

where z (t) is an arbitrary function in X,, z,(t) isan arbitrary function in X,.
a. Suppose that a_ (t)a_(-t) =0, vtell.
Since 1Q,¢, =0, system (2.18) can be written in the form

{& (Da_(-)(Qe) 1) +a (-)(1Qe,)(t) = a_(t) f (1) + (1),
a, (ta_(-1)(Q0,)(1) +a, (-)(1Qe,)(t) = a (1) f (t) + ,(1).

(2.18)

(2.19)
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Since a, (t)a (-t) #0,Vtell, the first equation of the system (2.19) is solvable in a closed form, and
(Q,0,)(t) is defined by the second equation of (2.19).
If it is the case, the solutions of (2.1) are of the form

o(t) = (Qe (1) + (Qup,) (D),

where (Qo,)(t), (Q,9,)(t) is the solution of the system (2.19).
b. If a_(t,) =0,a (-t,) %0, the necessary condition for the system (2.18) to be solvable is that

a (_to)(I(Pl)(to) =a (to) f (_to) +2Z, (to)

a, (—t)(lo)(t,) = a. () f (t,) + z,(t)-
It follows

_a (to) f (_to) +7, (to) _a, (_to) f (to) + Zl(to)
(loy)(t) = 2 (L) = ) : (2.20)

If the condition (2.20) is satisfied, since the solution belongs to Holder space H" (U ), implies (2.18) has
solution if [M (t) - M (t,)| = o(|t—t, [*), limM(t) =c, e (—o0,+0), where

tato

M) = 2O TED 20 -a )
a,(t)a_(-t) '

W ()W (t,)| =o(t—t, [*), limW(t)=c, e (-o0,+x), where

wt) = 20O +a0-a. (o)
a,(t)a (-t) '

If it is the case, then (Qo,)(t,) =c¢,, (Q,)(t,) =C,.
c. If a_(—t,) =0, the necessary condition for the system (2.18) to be solvable is that:

a (t,) f(-t) +2z,(t) =0,
a, (4)(o)(t) =2, (-t,) f (t) + ,(t)-
Since the solution belongs to Holder space H" (1), implies (2.18) has solution if

|a7 OFE)+z,0)  a () f(-t)+ Zz(to)| =o(|t-t, ')
| a®ay a(t)a () | o

nEOIED 2O
toty a+ (t)37 (_t)

Tt)-T(t)|=o(t—t,["), limT (t)=d, & (—o0,+w), where

Ty = &N O+20 -a o))
a,(t)a (-t) '

If it is the case, then (Q,)(t,) = ¢, (Q,0,)(t,) =¢, and the solutions ¢(t,) of (2.1) are written in the form

0(t) = (Qupy)(to) + (Qup2)(Lo)-
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3. The solvability of equation (1.7)
We consider the solvability of the singular integral equations (in X ) of the following form

b, (t) rto(r)d u
000+ 2,00+ [EISE L i ipde+ 3 a,0b, (o= 10, (3.)
I - j=1
Denote by ij ,J=1,...,m, the linear functionals on X defined as follows
(N, 0) = Py (De(ddr, 0 e X.
[
Put (Nb_(p) =X;,1=1,2,...,m. Wereduce equation (3.1) to the following problem: find solutions ¢ of equation
J

d
t2

4,000 +2,0)0(0)+ ) LU frne@de= 103480 (32)
™y T o i=

depended on the parameters 2,,...,A, and fulfilled the following conditions
(ij(p):kj!jzllzl"’lm' (33)

Rewrite this equation in the form
a. (1)(Q)(1) +a_ (1)(Q,0)(t) +b, (O)(SQE)(M) +()(t) = f (1) - ik i35 (t), (34)

where a, (t) = a,(t) +a,(t). In the sequel. we shall assume that
I(—t.t) =I(z,1). (3.5

The equation (3.2) is equivalent to the symtem:

{Ai(t)(Ql(P)(t) +C,(0)(Q0)(1) + B, ()(SQ)(®) + (QIQe)(t) = T,/ (1),
A, (DQe)(1) +C,M)(Q)(1) + B)(SQ0)®) +(QIQe)(1) = T, (1),

and this is a consequence of the assumption (3.5), where

A0=3@ 0% (0, B.O=0.0b.(1). C.0=3@ O (D),

£5,(t) = %{ f(t) —ixjaj (t)}{f(—t) —ixjaj (—t)}.

Write o,(t) = (Qe)(t) and ¢,(t) = (Q@)(t), then ¢, e X, for j=1,2. Hence, we get the following
systemin X;x X, :

{Ai(t)%(t) +C, (00, (1) + B,(1)(Se)(1) + Qo)) = (1), (36)

A, ()@, (1) +C. (D0, (1) + B ()(S@) (1) +(Qle)(t) = , (1).

Lemma 3.1 If (¢,,¢,) isasolution of the equation (3.6) in X x X, then (Q¢,,Q,p,) is its solution in X, x X,.
Thus, it is enough to consider the system (3.6) in the space X x X only.
Now we consider the case A (t)C,(t) - A, (t)C,(t) 0, Vt e[l. Rewrite (3.6) in the form

{ u(®)e, (1) +v(O(Se)®) +Qla (-)(le)®] = C,(®) f; (1) -C, () f, (1),

« . 3.7
u®)e, (1) +v,(OSe)(1) +Q,[a, (1)) ()] = A(D) f, () - A, M) f, (1), 47

where

u(t) = %[a+ (-t)a (t)+a, (t)a ()] =Q[a.(t)a (-t)],
v(t) = %[Q (Ma (-t)—a (b, ()] = Q,[b, (t)a_(-1)],
v, (t) = %[& (Mb, (-t)+a, (-t)b, (O] = Q[a, ()b, (-1)].
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THEOREM 3.1. Suppose that the function I(z,t) satisfies the condition (3.5), i.e. I(-r,t) =I(t,t) and

[u®) +v] " Qla (-Ole)®IH,", (38)
then the equation (3.4) admits all solutions in a closed form
o(t) = Qe )(®) +(Q0,)(1),
where (o, (t), ¢,(t)) is a solution of the system (3.7) in X x X.
Proof. Put

_ 1 (@)
D, (z) =— |+—drt,
1(2) 2mi s t—-12 f

according to Sokhotski-Plemelij formula, we have

(So)(t) = @; (1) + D, (1).
Put
D () = D (1) _Qfa_(Dle, O] X+
MO+ (3.10)

O (1) = Dy (1),

we reduce equation the first equation of system (3.7) to the following boundary problem: find pairs of analytic
functions on upper and lower half plane ®*(z),® (z) and satisfies

@ () = GO)D (1) + g(b), (3.11)

where

G(t) = u(t) —v(t) g(t) = C(t)f (t)-C,()f, (t)
u(t) +v(t)’ u(t) +v(t) '

Suppose that u®(t) —v?(t) is a non-vanishing on [1. Then G(t),g(t) e X and G(t) =0 for any te[l. Put
. 1
i =IndG(t) =— |dInG(t),
O=27 j (t)

177 i) dt
F(Z)—%7 In|:(:) G(T)j|:n

0

X (2)=¢" @ x(2)= (%) e (@),

We have to consider the following cases:
1. If i >0 then the problem (3.11) has general solution is given by formula:

O(z) = X(Z){‘P(z) +L(Z)} (3.12)
(z+1)
where
_17g9(m dr
¥(z) = Z_Ttlf';[X*—(t): (3.13)
and
F?—l(z): P+ P2+ P, Zi 711 (3.14)

is a polynomial of degree i —1 with arbitrary complex coefficients.
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2. If i <0 then the necessary condition for the problem (3.11) to be solvable is that

Tg(‘) 9t k=12
X' (@) (r4i)s T

-0

This condition can be written as follows

[EOEE-COLE b oy
X ()u(x)+v(r)) (z+10)

If the condition (3.15) is satisfied then the solution is given by formula:
®(z) = X(2)¥(2)

Hence, we have
o) =@, (1)-D, () =

N 1 LN G 9Ly (9] e
=@ (t)+ 00 +v(t) D (t)
and o,(t) is defined by (3.7).

We have

1 % g(r) dt _ u
w(2) -;l @z B(z)—;x,-Aj(zx

where
B(Z):imicl(r)[f(l')wtf(-r)]—;Cz(r)[f(r)—f(—r)]. o
e [u(x) +v(DIX " (7) —

0

iy LSOOG 03 ) g
! 2mi [u(z) +v(T)]X " (7) -1

-0

1.Ifi >0 then ®(2) = X(Z)|:\P(Z)+L(_Zi):| and
(z+1)

o= )+ NP O ) = o)~ 30,0+ Ypie, )

u(t) +v(t)

where

o) = X“ (0B (0 — X~ (0B (1) + LECOX OB O
u(t) +v(t)

h;() = X" (OA )+ u(t) +v(t)

Xf(t)tk—l

—t)l _
X+(t)tkl+Ql{a_( ’ { (t+1) }}_X(t)tkl k=1,..,
(t+i)’ u® +v(t) iy T ,

e ()=

35

Ql{a,(—t)l[Xf(t)A}(t)]}_x*(t)Ai(t) j=1,...m

(3.15)

(3.16)

(3.17)

(3.18)
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(S0)0)=; 0+, =0 () + HEEIEO 0 (-

_ . Qfa (DX ®B I}
= X (B (1) + X (1)B (1) + OV

Qfa (-HIIX"MA ML}
u(t) +v(t)

X (tt<?
i T rpygkl Ql{a(_t)l{ i }} ekl
.\ X et (t+1i) Lxomet ]

;pk (t+i) u(t) +v(t) (t+i)

—Zm]k AXTOA M)+ +X (A O+

(Ip,)(t) = 1[®; (1) - D, (O)]) = -(1D7)(t) -

-I[X" (B (t)]+z7» IX (A ®]- Zpk {X ()(t Y }

From (3.7), we have

¢, O =[UOT {AD T, ®) - A O O -vOS o)1) -Qla, (Do) (O]} =

= LOL{FAOL O~ 1013 AOL O + 1(-0)-

Qfa (=HIIX"®)B ()]}
u(t) +v(t)

—Vl(t){x (OB )+ X (1B (1) + }er[t’t (=DI(X (t)B(t))]} -

01 (A0l 0 -2, (015 A0, 0+ 3, (0]

Qfa (-DIIX" (A (O]}
u(t) +v(t)

. 1{a(—t)||:X(t)_t:(l:|} N
X“or— (t+i) RS0

(t+i)’ u(t) +v(t) (t+i)

—Vl('f){X*('f)Aj+ )+ +X"(OA (t)} +Q[a, (-)I(X (t)A,-(t))]}+

+

+Z P Lu®]™ 4 -v,(0)

X— t tkfl m i
+Q, {a+ ol [ﬁm =800 -2:0,0+ XP& W),
where

500 =[O { FAOL O - 1013 AGL O+ (100

Qfa (-DIIX" (M)A MO}
u(t) +v(t)

{XT[)A} )+ +X (t)A,-(t)} +Q,[a, (-)I(X" () A,-(t))]} :

0,() =[] {% AL, (08, (0] A O3, +a, (-] -0

Qfa (-HI[X"MOA; I}
u(t) +v(t)

{W(t)A;(t) + + X(t)A,-(t)}er[& (—t)l(X(t)Aj(t))]}.
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j=1...m.
X (D)tk
Qqa (-l .~
Y Xt { [(tﬂ)' }} X~ (<
SO =OF a0 =5t u () (D) e [

X ()< _ ,
+Q2{a+(_t)||:wj|}}, k=1,...,i .

We have the solution of (3.2) is given by formula:

00 = Q)0+ QA - D7, [Q)O + Q)01+ Y IQe)® + Q)]

Substituting (3.19) into the condition (3.3) , we obtain
A=di =D 08+ PG =1...,m,
j=1 k=1

where

d; = N, (Q)(1) +(Q9)(1)),
e; = N, (Qh))(1) +(Q,0,)(1)),
i = N, (Q)(1) +(QE)(D).

Put
A P, d, e, e, €
a={™| L p=|P]  De|%| 2| = fm|
Mo Jmna P )i Ao € €2 " o Jim
91 G - Oy
G=| % 2 7 O
O 9mz " Oni Jon

Now we write (3.20) in the form of matrix condition
(1+E)A=D-GP,

where | isthe unit matrix.

(3.19)

(3.20)

(3.21)

From (3.21) we can say that the function ¢ determined by (3.19) is a solution of (3.1) if and only if

(A Ay,...0A,,) satisfies the following matrix condition

(1+E)A=D-GP.

2. If i <0, then the equation (3.2) has solutions if and only if the condition (3.15) satisfied. If this is in

case, then p, ,(t)=0. So, all solutions of (3.2) are given by
o(t) = (Qe)(®) + (Qup,) (D),

where

0.0 =00~ 22,0, 0,
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and o(t),h. (t) are determined by (3.16)
0:(0)=5()~37.,0,(0)

Hence, the solution ¢ determined by (3.22) is a solution of the equation (3.1) if (A,A,,...,A,,) satisfies
the following matrix condition
(+E)A=D. (3.23)

On the other hand, the condition (3.15) is of the form:

4, -3, =0,k=1,2, ., (3.24)
where
a GO+ (012 AN (1) - g,
W@ +v@IX () (i)
~remla (@ +a (0]~ 1¢,()[a, (1) -a, (-]
€ = Iz : : : 2 : : 0 .
i~ [u() +v(@IX" (7 (Tri)
Put
dll e1,1 e{z e:[m
d; e;l eéz e;m
p=| 2|, E=|r 2 TR
d:i Cixl e:il e:iz eiim Zixm

We write (3.24) in the form of matrix condition
E'A=D. (3.25)

Combining (3.23) and (3.25) we can say that the function ¢ determined by (3.22) is a solution of (3.1)
ifand only if (A,,A,,...,A,) satisfy the following matrix condition

(I + EJ ( D j
, xA=| | .
E (m=i )xm D (m-i)x1
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