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O KOHEYHbIX TPYTNAX, Y KOTOPbIX
CMNOBCKYHO 3-NnoAarevnny HOPMAJIN3VET
CNNOBCKAA 3-MOArPYMINA

9. M. ITanpuuk

AnHoTauusi. OnpezeseHbl BO3MOYXKHbBIE KOMIIO3UIMOHHBIE (DaKTOPbl KOHEYHBIX TPYIII,
Y KOTOPBIX MHJIEKC HOPMAJIN3AaTOPa CUJIOBCKOM 3-TIOJIIPYIIIBI B3AUMHO IIPOCT C IPOCTHIM
qucjaoM s > 3.

KurodyeBble ciioBa: KOHeYHAs IPyIIa, IIPOCTas IPYIIA, WHIEKC HOPMAJIA3AaTOpa CH-
JIOBCKOM 3-IIOATPYIIIBI.

Bsegenue

Paccemarpusatorcst Toabko KoHeunsle rpynisl. B [1] A. C. Konaparses u B. To
OIIMCAJIN KOMIIO3UITMOHHBIE (DAKTOPBI KOHEUHBIX I'PYIII, ¥ KOTOPBIX HOPMAJIH3aTOPHI
CUJIOBCKUX 3-TIOJICPYIII COJIEPYKAT CUJIOBCKYIO 2-TIOJATPYIIILY, U JIaJId 0OOCTOSTETbHBIIH
0030p Pe3y/IbTaTOB 00 MHJIEKCAX HOPMAJIN3aTOPOB CUJIOBCKUX TOITPYIII.

Ux pe3ynbTaT caeyionumii.

Teopema A [1, teopema 1]|. Ec/im HHIEKC HOpMAJIH3aTOPa CHIOBCKOH 3-10J-
rpynnbpl B KOHEYHOH TpyIIIie B3aHMHO IPOCT C 9HCJIOM 2, TO HeabeJeBbl KOMITO3H-
nuonable ¢akropsl rpymnsl G u3oMopdHbl 0qHOM u3 caegyomux rpymir:  La(q)
gt ¢ = £1 (mod 12); Ly(q) amz n € {3,4,5} w ¢ = —1 (mod 12); U,(q) s
n € {3,4,5} mqg=1 (mod 12); PSp4(q) sust ¢ = +£1 (mod 12); Sz(q); Mi;.

B nannoit pabore jokazana

Teopema 1. Ilycres G — KoHedHas rpymnma, s > 3 — IPOCTOH JEJTUTE b TOPSI/I-
ka rpynnst G. Ecmn (|G @ Ng(Gs)l,s) = 1, 10 10603 HeabeseB KOMIO3HITHOHHDII
¢axrop L rpynmsr G takoi, uro s € w(L), gomKeH GbITH m30MOpheH OaHOM 13
CJICIYIOHIAX TPYIIIL:

1) La(q), ¢ = 1 (mod 3), e(q,3) = 2, e(q,s) = 3, (¢*> — 1)3 = 3 wm e(q,s) =
e(q,3);

2) Lu(q), n = 3,4,5,¢ = —1 (mod 3), e(q,3) = 2, e(q,5) = 3, (¢* —1)3 = 3 mm
e(q,s) = e(q,3);

3) Unlq), n = 3,4,5, ¢ = £1 (mod 3), e(¢q,3) = 1, e(q,s) =6, (¢* —1)3 = 3 mm
e(q,s) =e(q,3) umpu s =5, n <5;

4) PSpa(q), ¢ = £1 (mod 3), e(q, s) = e(q,3);

5) 2Fy(q), ¢ = £1 (mod 3), {3,s5} C m(¢®> —1);

6) ¢ = 37, L — npocras rpymma smepa tuna, s gequt |H|, rme H — moarpyimia
Kaprana rpymmsr L, ¢ =1 (mod s), s ne gequr [W(L)|;

7) Ji, O'N B obenx rpymmax s = 5.
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1. HekoTopbie 0603HaYEHUST

O6o3Ha4Yenus U TEPMUHOJIOTUs CTAHIAPTHBI, Kak B [2—4].

HekoTopbie 0603HaUEHUs TIPUBOJISITCS JJIsT YI00CTBA UTEHUs: T — HEKOTOPOe
HOJIMHOYKECTBO MHOYKECTBA BCEX MIPOCTBIX YUCEJT; T — JIONOJHEHNE K 7T B MHOXKECTBE
BCEX IPOCTBIX 4uces; (m, n) — HanboIbIHil O0IHil genuTens ancesx m u n; m(n) —
MHO?KECTBO BCEX PA3IMIHBIX IIPOCTHIX JAEJIUTENEH MEJOTO TUCTA 1 Ny — T-IaCTh Ha-
TYDPAJLHOIO YUC/IA 7, T. €. HAuOOJIbIINI JeJIUTeb M Jucia 1 Takoii, aro 7(m) C m;
m(X) = 7(|X|), |X| — 4Uncio pasIUYHBIX JEMEHTOB KOHEYHOIO MHOXKECTBa X ;
|X : H| — unnexc moarpynnel H B rpynmne X; G, — CHIIOBCKAast P-IOATPYIIA IPYII-
usl G nopsanka |G|,; Chev(g) (Chev(r)) — KoHeuHas rpylima JiHeBa TUINA C HOJIEM

onpenenennst GF(q) xapakrepucruknu r; Chev = | Chev(r); G — YHUBEpCabHasT

T

HakpbiBatomast st G € Chev ¢ Z(G) = 1; G’ =[G, G; ®;(x) — nukaoToMuIeckuit
MHOTOYJICH JIJIsl i-X KOpHeil u3 1; cexnust rpynnbl — (paKTOp-rpylia ee HeKOTOPOit
moArpynmsl; K-cBoboaHas rpyIma — rpyIina, KOTopast He UMeeT CeKInii, n30MOpd-
ubIx rpymne K; W(G) — rpymna Beitng rpynmst G € Chev; Sp-nmoarpymma — CHiIos-
CKasl p-TIOATPYIINA, P — MPOCTOE THCIIO; M-IETUTETb — IIPOCTON JIETATENb TTOPSIIKA
rpymmbl G € Chev, KOTOPBIi He JeJIUT HOPsiJIKa HU OJIHOI COOCTBEHHOI apabo/inye-
ckoit noarpynnet u3 G; e(q, t) = ord¢(q) — HaMMeHbIee HATYPAJIBHOE YNCIIO € TAKOe,
qro ¢° =1 (mod t), rue t — HeweTHOE IIPOCTOE UUCI0, ¢ — Tesoe yucyo u (¢, t) =1
(r. e. t — UPUMUTHUBHBIL POCTOli Jesmurensb yucia ¢¢ — 1); e(q,2) = 1, ecam g —
Heuyernoe uucsio u ¢ = 1 (mod 4); e(q,2) = 2, ecaim ¢ — HeveTHOE YUCIO U ¢ = 3
(mod 4).

2. IlpeaBapuresibHbIe PE3YJILTATHI

B sTom paszgesne Beiomy nuxke G — KoHeuHad rpynna u3 muoxecrsa Chev(q),
qg=rl,r+#3,s — npocroii sesmrens dnca |G|, r # s >3, PuS — ee cunosckue
3- ¥ S-IOArPYIIILI COOTBETCTBEHHO.

Ecin G — yHuBepcasibHas rpynna, To ussectHo [3, c. 110; 4, ¢. 237], uro

Gl =q"- H(I%(QY” (1)

IS TIOJXOISANIIX HATYPAIbHBIX uuced N, i, n;.
ITycrs p — npocroe aucio, p > 2, (p,q) = 1, p € 7(G), mo = e(q,p). B srux
0003HAYEHNAX UMEET MECTO CJIEIYIONAS

JIemma 1 [3, (10-1), (10-2);4, reopemsr 4.10.2, 4.10.3]. Ilycte P* — Herpusn-
ambHas cmoBcKas p-moarpymma n3 G. Ecmn G = 3Dy(q), To myers p # 3. Ilycrs
W — MHOXKECTBO HHJEKCOB i BHJa i = mg - p®, a > 0 B (1). Torza

1) P* uMeer HETPUBHAJIBHYIO HOPMAJBHYIK T'OMOINHKJINIECKYIO abeJeBy I0J-
rpymiry Pj; pamra n,, (kparsocts ®p,,(¢) B (1)) # skcoonentst O, (q)|p; P* =
Pj NPy, tae Py, — (BO3MOXKHO, TPUBHAJIBHA) IOATPYIIIIA IOPSIIKA p, b= > ony,

pmoi
uzomoppHast moarpymme uz W(G);

2) paur P* paBeH N,,, HCKJIIOYas cJaydad, Korja panr P* pased n.,, — 1l:
(1) G - A’ﬂ(q)7 n > 3, p A€t (naq - 1)’ np > (q - 1)177 (2) G - 2An(Q), n > 3’ p
gemnt (n,q + 1), np > (q+1)p; (3) G = Es(q), p =3, (¢~ 1)3 = 3; (4) G = *Es(q),
p=3, (q+1)3:3.
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JIemma 2. Ilycts G = G2(q). Torma P’ # 1.
JOKABATENBLCTBO. Ilo [3, Taba. 10:2, c. 111]

Gl = ®3(q) - 3(q) - P3(q) - P6(q) = (q— 1)*(¢ + 1)*(¢® +q+ 1)(* —q+1). (2)

Eciu 3 nemmr ¢ — 1, 1o e(q,3) = 1 = myg. Ilo nemme 1 ny,, = 2 (0Ka3aTesnb
creniern npu P1(q) B (2)). MHOXKecTBO w U3 JeMMbI 1 COCTOUT U3 OJHOIO HUUCIIA
i = 1- 3. Iokazaresnn crenenu upu P3(q) ecrs ng = 1. ITo semme 1 P uzomopdua
rpyttie (Zpy, X Zpy ) N Zs 1 uMeeT 3-paHr Ny, = 2, tae m = (q—1)3. osromy P’ # 1.

AHAJIOTIYHO JIOKA3bIBAECTCA YTBEPIKJCHUE JIEMMbl M B CJIydae, KOTJa 3 JIEJIUT
qg+1lcmy=2,nm =2, m=2-3. Jlemma jjokazana.

Jemma 3. Ilycrs G = 3Dy4(q). Torma P’ # 1.

JOKA3ATENLCTBO. Ilo [5, Tabiu. 2| G me Ga(q)-cBoboana. Ilosromy P’ # 1.
JlemMa mokazana.

Crenyrormast semmva — 310 jtemma 2.5 B [6]. Ham nonaqoburcs ee popMynposka
B 6ostee obmmem Buge. IIpu aroM j10Ka3aTenbCTBO U3 [6] JOCIOBHO COXpAHAETCS.

JIemma 4 [6, semma 2.5|. Ilycrs G — yHuBEpcaJbHAas IDyNINa H3 MHOXKECTBA
Chev(q), W = W(G), 3 geaur |W|. Torma rpynna G He siasiercst As(q)-cBoGogHO
rpynnoii, rae As(q) — yHUBepcasbHasl IPyIIA.

JIemma 5. Ilycre G = As(q) — yHuBepcaabhast rpynna. Toria

1) ecou 3 mesur g — 1, To P’ # 1;

2) ecan 3 nenur q + 1, To P — nukmdeckasi rpynna;

3) ecau 3 gesr ¢ — 1, To B G Her X0Ju10BO# HUIbIOTEHTHOH {3, 8 }-1104rpy DI,
e s > 3;

4) ecim 3s gemur ¢ — 1, s > 3, 1o B rpymue G/Z(G) = Ls(q) Her abeneBoii
xoJw10Bo# {3, s }-1moarpymib;

5) ecom 3s geqmr ¢ + 1, s > 3, 1o B rpymnme Us(q) HET abeseBoit X0LI0BO
{3, s}-moarpyumisr.

JTOKA3ATEJILCTBO. 1), 2). Tlo [4, (4.10.1), c. 237]

Gl = @1(q)*P2(q)P3(q) = (¢ —1)*(¢ + 1)(¢* + g + 1) (3)

Eciu 3 pemur ¢ — 1, 1o e(q,3) = 1 = mo, nm, = 2, [W(G)|z = 3. Iycrs
(g —1)s = m. Ilo semme 1 P = (Z,, X Zy,) N Zs u 3-panr P paBeH n,,, = 2.
ITostomy P’ # 1.

Ecau 3 genur ¢+ 1, 1o €(q,3) = 2 = mo, N, = 1. Cpeam ungekcos i npu P;(q)
B (3) Her uuces Buga mg - 3%, a > 0. Ilo temme 1 P — rpyuna 3-panra 1. Coyuan 1)
U 2) JOKA3AHbL.

3) Ipenonoxkum, uro 3 nesur ¢ — 1 u B G eCTh HUIBIIOTEHTHAST XOJUIOBA {3, §}-
nogrpynmna H. Ilyers H = Hs x Hs u s ve penur |W(G)|. Tak xax Hjf # 1 1o
u. 1), cornacuo [7, reopema 6.9; 8] {3,s} C 7(q — 1). Hosromy Hy C K, rne K —
nojrpymnna Kaprana B rpymnmne G. Ilycrs ¢ #£ 1 — snement nopsiaka s B H N K.

ITo [9, (2.9)] Ca(t) = C umeer mopMmasbHyio noarpyuny ¥ = K - (D x X),
rme D = Dy x---x Dy, k>0, X C KNZ(DX), D; — rpyuna Jjuesa THIA C
1oJIeM ompeesiennst nopsiaxa ¢%, b; > 0,7 =1,k, K nHAyTUpyeT Ha D; BHyTpeHHe-
JaroHajgbHble apromopdusmbl, ¢ = 1,k [4, Teopema 4.2.2]. Tak Kak 3s jenut
(¢ —1)|(¢" — 1), To D;/Z(D;) = PSLa(q") [4, Teopema 6.5.3]. Ecitu 3-sement 1 #
y € K me nexxut B D;, TO OH HHIYIAPYET, KAK OTMEIEHO BBIIE, Ha [); IMaroHaIbHbIH
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asroMopduam nopsyka (2, ¢% — 1) [4, Teopema 2.5.12]. Ho 3 me memur (2,¢% — 1).
IMosromy K3 C DX. Io [4, reopema 4.2.2] C'/Y — ssiemenrapnas abesieBa s-rpyIia.
Tem cambim C3 C Y3 C DX. U3 crpoenns DX ciemyer, 9T0 S3-TIOArpyIIIIa B IPYIIIE
DX aBenepa. Tak xak H C C, aro nporusopeunr 1. 1). Ciuyuaii 3) mokasaH.

4) Yreepxaenus 4) u 5) GyleM joka3bBaTh BMecTe. 3amerum, 4ro 1o [10, E
4.3(e)] cpemu npocrbix genmrenedt aucen |Lz(q)| u |Us(q)| HeT «uoxux» B cMbIC-
se [10, E, 4.1] upocrbix uncesn. Torma us upegoxenns (1.3B)(iii) B [11] caenyer,
gT0 abesieBa xosuoBa {3, s }-OArpyIIA JeKUT B MAKCUMAJILHOM Tope rpyiibl L3(q)
Us(0))-

V KaxKJ0il U3 9TUX TPYII €CTh IO TPU KJIACCA MAKCUMAJBHBIX TOPOB, U3 KOTO-
PBIX TOTBKO TOpBI Iopstkos (¢ — 1)2/(3,¢ — 1) u coorserctrenno (g + 1)2/(3,q+ 1)
COZIEPKAT CUJIOBCKYIO s-moirpyiuy. Ho no [4, teopema 6.5.3(b)| xosiossr {3, s}-
HOJAIPYNIIBI B 9THX TOPax He X0JuloBbl B rpynnax Ls(q) n Us(q) cooTseTcTBEHHO.
Orum yrBepxkieHus 4) u 5) mokazanbl. Jlemma J0Ka3aHa.

Jlemma 6. ITycre G — ynusepcajibnasi rpynmna Jjuesa tuna, G € {As(q),
2A5(q), B3(q), C3(q)}, Betony q = r¥, r # 3. Torma G4 # 1.

JIOKABATEJIbCTBO. [lokaxkem yTeepienune jis G = 2As(q). Ocrambhbie
CJlydan JOKa3bIBaIOTCs aHagorndno. Vexons us uucia |G|, nmeem

Gl = (=1 q+ D@ +a+ D@+ 1)@ —q+1)*(¢" -+ —q+1)
= 03 (q)3(q)P3(q)Pa(q)P6(0)P10(q).  (4)

ITo Teopeme Ditnepa 3 gemat q> — 1. Ecim 3 gemmt g — 1, 1o e(q,3) = 1 = my.
Tax kax ®3(q) ectb B mpasoit wactu (4), 3-panr G 10 jemmve 1 paBeH N, = 3.
Cpean unzexcos ¢ npu ®;(q) B npasoii uactu (4) Bug i = mg-3%, a > 0, ecTb TOJIBKO
omun: ¢ = 1-3 = 3. Ilpu sTom P3(¢) BxomUT B IpaByIO YacTh (4) ¢ moKazaresIeM
ng = 1. Ilo nemme 1 G3 = (Zyy X Zy X Zm) N Zs, tie m = (q — 1)3, Tak Kax
W (2As5(q)) = Z31 S5. Tlostomy GY # 1, mmade 3-panr G Gyzer 4, a ne 3.

Eciu 3 menur g + 1, 10 e(q,3) = 2 = mg, Ny, = ne = 5 (nokazarein, ¢
koTopbiM Po(g) BxoauT B npaByio yactb (4)). dro 3-panr G. Cpenu UHIEKCOB § BUL
i =mgp-3% a >0, npu ®;(¢) B nupasoii yacru (4) ectb oguu: i = 2 -3 = 6. OusiTh
Gs > (Zk X Zi X Zi, X Zi X Zi) N Zs, tae k = (q+ 1)3, u G4 # 1, unaqe 3-panr G
ObLI 661 paBeH 6 # 1o = 5. Jlemma jgoKasaHa.

3AMEYAHUE. (1) Ecau 3 menur g + 1, 1o y yHusepcasnbubix rpyun As(q) u
A4(q) Sz-noarpynma abeseBa. DTO JOKA3BIBAETCS AHAJOIMIHO 3aKJIOUEHUIO 2) B
Jgemme 5 ¢ ucnosnb3osaruneM tabir. 10:1 B [3].

(2) IIpocreie rpynnsl Ls(q) u Us(g) Tak:ke mmeroT npocrble HeabeseBbl Ss-
HOJIPYNIIBL. DTO Cilefyer u3 Toro, 4to 3 e meaur (5,q + 1).

Jlemma 7. Ilycts G — yHHBeEpca/bHAas IPYIITa JUEBa THITA C HOJEM OINPEIEe-
st GF(q), ¢ =¥, r # 3. Ilycre G € {Ga(q); ®Da(q); An(q), n > 1, 3 geur g — 1;
An(q), n > 4; 2A,,(q), n > 4; Bn(q), n > 2; Cr(q), n > 2; Fy(q); Ei(q), i = 6,7,8;
Dy(q), n > 4; *Dn(q), n > 4; *Es(q)}. Torna Gy # 1.

JIOKABATEIBCTBO. s rpymm Ga(q), 2Dy(q) 10 cnemyer uz memwm 3 u 2. U3
JgeMM 5 u 4 BbITeKaer, 9T0 10 BepHO Jyid rpyun G = A, (q), n > 1, 3 aeaur g — 1,
TaK Kak B 9ToM ciydae G He As(q)-ceobomna. Ecim G = A,(q), n > 5, o G ne
As(q)-coboma [12, Tabi. 3|, u yTBep:k/enue BepHo 1o jemme 6. Ecim G = 2A,,(q)

cn > 5, 10 G e 2As(q)-ceobomma [5, Tab. 2|, m yTBep:KIeHIe BEpHO 10 Jemme 6.
Mycrs G € {Bn(q), Cn(q)} un > 2. Torna G ue B3(q)- wiu e Cs(q)-cBoboaua [12,
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Tab1. 3] COOTBETCTBEHHO, M yTBEpKJeHHe cieayer u3 jgemMbl 6. [pynma Fy(q) He
By(q)-cBobomma [5, Tabm. 2|, u o npeapiaymeny G # 1. Tpymmst Eg(q) u 2Eg(q)
ue Fy(q)-cBoGomuntl [5, Tabu. 2|, u mosroMy y Hux Ss-moArpyIna Heabeiaesa. [ pyuiipl
E;(q) ne A;(q)-cBobomubl, ¢ = 7,8 [5, Tabi. 2]. Tem caMbiM y HUX S3-TIOAIPYIIIBL
neabesessl. I'pynmst D, (q) u 2D, (q), n > 4, ue B,_1(q)-cBoboaust [5, Tabm. 2],
[IO3TOMY Y HUX S3-IIOArpyIIia HeabejeBa 1o Upebliyinemy. Jlemma joka3aHa.

Jlemma 8. Ilycre G — npocras rpyiia JimeBa THIIA C HOJIEM OIIPECJCHHUs
GF(q) xapaxrepucruxn v # 3, ¢ = rf. Ilycrs H — xomnosa {3, s}-moarpymnna B
rpymiie G, r # s >3 u G; C Ng(G3). Torma

(1) H = Hg X Hg;

(2) econ G raxas rpymma, 9ro G/Z( ) G, To Hyx H, = ﬁ, e H — xososa
{3, s}-noarpynna s G.

HOKA3ATENBLCTBO. (1) o [11, Teopema 1] Hy < H. Drum 1. (1) nokasan.

HyCTb K— upoobpa3 HUILIOTEHTHON X0JI0BOi {3, $}- TOZNPYIIIBI [Py IIIbI G /Z
B TpyIIIe G. Us [2, Teopemsr I11.3.10, II1.2.3] CIIEJIyeT, UTO K — HuibnoTentHas
rpymna. Torga xososa {3, s }-noarpyimna Hus K YZOBJIETBODSET 3aKJII0OUeHUIO (2)
geMMbl. Jlemma mokaszaHa.

Jlemma 9. Ilycrs G — mpocrasi criopaamdeckasi Uil 3HAKOIIEPEMEHHAsT TDYIIIIA.
Ecmu (|G : Ng(Gs)|,s) = 1, nze npocroe aucio s > 3 gemur |G|, 0 s =5, G = J;
mmn O'N u coorBercrBenno Gs - G5 = G X G5 mm Gg NGy u G4 = 1 = GE.

JIOKA3ATEJILCTBO. YTBep:KjeHue cieayer us [6, ciaencrsue 6.13; 4, ri. V;
13, 14]. JIemma mokazaHa.

JIemma 10 [1, temma 1.1]. Ilycrs G — koneunast rpynmna, P u S — ee cunockue
3- u s-moarpynnsl, s > 3, (|G : Ng(P)|,s) = 1. Eciu H < G, To

(a) B ¢pakrop-rpyune G/H nopmamsarop jiio6oii S3-1104rpy bl HMEET HHIEKC,
B3aHMHO IIPOCTOH C S;

(b) B H HOpMasm3aTOp 10601 S3-II0ArDYIIIBI HMEET HHJEKC, B3AHMHO MPOCTOH
cSs.

B cuenyromeit siemme 1o rpynnoit uz muoxkecrsa Chev(r) monumaercs Kak
CPyIIa ¢ §IUHAIHBIM [IEHTPOM, TaK 1 Ji00as (GaKTOp-IPYIIa yHIBEPCAIHHONR IPYTI-
IIBI JIMEBa THUIIA 110 IEHTPAJIbHOI HOrpyIIIe.

Jlemma 11. Ilycrs G € Chev(r). Ilycrb 3 u § — mpocrhle Jejuresn Iucia
|G|, s > 3,3 #r #s. Ecin G umeer uuibnorentHyio xoJuioBy {3, s}-noarpyiiy
H = H3 x Hy, o H; =1 = H..

JIOKABATEJILCTBO. AbGeneBocts Hg ciiestyer u3 TeopeMbl 1 B [1 1]. st rpymm

muoxkectBa Chev(r) ¢ MurnManbubiM 3HavenneM |G| (pasubiv r(r? — 1) -d=1, d =
(2,7 — 1)) yrBep:xkaenue BepHo (crpoenue rpyui Lo(r) Xxopoino usBecTHo [2, Teope-
ma I1.8.27]).

Ncnonb3ys naayknuio o yucay |G|, IoKaxKeM, 9To yTBEP:KJIEHAE BEPHO U JIJIs
rpymn muozkectsa Chev(r) 6osbmrero nopsaka. Ilyers GF(q) ¢ ¢ = rf ects mose
onpenenenns aas G.

ITycrs 1 # x — ssement nopsinka s u3 Hs. Ilo [4, Teopema 4.2.2(a), (b), (d), (e)]
Ca(z) = C comepxut HOpMaJsbHbIe oarpymusl Y u TY rakue, uro Y = Dy - -+ Dy,
m > 0, tae D; € Chev(r) ¢ nosem onpenenenus nopsiaka ¢, m; > 0, T — abesnesa
r’-moarpyuia, uaaynmupytomas Ha D;, ¢ = 1, m, BHyTpeHHe-IuaroHabHble aBTOMOD-
dusmpr, a C/TY — snemenrapaas abejieBa s-rpylia, u3oMopdHas MOArpyIle U3
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IeHTpa, HakpbiBawomed rpynnsl Juist G/Z(G). B 4acTHOCTH, OTCIONA CJEJYeT, YTO
Hs CTY Benny HC C. Ecmm =0,10Y = 1u H, = 1 BBuay Hs C T. Ilosromy
BIpeIb canTaeM, 9To m > 0.

ITo [13, reopema 4(2)] 3s mesmur ¢ — 1 win ¢ + 1. VI3 ycsaoBust jieMMbl Ciejiyer,
aro D; 2 2G2(37™) mu as opmoro i. Kpome toro, D; % 2By (2/™1), Tak xax 3 ne
nemur |2 By (2f™1)|. Tostomy 3s nemur q® — 1, ¢*™ — 1 u |D;| na Beex i = 1,m
no [10, Tabu. 6]. Tak kak D; < C, o D; N H = H; eCTh HWIBIIOTEHTHAS XOJLIOBA
{3, s}-nonrpynma B D;. Iockousky |D;| < |G| (mnmu C = G), nHAYKIHUS 110 TOPSIIKY
rpyIIbl gaer HaM, uro Ss-noarpyuuna B D; (B G/(z)) abesena, i = 1,m. Toruma
U3 cTpoeHns rpynusl Y ciaepyer, aro n Yz — abenesa rpymna. Ecom Hs € Y, To
Hs = T3 - Y3 nyist Hekoropsix Ss-mogarpymi T3 u Yz uz T u Y cooTBETCTBEHHO.

Ipeamnosnoxkum, uro 1 # y € T3—Y3. Kak ormeueno Boine, (y)D; C Inndiag(D;).
Ho roryia o [4, reopema 2.5.12] D; € {An(¢™),% A, (¢™) u 3 nesur n+ 1 a5t HEKo-
Toporo HaTypasbHoro unucia n} uwmu D; € {Eg(q™)/Z,?Es(q™)/Z, vae |Z| pasen
1 wiu 3}. Ho u3 mokasaresbcrBa JieMMbl 7 caempyer, 9ro y rpyuu Eg(¢™)/Z n
2F6(¢™)/Z Ss-monrpynmbr meabenesnr. Tak kax As(q) Bxmagpsaercs B A, (q) ¢
n > 5 u ?As(q) srnagpmaercs B 2A,(q) ¢ n > 5 ama Beex q [5, Tabm.2], mo mem-
Me 6 u no 1. (2) samevanus n < 5. ITosromy n = 2. Ecau 3 aemnr |Z(D;)|, To
D; — yuusepcanbnast rpymmna. Torma no [3, (10-4)(1)] Ss-noxrpynua rpyumnst (y)D;
abeneBa. Tem cambim y € D; mo [3, (10-3)] win [9, teopema CJ. ITosTomy myctsb
3 ue gemut |Z(D;)| u D; € {L3(¢™),Us(¢™)}. Ho mo nemme 5 (3axmouenus 4
u 5) B 9TuX rpynnax Her abeseBoil XoJuioBoi {3, $ }-IOArPYIIIbl YKA3AHHOIO BbIIIE
nopsiaka. Jlemma JrokazaHa.

N3 nokazarenscrsa gemmbl 1.1 B [1] Jerko BbITEKaeT ee ciie/ryomniee 06001IeHue.

Jlemma 12. Ilycte H — mHopMmaJsibHasi noarpymnmna koredron rpymnmnsl G, p —
npocroe auciao u w(G : Ng(Gp)) = w. Torga

(a) (G : Ng(Gp)) C m, tne G = G/H;

(b) m(H : Np(Hp)) C .

3. HdokazaresnbCcTBO TeopeMbl 1

Ilycrb G — KOHTpUpHMep MHUHUMAJIBHOTO MOpsjka. Bsuay nemvbr 10 G —
upocrast nHeabesieBa rpymma. Eciu G € SporU{A4,/n > 5}, To no semme 9 umeem
3aksnodenue 7) reopembl. Ilycrs masee G — mpocras rpyliia JIMeBa TUIA C II0JIEM
onpezeenus GF(q) xapakrepucruku r u nopsaxa ¢ = rf ¢ s € 7(Q).

Ecsn r = 3, To no [6, Teopema 3.2] umeem 3aksrodenue 6) TeOpeMbI.

ITycre pasee v # 3.

ITo ycnosuro u semme 8(1) B G ecTb HUJIBIIOTEHTHAS XOJUIOBA {3, $ }-OArpyII-
na H. Torma u rpynma G TaKasi, 4To G /Z (é) 2~ (G, uMeeT HUJIBIIOTEHTHYIO XOJIJIOBY
{3, s}-noxrpymmy H 1o semme 8(2). To smemme 11 ﬁé =1= f]g "3 nemmbr 7
CJIeJIyeT, ITo G e {A1(q); An(q), n = 2,3,4, m 3 nemmr q + 1; 24, (q), n = 2,3,4;
Ba(q); 2Fy(q)}. Tornau G4 = Hy =1, H' = 1.

Tak kak xoJsioBa {3, s}-moarpynmna B rpymie G siBJsieTcsi HUIBIOTEHTHOH, 110
[8; 7, caencrBue 6.7] npocrbie HeabGeneBbl KOMIO3HUIMOHHbBIE (DAaKTOPBI rpynibl G
apasorces Dy-rpynmavu ¢ m = {3, s}. Ilo [7, reopema 6.9, c. 39, 40] nosygyaem orpa-
HUYEHUS HA YHUCJIO ¢ B IPYNIIAX U3 3aK/rodenuii 1)—5) reopembl. Teopema mokazana.

Cnencteue 1. Ilycrs |G : Ng(G3)| = p®- s, nae p u s — pasiamanbie npocTbie
Jeauresn nopsiaka koredror rpymmasl G, a > 0, b > 0. Torma kaxkzaprit HeabeJies
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KOMITO3UIIHOHHBIH hakTop rpymnbl G MoxkeT ObITh H30MOPEH TOJIBKO OJHOI U3
rpYyIWII JIMEBa THIIA, YKA3aHHBIX B 3ak/nodenusx reopem 1 u A, smbo n(G) C {3,p, s}.

JTOKA3ATENBLCTBO. Ecin Ng(G3) He cogepxkur Gy, 1€ t — IPOCTOE YUCIIO U
t ¢ {3,p,s}, To |7(G)| < 3. B npoTusHOM cjlyuae yTBEPKJCHUE CJEyeT U3 TeopeM
1, A u [14]. Cneacrue JoKa3aHo.

Tak Kak npocrbie KoHeunble rpynnsl G ¢ |7(G)| = 4 uzsectnsl [15], MoxkeT GBITH
JIOKA3aHO AHAJIOTUIHOE

Canencrue 2. Ilycts p, s, r — MOMAPHO Pa3JIHIHBIE IPOCTHIE JETUTETH MO~
panka xorewwoit rpymel G m |G 2 Ng(Gs)| = p* -8 -7¢,a > 0,b > 0, ¢ > 0.
Torya neabesreBbr KoMmirozurmonubie akropsl K rpymmer G SBISIIOTCS TPOCTBIMUA
rpynmnaMu JueBa THIIA U3 3aKarodenuit reopem 1, A wan rpynmavu ¢ |w(K)| < 4.
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