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ATIIIPOKCUMALIUS YPABHEHUS ITY ACCOHA HA TIPSIMOYTOJIbHUKE TTIOBBILILIEHHOM TOYHOCTU
OJIOLIKUI TOCY JAPCTBEHHBIV YHUBEPCUTET
Mactyxos J1.®., [Tactyxos 10.D.

Annomayus: TlpeanoxeH anropuT™ pemeHns ypasHeHus [lyaccoHa Ha IpsIMOYTOJIBHUKE OBBIIIEHHOW TOYHOCTH
C BOCBMBIM aNreOpandecKuM MOPSAKOM MOTPEITHOCTH. sl CHMMETPHUYECKOH MATH AUAarOHAIBHON MaTpPHIIBI
MOTy4eHbI (JOPMYJIBI IPOTOHKH CHCTEMBI JTMHEWHBIX YPABHEHHH € KpaeBbIM ycioBueM Jupuxie. Jloka3aHsl
JIOCTATOYHBIE YCIOBHS KOPPEKTHOCTH (POPMYJT TPOTOHKHU BIEPE TS MATH JUAaroHaJIbHOW CHUMMETPHIECKON
MaTpHIbl. ANNPOKCHMAIHS y3JIOBBIX 3HAUECHHH pemieHus i oneparopa [lyaccona mo cuMMeTpuaHOMY IIaOIOHY
COJICPKUT TOJIBKO YAaCTHBIE IPOU3BOIHBIC UETHOTO MOPAIKA 110 KaXI0H U3 KOOPIUHAT.

Kniouegvie cnoga: 4ucIeHHBIE METOABI PELICHHS IUINITHYECKIX YPaBHEHUI MaTeMaTHIecKoi (Gpu3nKy,
JOCTaTOYHBIE YCIOBUS KOPPEKTHOCTH (hOPMYJI IIPOTOHKH IIATH JHAarOHATbHONW MAaTPHUIIBL.

THE APROXIMATION of the EQUATION of the POISSON ON RECTANGLE RAISED ACCURACY

Pastuhov D.F., Pastuhov YU.F.
The Abstract: is Offered algorithm of the decision of the equation of the Poisson on rectangle raised accuracy with
eighth algebraic rather inaccuracy. Formulas of the dugout of the system of the linear equations are received for
symmetrical five diagonal matrixes with marginal condition Dirihle. It is proved sufficient conditions to correctness
molded the dugout for five diagonal symmetrical matrixes onward. The Decomposition in row Taylor symmetrical
pattern for operator of the Poisson contains only quotient of the derived even order on each of coordinates.
The Keywords: the numerical methods of the decision of the elliptical equations mathematical physicists, sufficient
conditions to correctness molded the dugout five diagonal matrixes.

BBeaenue

3a7a4y c YUCIEHHBIM pelleHHeM ypaBHeHHS IlyaccoHa BeTpedaroTcss BO MHOTHX (DM3HKO-TEXHHYECKUX
MPWIOKEHUSX, OONBIION KIacc KpaeBbIX 3aJad MaTeMaTHIECKOW (PM3UKH TaKXKe CBOAMTCS K ypaBHeHHMIO [lyaccoHa
Ha npsiMoyrosibHuke. B cratbe[1] Bioxuna H.C. HCXOAHY0 THIPOIMHAMUYECKYIO 3a4a4y CBOIUT K 3aMKHYTOH
CHCTEME YCTHIPEX YPaBHEHUH B YACTHBIX IIPON3BOIHBIX OTHOCUTENHHO (DYHKIUI TOKA M BUXPS KHUIKOCTH, TPH U3
KOTOPBIX SIBJIIIOTCS YPaBHEHMSIMH apaOOIMIEeCKOTro THIIA, a YeTBEPTOE NpezicTaBisieT ypasHeHue [lyaccona
OTHOCHTENIFHO (DYHKIIMHU TOKA, a IIPaBas 4aCTh ypaBHEHMS paBHA GyHKIMHU BUXps. CHCTeMa JaHHBIX YpaBHECHUH
pemaeTcs MHOTOKPAaTHO TIO IIMKITY METOAOM Yepeayronuxcs HanpaBieHnil. Cie0BaTeIbHO, TOYHOCTh
annpokcuManuu ypasHeHus Ilyaccona ABisseTcss akTyaJlbHOH 3ajauell B IPUKIAAHON MaTeMaTUKe. BaxxHo
BbIpab0TaTh YHCIICHHBIC aITOPUTMEBI pelieHus ypaBHeHUs IlyaccoHa ¢ O0mpIMM anreOpandecKuM MopsAIKoM
MOTPEITHOCTH JJIsi SKOHOMHH BPEMEHH CUETa M COXPaHEHHsT HeOOBIIION HOPMBI TIOTPEITHOCTH. B padore|[2,
cTp.227] npuBeneHa siBHas pa3HOCTHAs (HOpMyJIa Ha JIeBATHTOUYCUCHOM IIAa0JIOHE, O3BOJISIOIIA HAUTH pelieHHe
ypaBHeHus [lyaccona MeTonoM npoctoit ntepaur. CAMMETPHUYHBIM JIEBITH TOYEYHBIM IIA0JI0HOM MOXHO
MOKPBITH BECh MPSIMOYTOJILHHUK MO OOIIMM IpaHHUIIaM, KOTOPBIH SIBISIETCS] yHUBEPCAIbHBIM IIA0JI0OHOM BHYTPH
NpSIMOYTOJIEHUKA M HA €ro cTopoHax (rpanunax). [IpuBenennas aBropamu GopMylia pocToi UTepanun 1aét
4eTBEPTHIH MOPSIIOK HEBA3KH ypaBHEHHs [lyaccoHa B paBHOMEPHOI HOpME M OOIIyI0 OTHOCHTEIILHYIO

-5 -6 . .
norpemrocts 10 —107° . Takoii ke HOPANOK OTHOCHTETLHOI MOTPEITHOCTH HPUBOLUTCS B IIPOrPAMMAX I
pelIeHust JIUTUITUYECKUX ypaBHeHuit y A.A. Camapckoro[3].

B nanHO# paboTe HAMU MPEIOKEH alTOPUTM JUIs pemeHus ypapHeHus [lyaccona. [1o ¢popmyie mpocroit
UTEpaIMU ¥ C IISCTHIM IMOPSIKOM MOTPEIIHOCTH HAXOMAATCS Y3JIOBBIC 3HAYCHUS PEIICHUS BOIM3H YeTHIPEX BEPIINH
IPSMOYTOJIEHUKA. MeTO0M MPOTOHKHU C TPEX AUArOHaIbHON MaTPHIICH, yCTOMIMBOCTH KOTOPOU 00eCIieunBacT
YaCTUYHO HESBHAS pa3HOCTHAs (POpMyJia C MISCTHIM IMOPSIKOM MOTPEIIHOCTH, HAXOAATCS IIPUTPAHUYHBIC y3IIOBBIE
3HAYEHUS YUCJIIEHHOTO pelieHus. BHyTpeHHue y3710Bble 3HaUCHUS PEIICHUS Ha CIIEAYIOIIEM UTEPallMOHHOM CJI0€
HAXOATCS 110 YACTUIHO HESIBHOW UTEPAIIMOHHON (POPMYIIe ¢ ASCSITHIM TMOPSIIKOM MOTPEITHOCTA HA CHMMETPUIHOM
25 ToueYHOM MIa0JIOHE C TISATH JUArOHATHLHOW MaTpHIIeH MPOroHkH. KpoMe anmpoKkcUMHUPYOMHX GOPMYII C
YKa3aHHBIMU MOPSIIKAMU TOTPELUIHOCTH HAMU MOJIY4€HO JIOCTATOYHOE yCJIOBUE KOPPEKTHOCTH METO/a MPOTOHKH C
MISATH AUAroHajdbHOU MaTpuiieid. [IpuBeneHHbI HAMU aITOPUTM IaET BOCHMOW MOPSOK (TIPH YUCIIE Y3JI0B MOPSIKA
1600) ueBsi3ku ypaBHeHus [IyaccoHa B paBHOMEPHOU HOPME U OOIIYIO OTHOCHTENILHYIO MOTPEIIHOCTh



1018 - 10714np1/1 OJIHHX U TE€X K€ MapaMeTpax 3aaaun, uto u B padbore[2]. [IpuBeaen npumep, peméHHbINA
aHAIMTHYECKH, U Hamucana nporpamma Ha si3bike FORTRAN, moanepkuBaronemM MakCUMalIbHbIC Pa3MEPHOCTH
MaccuBa petieHus. B otnuyue ot pabotsi[3], rae At 1mrabioHa rpaHUYHOTO PA3HOCTHOTO OMEPaTopa MOXKHO
UCIIONIb30BaTh JIF000E YKCIIO Y3JI0B U TOOUTHCS PABEHCTBA MOPSAKOB MOTPEITHOCTH BHYTPEHHETO U IPAaHUYHOTO
OIEpaTOpOB, B JAHHOW 3a/laue€ I'PaHUYHBIN OllepaTop UMEET NOPSAAOK MOTPEIIHOCTH Ha 2 MEHbBLIE YeM BHYTPEHHUN
OTepaTop, TaK Kak HIabJIOH TPaHMYHOTO OMEPaTOpa MMEET MEHBIIIE YKHCIIO Y3JIOB YeM LIa0JIOH BHYTPEHHETO

oreparopa.

ITocTanoBKa 3aga4u

B KauCCTBEC HpI/IMepa JJIsL pa3HOCTHOﬁ CXCMbI peIHI/IM ypaBHeHI/Ie HyaCCOHa Ha HpﬂMOer.TH)HI/IKe:
o°u o%u .
a—2+—2=sm(x), O<x,y<rxm
X
u(0,y)=u(z,y)=sin(y) @
u(x,0) = u(x, z) = sin(x)
0<x,y<rx

IpoBeném penykuuio auneiinoi 3amaaun (1)[5]. T.e. cBeném perrenue (1) Kk cymMMe perieHni 3 MPOCTHIX CHCTEM:

U(X, y) =U1(X, y) +U, (X, y) +U3(X, y). [lepBas cucreMa colepKUT OJJTHO HEOJHOPOIHOE KPAaeBOE YCIOBUE:!

ou, 0%y,
+

ox*  oy?

1) {u,(0,y)=u, (z, y) =sin(y)

ul(x,O) = ul(X, 72') =0

0<x,y<rx

=0, O<x,y<rx

Pemaem 3anaqy 1) METOZOM paszieneHus NepeMEeHHbIX U(X, y) =XX)Y(Y),XY+XY =0

Bribepem dynkiuro Y(y) = sin(y) , COBIAJAOLIYIO C HEOJHOPOAHBIM IPAaHUYHBIM YCIIOBHEM Ha MEpPBO YacTH

TpaHUIIBI ¥ aBTOMATHYECKH oOpamiarornee B 0 pelieHre Ha BTOPOU YacTH TpaHUIbl. Torma s X (X):

X "sin(y)—- X sin(y)=0 < )

Oo1ree pemeHne NOCIeIHe KpaeBoil 3ajaui HaXOINM Ha MHOYKECTBE THIIEPOOTMUSCKUX (DyHKITHHA

X (x) = Ash(x)-+ Beh(x), sh(x) = % ch(x) =

Hcnonp3ys rpaHU4HbIE YCIOBUS:

X (0) = Ash(0)+ Bch(0)= B =L X ()= Ash(z)+ch(z)=1<> A= _1;;85;?)

3anumemM pemrenne 1) gactHoi 3amaun: U (X, y) = [i;Th(;r)jsh(xﬁ Ch(X) sin(y)
T

Hiem penieHrie BTOpoi 4acTHOW 3aJjauH:



o%u, du,
ox2 8y2 -
2) 1u,(0,y) = u, (7, y)=0
u,(x,0)=u,(x,7)=sin(x)
0<x,y<r

0, 0<x,y<rxm

AHanorudHo, passess nepeMeHHbIe, BoIoupaeM QyHkimo X (X) = sin(x) , BBTOMaTHYECKN YAOBJICTBOPSIOIIYIO

MIEPBOMY TPAHUYHOMY YCIIOBHIO 2) U COBIIAAIOIIYI0 CO BTOPBIM TPAaHUIHBIM YCIIOBHEM.

Y “sin(x)-Ysin(x)=0 < {Y Y =0

Y(0)=Y(r)=1

Kpaessie 3anaun (3) u (2) COBIAAAIOT ¢ TOYHOCTHIO 10 3aMeHbl nepeMentbix X —> Y, X — Y.

®)

[ToaTomMy BEITUCHIBaEM OTBET IS 3a]1a4H 2):

(. y>=[(H_M}h@)ﬂh(y)}m(x)

Sh(ﬂ)
Haxonum pemienue TpeThbeil 3agaun ¢ ypaBHeHHeM IlyaccoHa ¥ 0THOPOJHBIMU KPaeBBIMH YCIOBUSAMU:

o%’u, 0°u,
+ =
aXZ ayZ

sin(x), O<x,y<rx

3) 1us(0.y)=us(7.y)=0
u,(x,0)=u,(x,7)=0
0<x,y<rx

Pasnenss nepemeHHsle, BBIOUpaeM QyHKIMIO apryMeHTa X U HOBTOPSIIOUIYIO HEOJHOPOJHOCTh YPABHEHUS
IMyaccona X (X) = sin(x), U(X, y) = sin(x)Y(y) . IIpu 5TOM aBTOMATUYECKH BBIIIOJIHAETCS IIEPBOE KPAEBOE

ycioBue 3ajaun 3), pelieHue moacTaBuM B ypaBHeHue [lyaccona:

—sin(x)Y +Y "sin(x)=sin(x) <Y -Y =1

Y -Y =1
{ @)

Haxomum yactHoe penierne qudhepeHnanib-HOro ypaBHeHHsE KpaeBoii 3amaqn (4).

Ypart(y) = —1. OGuiee perenye 0JHOPOHOTO yPABHEHHS CIIEYIOLIEE:

Y(y)= Ash(y)+ Bch(y)

O6IIICC peIHeHI/IC HCOHHOpOHHOFO OI[Y €CThb CyMMa qaCTHOTI'O HCOHHOpOHHOFO nu O6III€F0 OﬂHOpOHHOFO ypaBHeHHﬁ.
Y, (y)=-1+ Ash(y)-+ Bch(y)

Terepb Hy>KHO BBITIONHUTH KPaeBble YCIOBHS 3ama4m (4)



Y,(0)=-1+ Ash(0)+Bch(0)=B-1=0«<B =1

Y, ()= 1+ Ash(z)+ chix) = 0 <> A~ [i;#hx)]

Torna perienue kpaeBoi 3amaun (4) ectb

b, y>={—1+[1;;+7f§)]sh(y)+ch<y>jsin<x)

Perenue ucxoauow 3a1a4u (1) ecTh cymMMa perieHuid 3 yacTHBIX 3a1a4:

sh(r)

U, ¥) =%, )+ (1, ), y>=[(“C—*‘(’f)jsh<x>+ch<x>jsm<y)+

(o ety ety i -+ bty e ino ®

IoxcranoBkoit hopmymsl (5) B Tpu ypaBHeHHUs cucTeMbI( 1) yOexkmaeMcs, 9To OHa SBJSIETCS pelieHneM 3aqadu (1), a
B CHJTy TEOPEM CYIIECTBOBAHUS U €IUHCTBEHHOCTH JUIsl ypaBHeHuUs [lyaccoHa[5] e€ eTMHCTBEHHBIM pelIeHUEM.

Ham npunéres packnansiBaTh B psin Telnopa cyMMy y37I0BBIX 3HaU€HHS QYHKIMH HA CHMMETPUYHO

PaCioJIOKCHHBIX y3JIaX ¢ HCHTPAJIbHBIM 3HAYCHUCM UO 0 I[J'IH COKpalICHHUS BBIKIAA0K JOKAXEM:

YrBep:xaenne 1. Ilycts MHOXECTBO y3110B madioHa ¢ 1eHTpoM (0,0) MOXKHO pa3OouTh Ha MPSIMOYTOIBHUKH C
BEpIIMHAMU B JAHHBIX y3JaX U CTOPOHAMH MapaJIeIbHBIMU KOOPANHATHBIM OCSIM, TOTJa Pa3JIoXKEHHE oIeparopa
Jlarutaca B psix MIMEET TOJIBKO IIPOM3BOAHBIE C YETHBIM ITOPSAKOM IO KXKJOH N3 KOOPAHMHAT.

Joxa3areabcTBo. O003HAYNM KOOPAWHATH 4 BEPIINH MPAMOYTOJIBHUKA
(hl, h2 ), (h1 ,—h2 ), (— h1 ,—h2 ), (h1 ,—hz) COOTBETCTBEHHO C Y3JIOBBIMH 3HAUEHUSAMU Ul’2 , UL_2 , U_ly_2 , UL_2 .B

CIITy PaBHO YAAJICHHS y3JIOB OT LIEHTpa M CUMMETPHH I1a0JI0OHA anmpoKcuManus omneparopa Jlammaca comepxut

y3ioBble 3Hauennst Uy ,, Uy ,,Uy ,,U; ¢ paBHbiME Becamu. [1o ¢opmyne HetoToHa - JleitOHUIIA HMeeM:

m (_1)" m m (_ k m 0 m m
+Z( 1) Crl:]hlkh;—k axa u +Z( 1) C:]hlkhzm—k %j:Z(Zi‘(C;hfhgn—k o'u

~ml ox oy™*

1-(-1) -1+(-1) =0,m =21 +1

© M1 o™u
1 _1 m+k _1m _1k — _Ck k m—k— — =
(e (O™ + (1 + (1)) D) 2+2(_1)k={o,k 2541
4,k =2s
o | 2s 2l
—au, + 43y Znnz e O Y ©)

I=1 s-0 (2|)! 10 8X2s8y2|—zs



2l
o“u
25 A, 21-2s
ox= oy
nrabiioHa pa3OmBaeTCs Ha YeTBEPKH BEPIIUH, U cOTIacHO (opMmyde (6) pazinoxeHue B psaa Teimopa conepur

TIPOM3BO/IHBIE TOIBKO UéTHOTrO nmopsaaka 2| (i uéTHoro nopsxa no kaxmoii nepemennoit 2,21 — 25 ). Torna

B dopmyne(6) gacTHBIC TPOU3BOTHBIS BBIYHCIISIOTCS B IieHTpaidbHOM y3iie (0,0). MHOXeCTBO y3/10B

pasnoxenue oneparopa Jlamnaca B psia ¢ yu€ToM BCeX y3/I0B IIa0JIOHA CONEPKUT TOIBKO MIPOU3BOIAHBIE UYETHBIX
nopsnkos 28,2 — 25 (xors kakas yeTBEPKa BEPIIMH UMEET CBOii BECOBOM KO ()HUIMEHT B KBaJPATyPHOIT

(dopmyne). Uto u 3aBepmaeT JOKa3aTeIbCTBO yTBep:KAeHus 1.
AnnpoxcuManys BHyTPeHHero oneparopa
Jlns annpokcumanuu ypasHeHus [lyaccoHa Ha BHYyTPEHHUX y3/1aX paBHOMEPHON IMPSAMOYTOJIBHOM CETKH
ucclielyeM CUMMETPHYHBIN 25 To4euHbIH 11a0/I0H, IEHTPaNbHbIHA y3€ll yKa3aH OelIbIM KPY»KKOM, OCh Y HalpaBuM

BHU3, OCb X BIIpaBO, KOOPJAWHATHI Y3JI0B B Macitabax (hl' h2) OTMCUYCHBI HA PUCYHKE LICJILIMY YHUCIIAMU:

o272 o172 00,2 12 272

21 11 e01 11 21

20 e-10 00,0 10 20
e-2-1 e-1-1 e0-1 el1-1 e2-1
e-2-2 e-1.-2 0,2 e1-2 e2-2

st ynoGcTBa BrIOEpEM OIMHAKOBBII 1IIAT CETKHU 10 00EHM IePEeMEHHBIM, T.€. CIIy4ai hl = h2 =h. Torma

paHOMepHasl ceTKa Ha NPSAMOYTOJbHUKE UMEET PAa3InYHOE YHCIIO Y3JI0B Ha €0 CTOPOHAX. ANMPOKCUMHUPYEM
onepatop Jlamnaca nuHeitHOM KBaapaTypHOit (opMyIIoN:

Uy, +u, = Au = f(X, y)= hiz(COUO,O + Cl(uo,l U +U + U—1,0)+ C, (u1,1 U, +U,;; + U-1,—1)+

C3 (UO,Z + uO,—2 + u2,0 + u—2,0 )+ C4 (u1,2 + u2,l + ul,—2 + U—Z,l + l"I—l,2 + u2,—l + u—l,—Z + u—2,—l)+
+CylUy, +U, 5 +U, ,+U, ) @)

®dopmyina (7) HCTIONB3YET Bee 25 y3JI0BBIX 3HAYCHUH 1m1adionHa. Pa3noxum B psag Teistopa cyMMbl 4eTBEPOK

. 10
Y3IOBBIX 3HAYEHUH C TOYHOCTHIO JI0 O(h )HO tbopmye (6):

2 2 4 [ ~4 4
Ug, +Ug_y + Uy +U o =4U,, +h? a—l:+8—l; +h— a—lj+a—l: +
toe e T ’ a2 oyt ) 12\ axt oy

6 6 6 8 8 8
h 81;+812 + h al:+al; +O(hl°) (8)
360( ox° oy 20160( ox® oy

o*u o’u) h?
Amnanornyno: U, +U_4, +U; , +U, , = 4U0 ot 2h? ——S Tt |t =
, , . , , ax 3 6

o*u o'u  d'u
7 +6 5t |t
oxt oxtoy? oy

6 6 6 6 6 8 8 8 8 8 8
WOU, g5 O g5 TV O, N[O 5g TU 0y U L pg TU_ L TUL o) )
180 { ox ooy oxPoyt oy® ) 10080\ ox®  oxPoy®  axfoyt oaxPoy® oy

Bamennm B (8) ' —> 2 u momyunm cpasy popmysy (10)



aXZ ayZ 3 ax4 ay4

6 6 6 8 8 8
8h 61;+al; +4h 6l;+al: +O( 10) 10)
45 (ox®  oy® ) 315\ ox® oy

[anee nmeem:

2 2 4/ 4 .
Upp +Ug p +Upo +U_ 5o =4y +4h2(6 - +a u]+4h (a : +8 UJ—F

U, +Uy, +U ,+U_, +U,+U,  +U, ,+U_, , =8U +4(12+22)h2 azu+azu +

12 TUy TU , +U L +U,+U y+U, ,+U, 0,0 21 ox® oy’

4 4 4 4 6 6 6
LN YT AL S NP SR MUALIN LU YT LINP L (IS IWT)
24 ox*  oy* ox*ey? | 720 X

6 6 8 8 8 8 8
(1224+22-14{ 84“2+ 82“4J+ h (4(1&2*{8 . Lo j +4. 280527 + 1226{a—f+8—‘:J+
ox‘oy? | oxloy’ ) 40320 o oyt o oy

8 8 2
4-70(1424+1424( ou + ou B+O(hl°) 8U,,, +10h (ZXU Zy—uJ+

8X48y4 ay4ax4 2

4 4 4 4 6 6 6 6 6
Dq7[ CU, 0N gg OU |, N gg U, 0L goof O, CU ]I,
6 ox" oy OX“oy 180 ox> oy ox'oy: ox°oy

8 8 8 8 8 8
b U fogr[ QU T oy T T | oog0 9Y o)
10080 ox® o oy® ox°oy*  ox*oy ox"oy

3amenum B (9) N — 2h u nomyunm dopmyry (12):

2 2 4 4 4 4
Uy, +U, , +U,, +U_, , =4Ugy, —|—8h2(8 u +8 UJ+8h [8 u 6 o'u o'u

+ +
aXZ ayZ 3 ax4 8X28y2 ayll

16h® ( 8°u o°u o%u  0%u) 8h®((d%u &fu otu o%u o%u
—tB 5+t — S+ |t || St 5 [T8 5+t [T 10—
45 (ox® T axlay? T ox‘oy? oyt ) 315(\ o oy oxoy?  oxtoy ox“dy

+0(h*) (12)

Hoxacrasmsist B hopmyiy(7) pasnosxerns (8)-(12), rpynmnupys ciaaraembie mo crenensM N, momydmm:

u
Au = f(x, y):%(C0 +4C, +4C, +4C, +8C, +4C, )+ Au(C, + 2C, + 4C, +10C, +8C, ) +

N

h

4 4
6_[: 6_ (C—+C 4G 176, +8C5j+ 82u2(C2+8C4 +16C,) |+
oy 6 3 6 3 ) ooy

J(eu ouYcC, C, 8, 65C, 16C.) ( &%  ofu Y15 . 300 . 16
"ae? ° 30 100" 25 180t a5 ) PREVIMPRIY 1802 10 3|t




he((asu 8%][ c, .G +4C3+257C4+8C5J+( o%u o%u j{ 28 . 1004 . 224

—+— + ,+ s +——C,
ox® oy® \20160 10080 315 10080 315 ox®oy®  ox*oy® ) 10080 10080 315
8
64“4[ 0 ¢, 240 c4+560c5j+o(h8) (13)
ox‘oy* (10080 * " 10080 ¢ 315

3ameuanne 1. ®opmyna(13) anmpoxcumupyet ypaBHenue [Tyaccona ¢ TOUHOCTBIO 10 O(hs).

JleBas u paBast 9acTu GopMyJbI(13) NOKHBI OBITH PaBHBI C TOYHOCTHIO JI0 O(hg). B npenerne mpuh — 0

u
k03 HUIEEenHT (Co +4C, +4C, +4C, +8C, +4C, ) =0 npu % paBen 0, MHAaue IIEPBOE CIAraeMoe IpaBoii
qacTu ctpeMutcs K 6eckoneunoctu. Koasddumment npu AU pasen exununne muis toxaectsennoctu (13) ¢ Hynesoi
crenensio o h®: (C, +2C, +4C, +10C, +8C, =1). Tax xax
¢ 0° 82u+82u —84“+ o'u ¢ 0° 82u+82u _84u+ o‘u
XX axz aXZ ayz ax4 aXZayZ Ty ayZ aXZ ayZ ay4 aXZayZ !

2
TO B CKOOKe npu h MOTYT IIPUCYTCTBOBATH TOJIBKO YaCTHBIC IPOU3BOAHBIC fXX y fyy (‘IaCTHBIe IIPOU3BOAHBIC

4&THOTO Mmopsiika K o X M o Y ), ClIeI0BaTeNIbHO, HOJyYaeM ypaBHCHHE!

2(g+&+ 4c, 17, _ 8C,

=C, +8C, +16C,
2 6 3 6 3

3 .. 4
VunthiBas onepatopHoe pasenctBo i AU, cBeném k Hemy kodhdurment B (13) mpu h™:

2 2 \3 6 6 6 6 4 4 4
A3UEA2f=(%+a_Ju=[a 3[6 8 j+aju=af+28f o't

+ + +
ay2 axﬁ ax4ay2 aXZayll ay6 ax4 aXZayZ ayél

C,  8C,  65C, 16C5j 15, 300, 160

= +
180 180

1
MOJyYHM yCJIOBHE Ha K03 HUIIHEHTHI 3( +

360 180 45 180 45

Y4uThIBast OllepaTOpHOE PABEHCTBO IS Au , CBeNIéM K HeMy Koa(¢unnenTs B (13) npu h®:

82 82 4 88 88 88 88 88
AusNf=|—S+—|u=s| +4 —(—+——— |[+6——+— u.

oXx* oy OX ox°oy® oOx“oy ox'oy" oy
[Monyuum aBa ypaBHEHHUS HA KOAPPUIHMEHTHI

J_C . C, 4C, 257C, 8C,\_ 28 . 1904 . 224
20160 10080 315 10080 315

= + +
10080 > 10080 * 315 °

6( ¢, , G +4C3+257C4+8C5j 70 . , 2240 . 560

= +
20160 10080 315 10080 315) 10080 ° 10080 * 315 °

Cobepém Bce HaNMCaHHBIE YCIIOBUS Ha KO3 (UITHEHTH B HEOAHOPOAHYIO CHCTEMY JTHHEHHBIX YpaBHEHHH,
MpeIBapUTEIHHO TPUBOIS 3JIEMEHTApHBIE TPEOOPa3OBAHMS .

c j}



C,+4C, +4C, +4C, +8C, +4C, =0
C,+2C, +4C,+10C, +8C, =1
C,—-4C, +16C, -14C, —-64C, =0

(14)
C,-8C, +64C, —70C, —-512C, =0
C, —12C, + 256C, —438C, —3072C, =0
3C, —64C, + 768C, — 698C, —16384C, =0
CucrteMa NMHEIHBIX HEOAHOPOAHBIX ypaBHEHUH (14) MMeeT eJUHCTBEHHOE pelleHHe
C°:_%’Clzz%’cz:%’C3:3_1()’C4:3115’C5:25120 ~

Wcnons3ys sBHBIN BUA K03 unnerTos (15) mepenmmem dpopmymy (7):

C, G, 4c, 17C, 8C; 1

~(c, +8C, +16C, )= 4,0,8 1
2 6 3 6 3 2

+ _—
45 315 2520 7

Cc, C, 8C, 65C, 16C, 1(15 300 16 8 40 16 4
+ + + + =— C,+—C,+—C; |= + + =
360 180 45 180 45  3(180 180 3 1620 5670 22680 315

——t—t——t— + +—C; |= + + =
10080 > 10080 ' 315 8100 113400 14175 1260

C, C2 4C, 257C, 8C, 1( 28 C 1904C 224 ]_ 1 68 1 1
20160 10080 315 10080 315 4 °

Af 4h4 h® 1 173 8 8
f +h* — 7 315 (Af) 1260 (Af )3 =7 h2 [ 70 Ugo 77 1 (uo,l FTUp_y Tl +U-1,o)+£(ul,1 U +U +U-1,—1)+

_(Uo,z + uo,—z + uz,o + u—z,o) ( 12 +Uu, 21 + u ot u—2,1 + u—1,2 + uz,—1 + u—l,—2 + u—z,—1)+

30 315

+ﬁ(uz2 +U, ,+U,, +u_2’_2)+ O(hs) (16)

3ameuanue 2. VI3 popmyssl (16) BugHO, uTO KBagpaTypHas ¢popmyia ypaBHeHHs IlyaccoHa 1 BHyTPEHHUX y3JI0B
. 2 .
CETKHM COJEPIKHUT CTENIEHHOM sy oTHocuTebHo aprymenta N°Af - pesynsrar Toro, uto ToumsIit
. L . o 21
muddepentmanbHbii oneparop AU 3aMeHseTcs mpUOIMKEHHOM KBaApaTypHOii popmyoii ¢ Tounoctsio O(h™ ),

KkaK BuAHO u3 (16), cTapinas cTeneHb CTENeHHOro psiaa pasna |l —

Beipasum u3 Gpopmyibi(16) uenrpanbHoe y3nosoe 3uaueHne Uy o 1 IPUCBOMM €My BEPXHUH MHIECKC UTEPALIMU Ha

€AMHUITY OOJIBIIIE, YeM OCTAJIFHBIM Y3JOBBIM 3HAUEHHUSIM PEIISHHS, TOT 1A IOIy4YuM (GOPMYIy IPOCTON UTEPALIH.

k+1_70[8

k 8 k k k k
u0,0 _173 21( 01 +u0 -1 +ulo +u -1,0 )"‘4_5(“1,1 +u1,—l +u71,1 +u71,71 )"'

1 k k k k 4 k k k k k k k k
%(uo’2 +Ug_, +Uye +U g )+—315(u112 Uy U, +U, U, +U, o U, U, )+



h6
1260

4
2 £+ﬂ(Af )+
7 315

(umk FU, L UL, u—z,-zk)_ h?| foo +h (Af)* |+ O(h“’) (17)

+ [
2520

C TOUKH 3peHHs1 YCTOIHYMBOCTH YUCICHHOTO PELICHUsS IPEANIOYTUTEIbHEE NCII0JIb30BATh HESIBHBIE UTEPAI[HIOHHBIC
bopmyinsi[4], Tem Goree uTO, TOKIECTBEHHO Mpeodpasys Gopmymy (16), MbI He H3MEHUM MOPSAOK €&

3 k+1 k+1 k+1 k+1 k+1
TIOTPEeIIHOCTH. 3alluIlIeM B BEPTHKaIbHOM paspese y3iosble 3HaueHus Uy , ,Ug ;  ,Ugo ,Ug;  Ug,

npoxosameM depes y3en(0,0) B neBoii uacth ypasrenus Ha K +1 croe nrepamum, a B mpaByro 4acTh mepeHecéM

BCC OCTAJIBHBIC CJIaraCMbIC, B KOTOpOﬁ Y3JIOBBIC 3HAYCHUS PCIICHNUA HAXOAATCA B CJIOC C HOMEPOM UTCpallun k .

1 k+1 8 k+1 173 k+1 8 k+1 1 k+1

U t Uy —— Uy t U U, :_E(Uflok+U10k)_i(ufzok+uzok)_
30 "~ 21 © 70 ¢ 21 & 30 ~ 210 ‘ 30"~ ’

8 k k k k
_(ul,l +u1,—1 +u—1,1 +u—1,—1 )

k k k k k k k k
_45 (Ul,z +u2,1 +u1,—2 +U—2,1 +U—1,2 +u2,—1 +U—1,—2 +u—2,—1 )_

315

4 6
+h2£+:—25(Af)2+ h (af? |+0(h*)  @8)

k k k k 2
(uzv2 +Uy , +U,, +U,,, )+h fOY0 1260

2520

. o o k+1
HeonnopoaHas nuHeliHas cucteMa ypaBHeHHH (18)0THOCHTENTFHO HEM3BECTHBIX Y3JIOBBIX 3HaUeHUH U ji  Mmeer

AT JUAarOHANBHYI0 MAaTPHUILy CUCTEMBI, KOTOPYIO MOJKHO PELINTh METOA0M NPOrOHKHU. PaccMoTpuM ceTky
(MHOX)ecTBO 3 N 41 npousBoOBHBIX y3110B) @, = {XO <X <. <X, } 3anuiieM cUCcTeMY JIMHEIHBIX

YpaBHEHHH C ITATH THArOHAJIHHON MaTpHUIleH B 00IIeM BUIE:
Alk Xeo t A2k X — Ck X, + Blk X T BZk Xiso = Fk k=2,n-2 (29)

rpaHI/I‘IHHMI/I YCIOBUAMU AJIA (20) SBJIAOTCA 3a1aHHBIC 3HAYCHUS PCUICHUS B IBYX MMPUTPAHUYHBIX CJIOSX, T.C.

Xos X1y X_1s X, - U3BECTHEL, X, , K = 2,n — 2 noanexar peurennio ¢ ncrnons3osanrem (19). B pasHocTHOM

ypaBHeHHH (19) MakcuManbHas pa3HOCTh HHIEKCOB paBHA 4, UTO COOTBETCTBYET KpaeBOH 3aaade i
0OBIKHOBEHHOTO in(depeHIINaIbHOrO YpaBHEeHUS 4 MopsiiKa, a 3aiaHne 4 IpUrpaHUYHbIX 3HAYCHUN (YHKIIMH
ABJISIETCS aHAJIOTOM TpaHUYHOTO ycioBust | poxa ([Jupuxie) s ypaBHEHHS 2 TIOPAAKA C 2 N3BECTHBIMU
KOHLIEBBIMH 3HaYCHUSMH (DYHKIIH Ha OTPE3Ke.

Pemenue (19) mmem B Buge: X, = ﬂ’lk Xeq + /12k Xiro T Vi k=n-22 (20)
Torna m3(20): Xy _y = Ay Xy + Ap 1 Xin + Vi Xz = Apo X + Aaca X + Vo (21)

[oncrasum X, _,, X, _; B (19), ucnonssys (21):

Ay ( k-2 (ﬂlk—lxk + Ay g X + Vk—l)+ A2 X Vi o )"‘ Ay (ﬂ’lk—lxk + Ay g X + Vk—l)_

X1 (B + Aoy + Ay 2o 1)
—Cy X +By X + By X, =F & X =

- Ck - Alkﬂ'lk—zﬂ“’lk—l - Alk2'2k—2 - AZkﬂ‘lk—l "

N Xy 2 Bok N Ay Vs T AV + Ay v — Fy
Ck - Alkﬂlk—zﬂlk—l - Alk /12k72 - A2k ﬂlk—l Ck - Alk ﬂlk—zj'lk—l - Alk ﬂ“zk—z - A2kﬂ'1k—l

CpasuuBast popmynbsi(20),(22) momyynm 3Ha4eHHsI IPOTOHOYHBIX KO3()(DUIIMEHTOB!

(22)



_ Blk + AQkﬂzk—l + Alkﬂlk—zﬂ’zk—l 1 = sz
- ' 2k — 1
Ck - Alkﬂ‘.l.k—ZA‘.l.k—l - A.I.kj’Zk—Z - AZkA‘.I.k—l Ck - Alkﬂ'lk—Zﬂ‘.Lk—l - Alk/IZk—Z - A2kﬂ‘1k—1

AoV T AW AV — R k=2,n-2

Zn

- (23)
Cv — Audiotir = Audas — AscAua

Kpowme Toro, u3 popmyi (20)( K = 0,1) crenyer, aro

Xo = AyoXy + ApoXy + Vo, Xy = Ay Xo + Ay X + Vi, (24)

Xn—2 = ﬂ‘ln—Z Xn—l + ﬂ“Zn—Z Xn + Vn—2

W3 popmyn (24) Buano, uto X, X; IpUHEMAIOT GUKCUPOBAHHEIE 3HaUeHHs (ycnoBue Jlupuxie) npu moobix

COCEIHUX Y3JIOBBIX 3HAUCHUAX, €CIIN TOJIOKUTh V, = X, =A,,=0,v, =X, =A,,=0
0 0r”10 20 1 11 M1 21

Iocne onpenenetus ko3puuneHtos Vy, A g, A,q Vi, A1, Ay bopmyist (23) naror ocranbhbie

ko dunmentsr Ay, A‘Zk,vk (popmynst npozonxu énepéo K =2,n—2). 3uas X1+ X, mo popmyne(24)

HaxomuM X _, , TaK KaKk Zln—z ) X“anz yVp_, Haiinensl mo Gpopmyne(23) nporoukoit Bnepén. Mcnonssys (20) Haxomum
BCE HEM3BECTHBIE Y3IIOBIE 3HAUeHUS (popmyavt npozonku nazad K =N —2,2). Jlokazano:

YTBep:kaenne 2. PenieHue TUHEHHON CHCTEMBI YpaBHEHUI ¢ ISTH AMaroHanbHON MaTpuuei (19) u u3BecTHBIMU
(buKxcupoBaHHEIMU 3HaUEHUAME X, X, X, 5, X, Aa€TCs anroputMoM — (GpopMyJIsl IpOroHKU Brepén(23) ¢

KPaeBBIMH yCIOBHAMHE (Vy = X, 210 = 220 =0,v, =X, 4, = 4,; = 0) u popmynsr nporouxn nazan(20).
Koa¢ppuumnenTtsl HessBHOTO pasHOCTHOTO ypaBHeHHsA(18) cBskeM ¢ mporoHoYHbIMU Kodddurmentamu (19):

3_]6’A2kzglck=§781k=8'BZk=i’Fk=_£(u ‘ k)_i(u ‘ k)_

A= 21 70 21 30 21

8 k k k k 4 k k k k k k k k
_E( 11 +ul,—l +u—1,1 +u—l,—l )_ 315( 1,2 +uz,l +u1,—2 +U—2,1 +u—1,2 +uz,—l +u—l,—z +u—z,—l )_

h 6
1260

A 4h?
(uzvzk TRTRIATING +u_2’_2k)+ hz(foyo +h? 7+E(M )y +

3l k=2n_2
2520 (Af)}k—Z.n 2 (25)

YrBepxaenue 3. IlycTh IsTH AUaroHaIbHAsS MaTPHIA JUHEHHOW cucTeMbl ypaBHeHnii(19) ¢ KpaeBbIM ycioBreM

Jupuxie (M3BECTHBI Xo1 Xy X1 X, < 210 = ﬂn = /120 = 121 =0 ) sABIIAETCS:

1) cummerpuueckoit: A, =B, , A, =B, ,k=2,n— 2(A1k #0,A, # 0)

3 —) 3
20 (Al + A+ Bucl +1Bua]) < €. = 20=2). (o +[B )+ B < G = 1)

3 3 3
Equo| +|BZO|)< |C0|(k = 0)’Equn—1| +|A2n—1| +|Bln—l|)< |Cn—1|(k =N _1)'Equn| +|A2n|)< |Cn|(k = n)

BTOPOC yCJIOBUE MOKHO Ha3BaTb CMIPOZUM ROJIYMOPHBIM OUAZOHATIbHBIM npeoﬁﬂaOaHueM

Torna:



1) [Au| <L|An] <Lk =2,n—2
2) ®opMyITbl MPOTOHOYHBIX K03 GUIeHTOB (23) KOPPEKTHBI

JlokazaTeabeTBo 1) yTBepskaenns npoBendM no uaaykmun. Jmsa 6aser maaykmun K = 0,1,2 w3 (23) nmeem:

_ _ _| BlZ + A22/121 + A.LZA’lOJ’Zl | _ |BlZ| & _
|ﬂ10| - |211| =0 <1’|;le - ‘Cz - A12ﬂ’10j‘11 - Alz/lzo - A22/111‘ - ‘C ‘ ) Cz -

L | By, | _|Bz| _[Co| _
|/120| - |121| o< 11|122| - ‘Cz - Auﬂwiu - A12%20 - A22211‘ _‘ Cz ‘ ) -t

<,
C,

Ecnu |ﬂ'1k—l| <], |/12k71| <], |ﬂlk—2| <1, |ﬂ,2k72| <1, 1o cornacuo (23) u yrBepxaennio 3 mpu K =2,n—2:

2| = B < Ba| < Ba <‘BZk‘ =1
2
‘Ck —Audya gy = Ay Ay, _Azkﬂ“lk—l‘ ‘Ck‘_‘sz‘_‘Alk‘_‘Azk‘ Blk+;qBZk+Blk+Alk+A2k) ‘sz‘

|/1 |_| Blk +A2k/12k—1 +A1k)“1k-2/12k-1 |< |Blk|+|A2k|+|A1k| < |Blk|+|A2k|+|A1k|
| =
|Ck = Ay oA — Ao, _Azkﬂ‘lk—1| |Ck|_|82k|_|A1k|_|A2k| |Blk|+;quk|+|Blk|+|A1k|+|A2k|)

:|Blk|+|A2k|+|A1k|
By |+ || +[Ay

Yro 1 TpeboBaIOCh JOKa3aTh.

=1. Tee. m| Ay | <L Ap | <L Auco| <L Anco| <12 | A4k <L |4, <1

2) Jdust koppekTHOCTH (hopmyit (23) mocTatouHo, 9T00bI 3HAMEeHaTeNNb HhopMyIT He obparmascs B 0.

C y4éToM J10Ka3aHHOTO IIEPBOTO YTBEPKACHHS

Ayo| = A0y] = 0 <1| Ay =[ Ay = 0 <1, |4 | <L|Ap | <Lk =2,n—2 mmeem Vk =2,n—2:

1
|Ck = Ay Ay oA — Ay Ao — Azkj'lk—l| >|Ck|_|BZk|_|A1k|_|A2k| >|Blk|"‘Eq82k|+|81k|+|A1k|+|A2k|)> 0

Jpyrumu ciioBamu, 3HameHatesu Tpéx ¢popmyi (23) coxpansitoT 3Hak U B 0 He oOpamiatorest. Uto u T.1.

3ameuanne 3. HemocpecTBeHHOM MPOBEPKOH yOeK1aeMCsl, 9TO KOIPPHUIUSHTHI THHEHHOW CHCTEMbI YPaBHEHU I
(25) ymoBIETBOPSIIOT YCIOBHIO KOPPEKTHOCTH (yTBEp:KAeHue 3):

% ~2.471> § z(i + EJ ~1.242 - wesBuas cucrema Pa3HOCTHBIX YpaBHEHHH (25) C MATH TUAroOHaIbHOMN

2 21

CUMMETPHYECCKON MaTpHIIEH YCTONYNBA OTHOCUTEIBHO MPOroHOYHBIX (hopmyi(20),(23),(24).
ANmMpoKcHMAINS TPAHHYHOTO ONEPaTopa

st mabyoHa TpaHUIHOTO OTIepaTopa pacCMOTPUM CUMMETPUYHBIN 15 TodeuHbIH 1abaoH, KOOPAMHATHEIE OCH
X, Y HampaBIieHbl BBEPX U BIIPaBO, LEHTpalbHbI y3en ¢ koopauHatamu (0,0) BblIeneH CBETIbIM KPYXKKoM. JleBas

rpaHuIa NPAMOYTOJIbHOM 06J1acTH HMeeT KoopauHaty X = —1 u BKIIoYaeT 5 y3/10B, PacrooKEHHbIX Ha HEM.



e—-12 02 12
e-11 01 11
e-10 00,0 10
e—-1-1 e0,-1 el1-1
e-1-2 02 el1-2

PaCCMOTpI/IM cnyqaﬁ C OJMHAKOBBIM WIaromM CCTKH I10 obouM NEPEMCHHBIM hl = h2 = h . AHHpOKCI/IMI/IpyeM

ornepatop Jlamnaca nuHeHOW KBaapaTypHO# (GOpPMYIION:
— =f 1
Uy +U, =Au=f(x y)= h—z(Couoy0 +C, (Ugy +Uqg 4 +Uyg +U 4o )+CyUy, +Upp +U, , +U, )+

C3 (u0,2 + uO,—Z )+ C4 (ul,Z + u—1,2 + u—l,—2 + ul,—2 )) (26)

Hcnons3yem popmyity (6) ams pasinokeHus B psa Teinmopa cyMMBI 4 y37I0BBIX 3HAUEHUH B BEPIIMHAX
NPSIMOYTOJTEHHKA

2 2 4 4 4 4
Up, +U, +Uy 5 +U , =4Ug, + +2h? 8 462 +h— 8l:+24 82U2+168l: +
’ ’ ’ ' 2 oy 6 | Ox OX“oy oy

6 6 6 6 8 8 8 8 8 8
N[00 60 QU ogg 00U gq0U ), " [0 gy QU 110g OV L pggp OV 2566—
180 aXB ax4ayz ax4ayz ayG 10080 aXB a 66}/2 ax4ay ax ay
+0(h*) (27)
2 4 4 6 6 8 8
26 4h alj+8h al61+4h al81+o(hm)
3 oy 45 oy® 3150y

Ug, + Uy, =2Uy, +4h

(28)

Ioxncrasum paznoxenns (27),(28),(8),(9) B popmymy (26) u crpynmupyem ciaraeMbie IO CTSTICHIM h? .

u0,0
Au = f(x, y):h_Z(CO +4C, +4C, +2C, +4C, )+ Au(C, + 2C, + 2C,)+u,, (4C, + 6C, )+
4 4
h? 6;1 $,6 .6 +8_T &+&+EC3+& +%(C2+4C4) +
x\12 6 6) oy*l12 6 3 3 ) ox’oy

o°u( C, C C o°u (15 C, o°u (15 4C,\ o°u( C, C2 8C, 64C

h —| —=+-% —C,+— |+ —C,+—|+ + +
ox° (360 180 180 ax“ay2 180 3 ) ox*oy*\180 3 ) oy (360 180 45 180

h

8 8 8
6{6u( ¢, .G . G J+ ou ( 28 . 112 C4j+ ou (70 C+1120(:4)+

#120160 10080 10080, ox°ay? (10080 ? 10080 ox*oy* (10080 ? 10080

8 8
+ iue( 28 C2+1792 C4j+8L:[C1 i +4C3+256C4j +O(h8) (29)
ox“oy~\ 10080 10080 oy°\ 20160 10080 315 10080

JleBas u paBast yactu GopMybI(29) NOIKHBI OBITH PaBHBI C TOYHOCTBIO JI0 O(hs). B npenene nmpu h — 0

u
K03 punneHT Co + 4(:1 + 4C2 + 2C3 +4C 2= 0 npu % paseH 0, nHaue nepBoe craraeMoe NpaBoy 4acTH

crpemurcs k 6eckoneunocty. Kosduuuent npu AU pasen enunuue jis ToxaectBenHocTu (13) ¢ Hynesoii



crenensio mo N : (Cl +2C,+2C, = 1). Kosbduuwment npu U, nomxen Girs pasen 0, r.e. 4C, +6C, =0.
Bce ocranbHbie cnaraembie B (13) HE0OXOIMMO BBIPAa3UTh Yepe3 YaCTHBIC IPOU3BOAHBIE YETHOTO MOpsiaKa (M mo X
v 0 Y ) OT mpasoii yacTu ypasuenus [lyaccona — bynxuun | (X, y). Tak kak B ckoOke 1pu h? MOT'yT

MPpUCYTCTBOBATH TOJILKO YaCTHBIC MTPOU3BOAHBIC fXX y fyy , TO B O6HICM CIy4ae Iojay4dyacm:

4 4 4 4 4 4 4
B, f +B,f, (gxl:+8xi—;)/2j+82(gy_l:+axaz—;fJ=B Zl: +(B,+B )8x528uyz +B, Zyl:

C, C, C C C, 4 8C
B 29 142 2224 C.+—4=(C,+4C
CHJIY MOCIICTHEr0 ypaBHEeHHS B (29)1MeeM CBA3b: 1 6 6 12 5 T3t 3 ( 9 4)

Haiiném cessb koadduuuentos B (29) ¢ h*. Boobiue rosops, cymma co Beemu uétrpivu npoussoansivu T (X, Y) :

o f o f o f o°u  o%u o°u o°u o°u o
BB By =By ot 4By et [T By et |
OX ox“oy oy ox®  ox"oy ox"oy® ox‘oy oy'ox: oy

6 6 6 6
=8, 7Y (B, +B,)- 0 +(B, +B,)-2 " +B, LY
ox° ox oy OX“oy oy

4
B cuimy nocnenHero ypasHenus B ckodke ¢ N° B(29) mosydaem ypaBHeHHeE CBA3H:

—+ - + =—~0C, +
360 180 180) 180 ° 3 360 180 45 180

%C2+24 (& &+&j— 15C £_£&+&+&+%

J@ 32C, -117C, =0

ITo cpaBrenuto ¢ hopmymnoii(13), y KoTopoit BOCEMO# anredpamdecKuii MOPSIOK MOTPEITHOCTH TTOPSI0K

6 N .
norpenmsocty (29) pasen mectw, T.e. N° . Cobepém Bee ycioBus Ha KOOQOHUIMEHTH! B CHCTEMY TMHEHHBIX
YpaBHEHMH, IpeIBAPUTENHHO IIPUBOAS MJIEMEHTapHbIe IPeoOpa3oBaHus:

C,+4C, +4C, +2C, +4C, =0

C,+2C,+2C, =1

4C,+6C, =0 (30)
C,—-4C, +8C,-7C, =0

32C,-117C, =0

Cucrema TMHEHHBIX HEOTHOPOAHBIX ypaBHeHNMH (30) UMeeT eIMHCTBEHHOE pelIeHne

Co=-2¢c=2c,=tc-0c 02 &6 G 1 Do 1,
377 6 1276 12’360 180 360'180 > 72

[epermmrem Gopmyny(29) ¢ HaineHHbIME K03 PummenTtamu (31)

1 10 2 1
F 3 —Ugo T3 3 (uo,l +Up_y +U+U,, )+ g(ul,l +U,, U, + u—l,—l) =

4 4 4 6 6 6 6
_au+h? L 84+8l: e 82u2 +h4ia—g+a—g = 84u2+ 62u4 +O(h6):
2l o) 6oxioy 360( ox®  oy® ) 72\ ax‘ey?  oxtoy




2 4 4 4 2 2 4
:f+h—Af+h4 Lo f+a f s of +O(h6):f00+h—Af+h4 £+LL +O(h6)(32)
1 360\ ox* oy ) 90 xPoy? LART) 360 ' 180 0x’oy?

k+1
W3 (32) sBHO BBIpasuM U, ~ HEHTPAILHOE Y3IOBOE 3HAYCHUE HA K +1 crnoe urepamuu, ocTanbHbIE Y3IOBEIE

3HAUCHUA pacloJIOXKHUM Ha k CJIOC UTCpauu

1 1
Ukﬂo,o = g(uko,l + Uko,—l +uk1,o +Uk-1,o)+ 2—O(uk1,1 +uk_1,1 + Ukl,—l +uk_1,_1)—

_ihZ foyo _

10

he Af b Af2 h® o*f (hs)

— (33)
40 1200 600 o’ 8y

dopmyita mpocToit utepauunu, npusencHHas B coopuuke[2] Bonkosa K.H. u ap., oTaugaercst OT moayYeHHO
Hamu (opmyisl (33) OTCYTCTBHEM MOCIHEAHUX JIBYX ClIaraeMbIX, I0O9TOMY Y HAC MOPSIIOK MOTPELIHOCTH Ha 2 BHIIIE,
a ¢popmyna Tounee. U3 hopmymsl (32) erko NOIyIUTs HEABHYIO GOPMYITY IS THHEHHON CHCTEMBI YpaBHEHHH C

TpEX AMArOHANBLHON MATPHIIEH MPOTOHKH, MOTy4aeMyI0 Kak 4acTHbIN ciay4dait u3 (19) ( Alk = sz =0):

2w 10w 2w 1wk W 2k ok h? AP 1
Jloa 1‘5”0,0 1+§u0‘l 1:—6(u1'1 +u )—S(UL0 U, )+h2[f0‘0+12Af +ht 20" 10 2o v (34)
AXs = CX + By =F A =By %Ck:%
1 2 h? Af? 1 o'f
F.= _g(ulylk U U +u—1,—1k)_§( ) [fgo +EM +h (360 180 0y ]J k=1n-1 35)
13 (21),(23) nosyunm Gopmysi nporonku vasax: X, = A4, X, , +v,, K=n-11 (36)
A=, CAVa RO TR g Z00, = x, @37)
Ck - Akﬂ“k—l C Ak;tk -1

4 10
1 (37) popMyITBI IPOTOHKH BIIEPE. Y CIIOBUE YCTOMYUBOCTH |Ak| + |Bk| < |Ck |, k=n- 11 = = 3 < ?

BBITIONTHEHO aBTOMaTHuecku[4]. IIporpamma 1yist pemenust ypasaenus [lyaccona Hanucana Ha FORTRAN:
program puasson;use dfimsl|

integer(8),parameter::n=120,n1=60,m=20000; integer(8)::i,j,k,kk
real(8)::u(0:m+1,0:n1+1,0:n+1),a,b,d,pi,x,y
real(8)::res(0:n1+1,0:n+1),delta(0:n1+1,0:n+1),max,fif1(0:n+1),fif0(0:n+1),fif10(0:n+1),fif11(0:n+1)
real(8)::c1,c2,c3,c4,c5,c6,c7,c8,nu00(0:n+1),11(0:n+1)
real(8)::c(0:n+1),fif(0:n+1),11(0:n+1),12(0:n+1),nu(0:n+1),nu0(0:n+1),I(0:n+1)
real(8)::cch,ssh,al(0:n+1),a2(0:n+1),b1(0:n+1),b2(0:n+1),f, laplfl,laplf2,laplf
real(8)::h1,h2,h,aa(0:n+1),bb(0:n+1),c0(0:n+1)

real(8)::ss1,ss2,aal,aa2,bb1,bb2,cc ,c11,c22,c33,c44,c55,c66



cch(x)=(dexp(x)+dexp(-x))/2d0;ssh(x)=(dexp(x)-dexp(-x))/2d0
aal(x,y)=dsin(y);aa2(x,y)=dsin(y);bb1(x,y)=dsin(x)
bb2(x,y)=dsin(x);f(x,y)=dsin(x)
laplfl(h1,x,y)=-h1*h1*dsin(x);ss1(h1,x,y)=h1*h1*h1*h1*dsin(x)
ss2(h1,x,y)=-h1*h1*h1*h1*h1*h1*dsin(x);laplf(h1,x,y)=-h1*h1*dsin(x)
max=-1000d0;pi=2d0*dasin(1d0);a=0d0;b=2d0*pi;cc=0d0;d=pi
h1=(b-a)/dfloat(n);h2=(d-cc)/dfloat(nl)

doi=1,n-1,1;do j=1,n1-1,1

u(0,j,i)=0d0

enddo;enddo

do k1=0,m,1; do i=0,n,1; do j=0,n1,1

x=a+h1*dfloat(i); y=cc+h1*dfloat(j)

if(i==0.or.i==n.or.j==0.0r.j==n1)then
u(k1,0,i)=bb1(x,cc);u(k1,n1,i)=bb2(x,d);u(k1,j,0)=aal(a,y);u(k1,j,n)=aa2(b,y)
endif; enddo;enddo;enddo

do kk=0,n1,1
al(kk)=1d0/30d0;a2(kk)=8d0/21d0;b1(kk)=8d0/21d0;b2(kk)=1d0/30d0;c(kk)=173d0/70d0
enddo

do k=0,m,1; do i=1,n-1,1; do j=1,n1-1,1
if((i==1.and.j==1).or.(i==1.and.j==n1-1).or.(i==n-1.and.j==n1-1).or.(i==n-1.and.j==1))then
y=cc+hl*dfloat(j);x=a+h1*dfloat(i)
c1=2d-1*(u(k,j-1,i)+u(k,j+1,i)+u(k,j,i-1)+u(k,j,i+1))

c2=5d-2* (u(k,j+1,i+1)+u(k,j+1,i-1)+u(k,j-1,i-1)+u(k,j-1,i+1))
€3=-(3d-1)*h1*h1*f(x,y)-(2.5d-2)*h1*h1*laplf(h1,x,y)-ss1(h1,x,y)*h1*h1/1200d0
u(k+1,j,i)=cl+c2+c3

endif;enddo; enddo
1(1)=0d0;I(n1-1)=0d0;11(1)=0d0;ll(n1-1)=0d0;nu0(1)=u(k+1,1,1)
nuO(nl-1)=u(k+1,n1-1,1);nu00(1)=u(k+1,1,n-1);nu00(n1-1)=u(k+1,n1-1,n-1)

do kk=1,n1-1,1

bb(kk)=240d0; aa(kk)=240d0;c0(kk)=1200d0

enddo



do j=2,n1-2,1

y=cc+hl1*dfloat(j);x=a+h1*dfloat(i)
c4=-60d0*(u(k,j+1,2)+u(k,j+1,0)+u(k,j-1,0)+u(k,j-1,2));c5=-240d0*(u(k,j,2)+u(k.j,0))
€6=h1*h1*360d0*f(a+h1,y)+30d0*h1*h1*laplf(hl,a+hl,y)+ssl(hl,a+hl,y)*h1*h1l
fif(j)=c4+c5+c6; 1(j)=bb(j)/(c0(j)-aa(j)*I(j-1));nu0(j)=(aa(j)*nu0(-1)-fif(j))/ (cO(j)-aa(j)*I(j-1))
c44=-60d0*(u(k,j+1,n)+u(k,j+1,n-2)+u(k,j-1,n)+u(k,j-1,n-2));c55=-240d0*(u(k,j,n)+u(k,j,n-2))
€66=h1*h1*360d0*f(b-h1,y)+30d0*h1*h1*laplf(hl,b-hl,y)+ss1(hl,b-h1,y)*h1*h1
fif1(j)=c44+c55+c66; 11(j)=bb(j)/(c0(j)-aa(j)*M(j-1));nu00(j)=(aa(j)*nu00(j-1)-fif1(j))/ (cO(j)-aa()*1(j-1))
enddo

do j=n1-2,2,-1

u(k+1,j,)=I()*u(k,j+1,1)+nu0(j);u(k+1,j,n-1)=H(j)*u(k,j+1,n-1)+nu00(j)

enddo

1(1)=0d0;I(n-1)=0d0;11(1)=0d0;ll(n-1)=0d0;nu0(1)=u(k+1,1,1)
nu0(n-1)=u(k+1,1,n-1);nu00(1)=u(k+1,n1-1,1);nu00(n-1)=u(k+1,n1-1,n-1)

do kk=1,n-1,1

bb(kk)=240d0;aa(kk)=240d0;c0(kk)=1200d0

enddo

doi=2,n-2,1

x=a+h1*dfloat(i);y=cc+h1*dfloat(j)
c4=-60d0*(u(k,2,i+1)+u(k,0,i+1)+u(k,0,i-1)+u(k,2,i-1));c5=-240d0*(u(k,2,i)+u(k,0,i))
¢6=h1*h1*360d0*f(x,cc+h1)+30d0*h1*h1*laplf(hl,x,cc+hl)+ssl(hl,x,cc+hl)*h1*hl
fifO(i)=c4+c5+c6; 1(i)=bb(i)/(cO(i)-aa(i)*1(i-1));nu0(i)=(aa(i)*nu0(i-1)-fif0(i))/ (cO(i)-aa(i)*1(i-1))
c44=-60d0*(u(k,n1,i+1)+u(k,nl-2,i+1)+u(k,nl,i-1)+u(k,nl-2,i-1))
€55=-240d0*(u(k,n1,i)+u(k,n1-2,i))
€66=h1*h1*360d0*f(x,d-h1)+30d0*h1*h1*laplf(h1,x,d-h1)+ss1(h1,x,d-h1)*h1*h1l
fif10(i)=c44+c55+c66; 11(i)=bb(i)/(cO(i)-aa(i)*1(i-1));nu00(i)=(aa(i)*nu00(i-1)-fif10(i))/ (cO(i)-aa(i)*I(i-1))
enddo

doi=n-2,2,-1

u(k+1,1,i)=I(i)*u(k,1,i+1)+nu0(i);u(k+1,n1-1,i)=1I(i)*u(k,n1-1,i+1)+nu00(i)

enddo

doi=2,n-2,1



11(0)=0d0;11(1)=0d0;12(0)=0d0;12(1)=0d0; 11(n1)=0d0; 12(n1)=0l0;11(n1-1)=0d0;
12(n1-1)=0d0;nu(n1-1)=u(k+1,n1-1,i);nu(nl)=u(k+1,n1,i);:nu(L)=u(k+1,1,i);nu(0)=u(k+1,0,i)
doj=2,n1-2,1

x=a+h1*dfloat(i); y=cc+h1*dfloat(j);c1=-(8d0/21d0)*(u(k j,i+1)+u(k+1,],i-1))

c2=-(80/45d0)*(u(K j+1,i+1)+u(k+1,j-1,i-1)+u(k j-1,i+1)+u(k+1,j+1,i-1))
c11=-(1d0/30d0)*(u(k,j,i+2)+u(k+1,j,i-2))

C3=-(4d0/315d0)*(u(k+1,j+1,i-2) + u(k,j+1,i+2) + u(k+1,j-1,i-2) + u(k,j-1,i+2))
€33=-(4d0/315d0)*(u(k+1,j+2,i-1) + u(Kk,j+2,i+1) + u(k+1,j-2,i-1) + u(k,j-2,i+1))
C22=-(1d0/2520d0)*(u(K,j+2,i+2)+u(k+1 j-2,i-2)+u(K,j-2,i+2) +u(k+1,j+2,i-2))

c5=h1*h1*(f(x,y) + (1d0/7d0)*(laplfL(h1,x,y)) +(4d0/315d0)*ss1(h1,x,y)+(1d0/1260d0)*ss2(h1 x.y))
fif11(j)=c1+c2+c11+¢3+c33+¢22+C5

11()=(aLG)*11G-2)*12(-1)+a2(j)*12(j-1)+b1() )/(c()-a1()*11G-2)*11(-1)-a2(j)*I11(-1) -a1()*12(j-2) )
12()=b2(j)/(c(i)-a1(1)*11(-2)*11(j-1)-a1(1)*12(j-2) -a2()*11(-1) )

nu(j)=(aLG)*11(j-2)*nu(-1)+a2()*nu(-1)+aL)*nu(-2)-fif11G))/(cG)-alG)*11G-2)*11(-1)-aLG)*12(-2) -a2(G)*11(-
1))

enddo

doj=n1-2,2,-1

u(k+1,j,0)=11G)*u(k,j+1,i)+23) *u(k,j+2,i)+nu(j)

enddo; enddo;enddo

do j=0,n1,1;do i=0,n,1

x=a+h1*dfloat(i):y=cc+h2*dfloat(j)

le1= (cch(x)+ssh(x)*(1d0-cch(pi))/ssh(pi))*dsin(y)

Ic2= dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi))

1c3= dsin(x)*(cch(y)-1d0+ssh(y)*(1d0-cch(pi))/ssh(pi))

c1= (cch(x)+ssh(x)*(1d0-cch(2d0*pi))/ssh(2d0*pi))*dsin(y):c2= dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi))
¢3= dsin(x)*(cch(y)-1d0+ssh(y)*(1d0-cch(pi))/ssh(pi));res(j,i)=c1+c2+c3;delta(j,i)= u(m.j,i)- res(j,i)
if( delta(j,i)<0d0)then

delta(j,i)=- delta(j,i);endif

if( delta(j,i)>max)then

max=delta(j,i):endif;enddo;enddo;

print*,"norma C =",max;end program puasson

Ilpu N=n, = 20, m = 5000 nporpamma Bo3sparaet HeBsi3Ky 3a1aun (1) B paBHOMEPHOI HOpMe:



norma C = 1.1751864209253995e-10, a npu N = N, =40, m = 5000 norma C = 7.476241847825804e-13, uto

o, 1.1751864209253995¢ - 10
[0,]. ~ 7.476241847825804¢ -13

anreOpanyecKuii OpsIIOK MOTPEIIHOCTH BHYTPEHHETO pa3HOCTHOTO oneparopa(18) pasex Bocemu). Kpome Toro,

~ 234 ~ 2% = 256 (rax xax

JaéT 8 MopsIOK MOTPEeIIHOCTH:

npu N =N, =100, M = 20000 nporpamma Bo3BpaiaeT HOPMY OTHOCHTENBbHOI NOrpemHocTH: Norma C =
6.61378111e-14 ,6miskyto k 1e-16,T.e. k aBOitHO#M TouHOCTH real(8), B To Bpemst kak mo GpopMmyiie IpoCcToi
urepauun y asropos[2] (N =N, =100, m = 20000 ) nomyunm: norma C =4.567879487049620e-6>1e-8(xe
JlocTUTaeT nepBoii TounoctH real(4) ¥ MOpPsAIOK MOTPENTHOCTH TOJILKO YeTBEPTHI) —3aech N +1, n, + 1, M uucno
Y3II0B 110 OCsIM X, Y W 4HCIIo uTepanuid. PeimmM Taxke YHCICHHO U aHauTHYecKy 3anady [lyaccona Ha
OPsIMOYTOJTbHUKE!

@+@:sin(x), O<x<27,0<y<rm

ox® oy

U(O, y) = U(27r, y) = sin(y), O<y<nr C aHQIUTHYIECKUM PELICHHEM:
u(x,0)=u(x,z)=sin(x), 0< x < 2z

(k)= [%]smwh(x) sin(y)++ [1‘°—“(”)]sh<y>+ch<y> sin(e)+ —1+[1‘°—“<”)]sh<y>+ch<y> sin()

sh(2z) sh(z) sh(z)
C y4ETOM TOrO, 4TO BBICOTA IPAMOYTOIIBHAKA B 2 pasa MeHbine ero mmpuns N =120, n, = 60, m = 20000
[Iporpamma Bo3BpamaeT HeBsI3Ky MMOCIEIHEH 3ajaud B paBHOMEpHOH HopMme: norma C=5.972999872483342e-14.
BriBopbr:

1) TlomyueHs! GpoOpMyIIBI MPOTOHKHU LIS TIATH AHATOHANBHOM CHCTEMbI JIMHESHHBIX YPaBHEHHH C 4 M3BECTHBIMU
Y3JI0BBIMHU 3HAUEHISIMM Ha KOHIAX OTpe3Ka U COCEHMX K KOHIIaM y3Jax (KpaeBoe ycioBue Jupuxie).

2) Jlns cMMMeTpUYeCcKOH MaTPHLBI CO CTPOTHM MOJTYTOPHBIM JHAaroHaIbHBIM NpeobialaHueM HMEET MEeCTO
KOPPEKTHOCTh MOJTY4YEHHBIX (POPMYI IPOTOHKH BHEPEN.

3) IlpeanoxxeH 3 — 3TaHBIA aNTOPUTM JUIsl TOYHOTO PEleHHUs ypaBHeHHs [lyaccoHa Ha NpsAMOYTOJIBHUKE. 1.

o k+1 k+1 k+1 k+1
1o hopmysie npoctoit uteparun(33) Haxoast 4 sHauerus U- 1n-1,U" 11,U" na1, U nn-. 2. o

dopmynam(34)-(37) npororkoit maxoast UK i, u i, ub i, u ag, i, j=1n-1.3.Tlo

thopmynam(20), (23),(25) meTo0M IIATH JUArOHAIBHOW MPOTOHKH U KPaeBbIM ycioBHeM Jlupuxie

OHpE)IeJIHIOTUkHi,j, ibj=2,n-2.

4) JlokazaHO yTBEepIKICHUE. HA CHMMETPHYHBIX IIA0JIOHAX aIIPOKCUMAIKs oreparopa Jlamaca BepakaeTcs
Yyepe3 yacTHbIE IPON3BOIHBIE YETHOTO MOPSIKa OT HEN3BECTHON (PYHKIIMH 1O KAXIOH IepeMEHHOM.

5) C momoIp0 yKa3aHHOTO ATOPUTMA W HATIMCAHHOM MPOTPaMMBI TIOKa3aHO, UTO TIPU HEGOIBIIOM JHCIIe
y31510B paBHOMepHO# ceTkr(1600) anredpanyecknii MOpsIOK MOTPEIIHOCTH PaBeH BOCHMHU.
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