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1o g pepeHnInaIEHON TeOMETPHUHN, KOTOPhIE CBS3aHBI C Pa3/ielaMi MaTeMaTHKH,
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BBenenue

Hudbdepennmanbpaas T€OMETpUsS W TOMOJIOTHS TPEACTABISIOT COOOH  JBAa CMEKHBIX
pa3zena MaTEeMAaTHKH, JISKAIUX B OCHOBE psga (yHIAMEHTAIBHBIX Pa3AeliOB COBPEMEHHOMU
TEOPETHYECKOM  (UBHMKHU:  DJIEKTPOJAMHAMHUKH, KJIACCHUECKOM ©  KBAaHTOBOW  TEOPHH
KaTUOPOBOYHBIX IMOJICH, PU3NKH KOHJACHCHPOBAHHOTO COCTOSIHUS, TEOPUU CTPYH U CYIEPCTPYH,
(bu3rKe HETUHEHHBIX MPOLIECCOB.

BosnuknoBenue auddepennuanpHoi reoMmeTpuu npuHATo oTHOCUTH K X VIII Beky.

Ee nmosiBneHune cBA3aHO ¢ UMEHAMM BBIJAIOIINXCS MATEMAaTUKOB TOTO BpEMEHU Dilnepa
u Momnxa. [lepBoe cBOJIHOE COUMHEHHUE IO TEOPUH IMOBEPXHOCTEH Oblja HAMCAHO
B 1795 rony MonxeM «IIpunoxkenne anaiausza K reOMETPUU».

B 1827 l'aycc ony6nukoBan pabory «Oo1ee nucciieqoBaHue 0 KPUBBIX TOBEPXHOCTSIX»,
B KOTOPOUW M3JIOKHUJI OCHOBBI TEOPUU MTOBEPXHOCTEN B €€ coBpeMeHHOM BHjie. C 3TOro
MoMmeHTa nuddepeHnranbHas TeoOMeTpUsl MOMyqrIa O(QUIIHAIBHBIA CTATYC CAMOCTOSTEIbHON
OTpaciii MaTeMaTHYEeCKON HayKHu.

Hayuno-uccnenoBarensckue padoTsl o auddepenunanpHoit reomerpun K. Maycca
(1777-1855rr.), I'. HapOy (1842-1917rr.), JI. buanku (1856-1928rr.) u JI.Di3enxapra (1876-
1965rT.) OBLTH MOCBSIICHBI, TIIaBHBIM 00pa30M, CBOMCTBAM, TPOSIBISIONTAMCS JTOKAJIBHO, T.C.
B MaJIOil OKPECTHOCTH TOYKH MHOTOO0Opa3usl.

[Ipeamer »TUX WCCIENOBaHMI CTal CYThIO, TaK Ha3pIBaeMo# auddepeHnnanbHon
reoMeTpun «B Mamom». Haunnas ¢ 1930-x rogoB, uccienoBaHus MaTeMaTHKOB ObLIH
HaIpaBJIeHBI, MPEK/E BCETO, HAa N3YYEHUE B3aUMOCBsI3el Mexk 1y AuddhepeHnnanTbHON
FEOMETpPHEN MalbIX OKPECTHOCTEH U «rI100aqbHBIMU» CBOMCTBAMU BCETO MHOT000pa3us. Jta
TeOopHs MOJIy4ria Ha3BaHue AuddhepeHInanTbHON TEOMETPHEH «B IIETIOM».

B1854 b. Puman B nekiuu "O rumoresax, JeKalyux B OCHOBaHUU TeoMeTpun”
MPEUIOKIIT HOBYIO, BEChMa IUIOJOTBOPHYIO KOHIIETIIHIO "MHOTO00pa3us"
(cMm. Pumanoso npocmpancmeo). TeM caMbIM OH MOJIOKHUIT
HAYAJIO PUMAHOB0U 2eomempuu, IBISIONICICS BaXKHEUIIeH u Hanbosee pa3paboTaHHON 4acThIO
nuddepeHInaIbHON TEOMETPUH.

OcHoBHas 3a1a4ya nuddepeHnanbHON T€OMETPUN COCTOUT B HAXOXKICHUH U OTIMCAaHUU
Qg depeHIraIbHBIX HHBAPUAHTOB T€OMETPUUYECKUX CTPYKTYp. HeobxonumbIM anmnaparom
3/1€Ch SABJISIETCS] UICUUCIIEHUE CTPYWU. DTO MOHATHE HHTEHCUBHO HCIIOIb30BAJIOCh B TEOPUU
reOMETPUUECKUX CTPYKTYP BBICILIEro mopsijaka B padotax B.B. Barnepa, I'.®. Jlantesa, JL.E.
EBtymmka, M.O. Paxy:sl, a B mocienHee BpeMs B TEOPUU OCOOEHHOCTEH TIaKUX OTOOPaKCHHMA
M. lNony6unkum, B. ['miieMUHBIM B B TEOMETPHUUECKON TEOPHH HEINHEHHBIX
nuddepeHnranbHbIX ypaBHeHn A.M. BunorpaaossiM, B.B. JIbraaruneim.

[onsarue nudpepenHmanTbHOro UHBapUaHTa ceBIOrpynnsl Obu1o BBeeHo Codycom JIn
B KOHIIE ITPOIILIOTO Beka. B HesBHOM (opMe 3TO MOHATHE MCIIOIb30BATOCH B OOJIBIINHCTBE
pabot o nuddepeHranbHON reoMeTpun U auddepeHIaIbHbpIM YypaBHeHUSAM. B HacTosmee
BpeMs HHTepec K An(epeHnnanbHBIM HHBApUAHTaM BO3POC B CBS3H C UX HUCIIOJIB30BAHNEM B
KBAaHTOBOHM TEOPUH IOJIA, B IPOOIEMaxX reOMETPHUECKOT0 KBAHTOBAHUS 51 B TEOPUU HEITMHEUHBIX
nuddepernuanbabIX ypaBHeHni (A.M.Bunorpanos, B.B.JIpryarusn, JI.B.OBCSIHHUKOB).



B npennaraemoM cOOpHUKE pacCMaTpUBAIOTCSA T€OMETPHUECKUE CBOICTBA
raMUJIbTOHOBBIX U JIATPAHXKEBBIX CUCTEM AU QepeHIInanbHbIX ypaBHEHUH.

Crarbu Hanucansl [TactyxoBeiM 10.®. Koppektypy u mpoBepky npeodpa3oBaHui
BeinosiHuII Ilactyxos /..



WHBAPUAHTBI B PACCJIOEHUSX CKOPOCTEM MPOU3BOJILHOI'O MOPAIKA.

B pabome unsapuanmmuo 6sederno ob6obwenue npeoopaszosanusi M.B. Ocmpozpadckozo u3z
2 “ 2n—1
R 6 paccroenuu  ckopocmell  NpoOu3BONBLHO2O0 — HeuemHozo — nopsioka T X

F,(x):T*'X, — T""'X,, unoyyuposannozo nesvipoxcoennoii @ynkyueii Jlazpansica
L:T"X, - R. Hccredosan 3axkon npeobpasosanus uMnyibCo8 npou38oibHO20 NOPsOKA Npu

3amene koopounam 6 6aze X, paccnoenus T"X, - onu npeobpasylomcs KaK meH3opvl muna

(0,1) (kosexmopwt). O60OWeEHO CBOUCMBO, ABNAIOUEeC AHAIO2OM U3BECIMHO20 Pe3yIbmama 8
KIACCUYECKOU MeXaHuke - Ha IKCMPeMansix 35Mmo20 NAePAHNCUAHA UMeem MeCmo 3aKOH

@)
. (2n-1) n-l1 L -
COXpaHenus: UMNyIbca nepeo2o nopsaoka p,(X,X,.., x )= Z(—l)’Dt’ (W) i=1lm
=0 X
A ds’. J—
60onb nona X'(x) = 45 ..y i=Lm
dt
1 OL(x..... %)
; <L — Xyorry X
DX ph =D, X, (x)- 31y D G X))y g,
i=1 1=0 d x

S, — oOHonapamempuueckas epynna npeobpazoeanuii

S:RxX, »X, S,:X,—>X,.VreR coxpansem nacpanycuan L:T"X, — R.

m?

Beenenue.

Bce ¢gusnueckue mpoiiecchl MpOTEKalOT B MPOCTPAHCTBE M BPEMEHH, TIOITOMY M3y4YEHHUE
CBOWCTB T€OMETPHUM MPOCTPAHCTBA — BPEMEHU HUTpaeT BaXHYIO poiib ans ¢usuku. Hamboree
SPKO CBSI3b T€OMETPHUH € (PU3UKOM MPOSIBIISIETCS MPH aHATIU3€ TAaKUX BOIPOCOB, KAaK OMpPEeIeHNE
€CTECTBEHHON T'€OMETPHHU Il TOTO WJIM MHOTO (PU3MYECKOTO MOJIs, BBISICHEHHE BO3MOXHOCTEH
JUTSI TIOJTYYEeHHs 3aKOHOB COXPaHEHUs B TEOPUH, KIacCU(PHUKAIUS CUCTEM OTCUETa, HEOTIMUHUMBIX
OT HEKOTOPOH 3aJaHHOM CHCTEMBI C TOYKH 3pEHHs JI000ro (PU3NYECKOT0 SKCIIEPUMEHTA.
Pemennie Bcex 3TUX BONPOCOB CYIIECTBEHHO 3aBUCUT OT XapakTepa reomerpuu. Tak Kak
¢u3nueckre 3aKoHbI (M OOBEKTH AU(PEPEHINATLHON TeOMETPUU) HE JOJDKHBI 3aBUCETH OT
BbIOOpa CHUCTEMBl KOOPAMHAT, TO OHHU JOJDKHBI 3alHCHIBATHCS MOCPEACTBOM BEIUYMH, HE
3aBUCAIIMX OT TMpeoOpa3oBaHUi KoopAMHAT. TakuMU BEIMYMHAMHU SIBISIIOTCS  TEH30DBIL.
CnepnoBarenbHO, (pU3MUECKHE BEJIUYUHBI JTOJKHBI BBIPAXKATHCS B BHUJIE COOTHOIICHUN MEXKIY
TEH30paMH.

B cBsi3u C BhIIECKa3aHHBIM B JTAaHHOW paboTe ObUT MCCIEOBAaH 3aKOH MPeoOpa3oBaHUs

MMITYJIbCOB IIPOU3BOJIBHOTO NOpsiaKa k
(n)
. (2n-k) n—k aL(.X .X)
k 1 1 PREETY .
Pl Xy x )= (=)' D] () k=lni=1m

=0 d x

Ipu 3aMeHe KoopauHar B 6a3e X, paccimoenus 7T"X, . OHH npeoOpa3yroTcs Kak TEH30PbI
tuna (0,1) (KOBEKTOPBHI).

Bo BTOpOIi yacTu paboThl Ha HKCTpEMANIAX ypaBHEHUs Diiepa-Jlarpanxka noka3zaH 3aKoH

COXPaHEHHUS KOMITOHECHTBI UMITyJIbCa BJI0JIb CTpyH

P X(x) = (X'(x),D/ X" (x),D} X" (x),.., D" X (x))- mopsaka n-1, cBszaHHOH, C Tpynmoii



wuml

npeobpazosanuit S, X, = X,, X'(x)= .0 [=1m ,coxpaHsouel JlarpaHKuaH

dt
L:T"X, »>R:
o . (n)
. PN |y OLX X, X))
Ha DKCTpeMallsiX ypaBHeHus Ouiepa-Jlarpanxka p,, —Z(—l) D, (W) =0
=0 ox
uMeeT MECTO 3aKOH COXpaHEHUs KOMITOHEHTHI HMITYJIbCa BJIOJIb

erpyn D,(3) 3D (X (1) pl,)=0.

i=l k=l
OcHoBHast yacTh padoThI.
[Tycts Ha IJIQAKOM MHOroo6pazuum X, pa3MEpHOCTH m 3aJaHa JIOKaJlbHas

OJIHOTIapaMeTpudecKas rpymnma npeoopazoBaHuil fuppeoMoppusMoB S, —oco< 7 < oo
Srl+rz (.X) = Srl (Srz (X) S_T(.X) = S;I(x) VTI’TZ € 9{,)66 Xm
S:RxX, - X, St,x)=S,(x).

C KaxaoW JOKaJbHOM OJHOMAPAMETPUUYECKON TPYNIOW mpeoOpa3oBaHUN  CBS3LIBACTCS

: d
BEKTOPHOE M0JIe, Kacatomeecs TpaekTopuit S (x): (X') = X(x) = d_Sr X)), i=lm
T

Omnpenenenne 1. I'magkas Gyskumss L:T"X, — R Ha3bBaeTCS HEBBIPOXKICHHOH B TOYKE

vieT"X, , ecnu B HEKOTOPOH cucTeMe KoopauHar (x), 6assl paccnoenus X, T1T"X  :

) .
0 L(x,x,..., x)
(n)k (n)i
0 x0dx

det( )#0

. (n+l)m
¢:U, = R

. (n)
PO = (X, X,..., x) € R"" _koopauHATHBIA roMeoMoppuU3M, * - ToKanbHas kapta v € T"X

. (n)
L(x,x,..., x)-nokanpHass 3amuck ¢Gynkoquun L:T"X, - R B cucreme koopamHar (X):

. (n)
L(x,X,...., x)=L(g~' (V"))

3ameuanne 1. Ilo Teopeme o HesBHOW OyHkuumM rtiaakas ¢yskous L:T"X, — R,

HEBBIPOJKAEHHAs B Todyke v, € T"X, sBIAeTCS HEBBIPOKACHHOH B HEKOTOPOH OKPECTHOCTH
n

Uvy).

Omnpenenenne 2. ['mankas Gynkuust L:7"X, — R HazpIBacTCsl HEBBIPOXKICHHOMW, €CIIM OHA HE

BBIPOXKJICHA B KaxJoi Touke v, € T"X .

Omnpenesenne 3. Imagkas ¢ynxous L:T"X — R, HEBBIPOXKICHHAaS B  TOYKE

v'eT"X, ,Ha3biBaercsi QyHKIuen Jlarpamxka (arpaHXHMaHOM) B PAacCIOCHHU CKOPOCTEH



nopsaka n 7"X,  HeBBIPOXKAEHHOH B Touke v, € T"X, WIN JOKAIFHO HEBBIPOKICHHON H

HEBBIPOXKACHHOH (TiiobanbHO), ecmu L:T"X, — R, He BBIPOKICHA B KaXKIOH TOYKE
n n

v.eT"X,,

Jlemma 1. Onpenenenne 1 nebpoxaeHHocTd Gynkuuu L:7T"X, — R B Touke v, € T"X |
KOPPEKTHO, TO €CTh HHBAPHAHTHO OTHOCHUTENBHO BBIOOPA JIOKAIBHON CHCTEMbI KOOPAMHAT (X),

6a3p1 X, paccmoenus T°X

m

Omnpenesenne 4. [Iycte L:T"X, — R — HeBbIpoxIeHHas QyHKIMs JlarpaHka B JOKalIbHBIX

KoopanHaTax (x) B 0aze X, paccimoenus T"X,, .

ITpeoGpa3oBanue
i aL aL n— n— aL
P =—— =D, () +..+ ()" D ()
axi axl a X
;oL oL w2 pr2 (9L
py=——=D,(—)+...+ =)D/ (=)
axi axi 0 x
i OL
pn - (n)i
0 x
()
Qn-k)  n- M 1m

. k —
pr(x, X,y x )= (=1)'D/( ) k=1Lni=1m

=0

(I+k)i
X

Ha3bIBACTCS npeoopaszosanuem Ocmpozpadckozo, a GYHKIUHN p, HA3bIBAIOTCSA umnyabcamu k-
020 NOPAOKa no i-oil Koopouname.

Teopema 1. Ilycte L:T"X, > R— HeBolpoxaeHHas ¢ynkius Jlarpamka, Toraa
npeobpazoBanre OCTpOrpajackoro, WHIyHUpoBaHHoe L,cF, (x):T*'X, — T*'7'X,  Takke

ABJISICTCA HeBHpO)K,Z[eHHBIM.
(k)i -
3ameuanne 2. CioeBble KOOpAMHATHI BekTopa x = D'x,,i=1,m B T*"'X, Moryr ObITh

Ha3BaHbI 110 aHAJIOTHUU C (1)I/I3I/I‘-I€CKI/IMI/I BCIIMYMHAMH KOOpAHWHATAMH BCKTOPA CKOPOCTU k —T0
nopsiika, k = 1,2n —1,(ckopocth B (hU3UKE - CKOPOCTh 1-0ro Mopsika, yCKOpeHHe B (pu3uke -
CKOpOCTh 2-0T0 ToOpsiaka), a omepatop D' — omepatop k— KpaTHOro MOJHOTO
nudepeHIpoBaHUs IO BpEMEHU 1.

3ameuanue 3. OyHKIMOHAN B ypaBHEHUHU Oiinepa-Jlarpanka MoxxeT ObITh MHTEPIPETHPOBAH
Kak umnynbce 0-ro mopsika:

(n)
N a oL(x,...x). . —
pl(X, Xy X ) = Z§_0 (-D'D! ((Ti)) i=1m)

d x



a BEKTOP UMITyJIbCa N-Or0 MOPsAKA UMECT BU/I:
@ 3 (n)
. n
Dl (X, X,y X) = L(+);X)
d x
MaremMaTu4yecKkas NOCTAHOBKA 3a1a4M.

CraButcsa crienyromas 3ajgada: HCCIENOBaTh 3aKOH IMPeoOpa3oBaHMsI HMMITYJIBCOB IPHU
3aMEHe CUCTEMbl KOOPIUHAT B 0a3e pacciioeHust X, U UCCIIEN0BATh CBOICTBA

[IpeoGpaszoanus  Ocrporpaackoro  F,(x):T*"7'X, — T*"'X,,  MHIyIUPOBAHHOTO
L:T"X, —>%R.

Nmeet mecto caeqyromas
Teopema 2 (3axkoH npeoOpa3oBaHUS UMITYJIBCOB IIPU 3aMEHE CUCTEMBbI KOOpIUHAT B Oa3e X,

2n-1
paccnoenus 77" X ,)).

Ilpu 3amene (x) — (x(x)): B Gase MHOrooGpasus X, paccioenms T2 X,
(2n—k)

pE(x %,y x )i=Lm,k=0,n (0-1 ¥ n-g — TepBasg U MOCIEIHAS KOMIOHEHTHI) NpeoOpasyloTcs
kak TeH30psblI Tuna (0,1) (KOBEKTOPHI)

(2n—k) n (2n—k) 2 i
- kool X (X)) _ &
Xy Xyerry X )= E pj(x,x,..., X )-7=pj(x,x,...,
j=1 8x ax

Gooh) ! (x)

l

pi(
k=0,n, i,j=lm

. @n-h) —
YTO IO3BOJISICT Ha3bIBaTh (DYHKIMH pik (X, Xyeory X )i=1,m,k=0,n TEH30POM MMIIYJbCA k —TIO0

k=0,n MOPSIAKA B paccioeHuy ckopocteit T X .

Hmeer mecto caenyromas

Jemma 2. Ilycte L:T"X, — R — HeBolpoxaeHHas ¢(yHKuus Jlarpamka, W IycTh 3aJaHO

npeoOpazoBanue OcTporpaackoro , MHIynupoBanHoe Qynkmueit L, Torma BepHO
)
. (2n—k) aL(X X )C) X (2n—k+1)
k s Xgenny k—1
D, p; (x,x,..., x )=T—pi (X, Xpeeey X ).

Jd x

[IycTp x: =S (x) i=lm, S :(x)—> (;) =S,(x) -HEeBBIPOXKAEHHOE IpeoOpa3oBaHUE
KOOpJMHAT (B OKpPECTHOCTH KaXI0U TOYKU
xe X, ,U,(x),9),U,(x),9,),xeU,NU,,S=¢,' o] :R" — R"-
WU,(x),9,),(U,(x),p,)-nokanbHble KapTbl MHOrooOpa3us X, ) B 0a3e INIaAKOro MHOrooOpasus
X paccroenus ckopocTei opsaka 2n-1 T7'7'X |

TO €CTh

ox
det(—) #0 i,j=1m.
(axj) J



Toraa oHO MHAYLUPYET HEBBIPOKICHHOE TPE0Opa30BaHUE CIOEBBIX KOOPAUHAT

Lo £ S; k .
x(x,x)=D, x, = o x=D,S (x),

A £ aZS; ko aS; -k .
x(x,x,x) =D} x, =W-x- x+ ot ~x=DS!(x)
wd Coe i RERY koo PR k1 9St .k )
x(x,x,x,x)=D3xT=—T.'x'x'x+3—f'x-x+ x—D3S;(x)
' ox*ox'ox’ dx*ox' ¢ '
= £ 0%si koo 23S koL
x(x,x,x,x,x)szxT =kl—7.'x-x'x'x+6#’mx'x-x+
0x"ox'dx’ox" ox"ox'ox’
825;’ ko aS; ok ;
+4W XX+ axk - X :D;‘ST(.X)
U T. I

x = x(x),x = x(x,x),x = x(x, x,X) aTaKxke MPeoOpPa30BaAHUE UMITYIHCOB
_k - = (2"__k) i — Lo 2n—k) _ - (Zn_—k)
D (X, X,y x )= p; (x(x),x(x,X)50ee; X (X, Xpeeey X))

Omnpenenenne 5.  Ilycts ;ci = Si(xl,xz,...,xm) S:(x)—> (} =S(x)) - HEBBIPOXKIECHHOE
npeoOpazoBaHHe KOOpAMHAT B 0a3ze INIaAKOro MHOroodOpasust X, paccIOeHHs CKOpOCTEeH
nopsaka 2n—1 T>"'X ~— i= Lm,L:T"X . — R — HewbIpoxkneHHas pyHKIMs Jlarpamxka,

F; (x):R¥™ — R*™ — npeobpaszosanue OCTPOrpascKoro, HHIYIUPOBAHHOE PyHKIHEN

JlarpamxaL:T"X, — R, Torna orodpaxeHue

— i i (nzhi
. (n—-1)i -1 1 1 1
G(L,x(x)): (X, X, Xpes x "7 pl Pl s P) = (X, X, Xgeeey X, P DY s D)
Ha3bIBAETCS MPEOOPa30BaHUEM KOOPANHAT-UMITYIbCOB, HHIyIUPOBAHHBIM
v . n -
¢dynxuneii Jlarpamwka L : 7" X, — R u npeodpa3oBaHueM KOOpIUHAT x(X) .

Teopema 4. Ilycte L:T"X, — R — HeBblpoxkeHHas GpyHkuus Jlarpanxa,
S:(x)—> (; =S(x)), - HEBBIPOXKACHHOE TMpPeoOpa3oBaHHE KOOPAWMHAT B 0a3e TIJIATKOTO

MHOrooOpasust X, paccioeHusi ckopocrteil mopsaka 2n—1  T*7'X i=1,m, Torma
MHYyLIUPOBAaHHOE IPeo0pa3oBaHUe KOOPAMHAT-UMITYJILCOB TAKKe HE BBIPOXKICHO.

Jlemma 3. Ilycts ;ci =Si(xl,x2,...,xm) S:(x)—>(;c), -HEBBIPOXKACHHOE MPeoOpa3oBaHUe

KOOpAMHAT B 0a3e IJaJKoro MHOroooOpasus X, paccloeHusl ckopocTed mnopsaka 2n-—1

T*'X, i=1,m,Torna



. (x ! Z
x" (x,xpx) | C -D,"{ax @j,cs __ n=[Jk12s

— 1 = ’
() x] S'(l - S)' k=1

J x 0,l<s

Omnpenenenne 6. OnHomapaMerpudeckas rpymmna npeodpasoBanuit S:RxX, — X, ,

S,: X, > X,,.VteR COXpaHseT JarpaHKuaH L:T"X, ->R, eciu
d
d—L(ST(x),D,ST(x), DS (x),..DS_(x))|_,=0Vxe X, , tie
T
D'S_(x)l_,: X, =»T"X, - oneparop k—kpaTHOro moixoro auddepeHIupoBaHus
no mepemMeHHoil f. C Kaxaoil oaHOMapamMeTpUyecKoW Tpynmod mnpeoOpa3oBaHUl  MOMKHO

y - ds':(x)
CBsA3aTh OJHOINAPAMETPUUYECKOE CEMENUCTBO BEKTOPHBIX mojel X '(x,7)) = , Ve R
T
iy dS's(x) . y y
X'(x)= Iz l,, i=1,m(ctpyii O -oro mopsaka) | OJHOIAPAMETPUYECKOE CEMEUCTBO

crpyii mopsaka n—1: j"'X'(x,0)=(X'(x,7),D X' (x,70),D’ X' (x,7),....D!" X' (x,7)),  KOTOpBIE
OyzeM Ha3bplBaTh CBSI3aHHBIMHU (MHAYLHMPOBAHHBIE) C IPyNIoN npeodpasosanuit S, : X, = X .
dS'z(x)
dt
n—1: j'X'(x,7) = (X'(x,7),D' X' (x,7),D’ X' (x,7),....D' "' X'(x,7)) Taxke Oymem Ha3bIBaTh

BekropHoe noJje X'(x)= l,_o u CTPYIO nopsiika

CBSI3aHHBIMU (MHAYLIMPOBAHHBIE) C IPYNIION peodpa3oBanuil S, : X, — X, .

Nmeet mecto cneqyromas
Teopema 5. [Ilycte L:7"X, >R - maakas ¢(yHKuus, 3aJaHHas B PacCIOCHHOM
o @k
npoctpaHcTBe ckopocte T'X . L(x,..., x), p; (X,X,..., X )-JOKaJbHas 3anuch QyHKuuu Lu
UMITYJIbCOB kK —020 TIOPAJIKOB IIPU BBIOOPE JIOKAJIBHBIX KOOPAMHAT (X) B 6a3ze X, pacciioeHus
(p)

., . oL(x,..., x .
X, ph, =3 () DI )y T
1=0 d x
S:RxX, - X, S,:X, > X,,Vte R -ogHOmapamerpuueckas TIpymma

npeoOpaszoBaHuii, coxpassiomas pyakmmo L:T"X, — R:

diL(S,(x),D,S,(x), D!S_(x),.. DVS_(x))|__,=0Vxe X,
T

P X (%) = (X'(x),D/ X' (x),D} X" (x),....D"" X (x))- cTpys nopsaka n-1, cBAi3aHHas,
ds'z(x)

X'(x)=

¢ rpynmnoi npeobpazoBanuit S, : X, — X ., i=1lm.

m?
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(n)

0 alj(x,}c,...,x)

o i I _
Torna na skcTpemansix ypaBHenus Ounepa-Jlarpanxka p,, —Z(—l) D, (W) =0
=0
uMeeT MECTO 3aKOH COXpPaHECHMSI KOMIIOHEHTBI UMIIyJbCa BJI0JIb

crpyu D, ( i in‘l (X'(x)p,,)=0.

i=l k=l

IIpu n=1 orcrona xkak yacTHbIN ciiydail moay4aem [1, c. 294].
Teopema 6. Eciiu ogHonapamerpuyeckas rpymnmna npeo0pa3oBaHuil S, cCOXpaHseT JarpaHXuaH
L, TO UMEET MECTO 3aKOH COXPAHEHUS KOMIIOHEHTHI UMITYJIbCA BJIOJIb MOJIS

—(Xia—L) :i(Xipi) =0, rge X(x) - BEKTOPHOE I10JIE, X(x)=iSr(x) leco -
dt ox' dt dr

3akJjoueHmne.
Takxum oOpa3om, B CTaThe:
1. HccrmenoBaH 3akoH MpeoOpa3oBaHMs HMITYJILCOB IPOM3BOJIBHOTO TOPSAKA MPH 3aMEHE

KOOpAMHAT B Oa3e X, paccioeHHs T"X, - onu mpeoOpasyrorcst kak TeHsops! tuma (0,1)
(KOHBEKTOpBI)
- (2n=k) n k) Iyt (x (2n—k) iy

- = = : x' (x) : ox' (x)

k k k
p; (X, X,y x )= ij (x,x,..., x )- ——=D; (X, Xy x )~ =
J=1 ox’ 0x
o s _

k=0,n, i, j=1,m 4YTO TIO3BOJSIET Ha3bIBaTb (QYHKUUU p; (X, X,..., X ),i=1m TEH30pOM

MMITyJIbca kK —TO HOpsAaKa k =0,n B paccloeHuu ckopocteit T X -
2. §:RxX, > X, S :X, > X,,VreR -omHOmapameTpudecKas rpyra

npeoOpaszoBaHuii, coxpassiomas pynakmmo L:T"X, — R:

diL(S,(x),D,S,(x), D!S_(x),.. DVS_(x))|__,=0Vxe X,
T

P XN(x) = (X'(x),D/ X (x),D} X" (x),.... D! X (x))- cTpys nopsaka n-1, cBsizanHas,

¢ rpymmoit mpeobpasosanmii S, : X, = X,, X' (x)= w oy i=Lm.
T
W
S a .
Ha skcTpemansax ypaBHenus Diinepa-Jlarpamxa p, =Z(—1)ll),l (%) =0
=0

m n
JIOKa3aH 3aKOH COXPAHEHUs KOMIIOHEHTELI MMITYJIbCa BJOJIL CTPYH D, (z ZD,"‘1 (X' () p;,)=0.
i=l k=l

11
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X'(x)=

dS':(x)

l,, i=1lm

J7X (@) = (X (0.0} X" (1), D} X (x).... D} X' (x))- jet of n-1 order.

D,(3 3 D (X (x)p,)=0.

i=l k=l

S, — one parametric group of the transformations

S:RxX, =»X, S,:X,—>X,.VteR L:T'X, >R
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V]IK 514

OBOBIMEHUE TEOPEMbI 'TAMUJIbBTOHA-OCTPOI'PAACKOI'O B
PACCJIOEHHUAX CKOPOCTEM IMPOU3BOJILHOI'O IOPSJIKA.

Annomauusn: B pabome uccreoyromes ceoticmea npeoopazosanus M.B. Ocmpozepaockoeo,
UHOYYUPOBAHHO20 HegblpodcOenH ol hyukyueti Jlacpanyxca L:T"X, — R. [okazan sasuwiii 6uo

NPOU3B0OHOU UMNYTbCO8 k-020 nopsoka:
(n)

) (2n—k) OL(x x x) . (2n—k+1)
k _ s Xyeens kel
D.p; (x,x,..., x )_T p; (X, x,..., x ). e0e
d x

(2n—k) k a o
: n= = L(x,..., X . ..
pf(x,x,..., X ):Z(_l)lDtl(((T)i)) k =1,n,i =1,m-umnyavc k-o2o0 nopsaoxa no i-ou

=0

0 x
KoopouHame.

Hoxkazano ob6obwenue meopemvt M.B.Ocmpoepadckoeo Ha ciyuail He8blpONCOEHHBIX CUCTEMbL
(n)

< oL(x,...,
ypaenenuti  Junepa-Jlacpandica Z(—I)ID,Z (#) =0  npoussorvHoco  nopsoxa:
1=0 dx
AL(x,., %
HEBbIPOIICOCHHAS cucCmema ypasHeHull Z(—l)’Dt’ ((x+.i,x)):0 JIOKANbHO 9KBUBAICHINMHA
1=0 a X
KaHOHUYecKou cucmeme ypasueruil I amunibmona:
i _ ' _OH(p.q)
D(q)=q,=——7—
Py
i _ ' __OH(p,q)
D(p)=p,=——%7—
a‘]k
i=1lm k=1n (cucmema 2mn ypaenenuii)
2oe:

(n)
m (k)i _ _

H(p,q) = ~L(x(p. ). X(P, @), X(P,@)sees X (@) + D D Py X (p.q) =
k=1 i=1
: . (n)
— LGP, @), X(p, ), X(p,@)sees X (P gD + D, > Pi DX (g
k=1 i=1
-OHepausi CUcmemMbvl, COCMOAHUE KOMOPOU ONUCHIGAEMC CUCMEMOU YpaeHeHuli Jiiepa-
(n)
oL(x,..., x)
i
0 x

Knrwueswie cnosa: ypasnenus Jiinepa-Jlacpandica, enaokue MHo2000pasus, paccioenHoe
NPOCMPAHCMBO CKOpOCMell, SHep2Us U UMNYIbC cucmemvl, npeobpasosarue Ocmpozpadckozo,
Hesbipodcoennasn pynkyus, meopema Ocmpoepadckoeo, cucmema ypasHenutl I amuibmona.

Jlaepanorca Z (=D’ D,Z (

=0

)=0,D! -l-kpamnoe noanoe oughgepenyuposanue no t
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BBenenune

lamunbpToH B 1835 romy mosydusn HOBYIO (OopMy ypaBHEHHM NBHIKCHHS MEXaHHMYECKHX
CUCTEM KaHOHUYECKUE YpaBHEHUS | aMUIIbTOHA.

B 1848 romy M. B. OcTtporpajckuii pacnpoCTpaHwy HPUHUMIN ['amMuibTOHA Ha Cilydau
CUCTEM C HECTAallMOHAPHBIMM T'OJIOHOMHBIMM CBSI3IMH, IIOCJI€ YEro paclIpoCTPaHUIIOCh
Ha3BaHWe npuHUMN ['amuinbToHa — OCTPOrpagCcKoro.

[lonyyeHnnass cucremMa KAHOHMYECKHMX  YPaBHEHUH  CONEPXKUT  BABOE  Oouiblie
nuddepeHIMaIbHBIX ypaBHeHHH, yeM y Jlarpanka, HO 3aTO BCE€ OHHM TMEpPBOro mopsaka, (y
Jlarpanxa — BTOporo). Beicoko oTo3Bancs o paborax ['aMuibToHa MO JAWHAMHUKE YJICH-
KOPPECIOHIEHT

AH CCCP JI. H. CpereHckuii, OTMETHUBIIUH: «ITH pabOTHl JIETJIM B OCHOBY BCETO
pa3BUTHUsL aHAIUTUYECKOW MexaHuKH B XIX Beke». AHaJIOrMYHOE MHEHHME BBIpa3uJl aKaJeMUK
PAH B. B. Pymannes: «Ontuko-MexaHuuecKkas aHalorus ['aMuibToHa onpeienuiia Ha CTOJIETHE
porpecc aHaJIMTHYECKOW MexaHuku». [lo mHenuio mpodeccopa JI. C. [lonaka, 3to Obuia
«TEOpHsl, TMOYTH HE MMEIOLas aHAJOrOB B MEXaHHKE MO OOIIHOCTH U aOCTPaKTHOCTH,

OTKpbIBIIAA KOJIOCCAJIbHBIC BO3MOKHOCTHU B MCXAHUKC U CMCIKHBIX HaYyKaX.

Axanemuk B. . ApHonbl  cnepyronmuM  00pa3oM  OXapaKTEpPH30BaJI  BO3MOXKHOCTH,
OTKPBIBIIHMECS MOCTE MOSIBICHUS TaMUJIBTOHOBOM MexaHuku[1-4]. 'aMunbTOHOBA TOUKa 3peHUs
MO3BOJISIET UCCIEN0BATh 10 KOHLA PAX 3aJa4 MEXAHUKH, HE MOJJAIOIIMXCS PEIICHUIO UHBIMHU
cpeAcTBamMu (HampuMep, 3a7ady O NPUTSKECHUU JIBYMsS HEMOJABMKHBIMH LIEHTPAMHU U 33/1a4d O
Te0JIe3UYECKUX Ha TPEXOCHOM »jumurcounne). Eme Oorbliee 3Hau€HHWE TaMUIBTOHOBA TOYKA
3peHUs UMEeT I MPUOIMIKEHHBIX METOJOB TEOPHH BO3MYILECHUHN (HeOeCHass MEXaHHKa), AJIs
MOHMMAaHUS OOIIET0 XapakTepa IBIKEHUS B CIOKHBIX MEXaHUYECKUX CHUCTEMax (IProaudyeckas
TEOpHsl, CTATUCTUYECKAs] MEXaHHUKA) U B CBSI3U C JAPYTUMU paslieIlaMi MaTeMaTHUeCKOl (pu3uku

(onTHKa, KBaHTOBAs MEXaHMKA | T.11.)[5-11].

IMoaxon TIamuiabTOHA OKa3alcs BBICOKO S(P(GEKTUBHBIM BO MHOTHX MaTeMaTHYCCKHX
MOJAEIAX (DU3UKH. Ha 9TOM TIJI0JTIOTBOPHOM MOJIXOJIE OCHOBaH, Harpumep,
MHOTOTOMHBIN yueOHbIN Kypc «Teopernueckas ¢usuka» Jlannay u Jludmmna. [TepBonayanbHo
BapUAIMOHHBIN TpUHIUN [‘amMmibTOHa OBUT CPOPMYIHMPOBAH I 3a7ad MEXaHWUKH, HO TpHU
HEKOTOPBIX €CTCCTBCHHBIX MIPETTOI0KEHUSIX u3 HETO BBIBOJIATCS YpaBHEHUS
MakcBeria 31eKTpoOMarHuTHOTO 1moJsi. C MOSIBICHHEM TEOPHUU OTHOCHTEIIBHOCTH OKa3aJI0Ch, YTO
ATOT MPHUHIMI CTPOTO BBIMOJHAETCA M B PEISTUBUCTCKON MuHaMuKe. ETo sBpucTHUecKas cuiia
CYIIIECTBEHHO TIOMOIJIa pPa3paboTKe KBAHTOBOM MEXaHWKH, a TMPH CO3JaHUM OOIIeH Teopuun
oTHocHuTelbHOCTH JlaBua ['miabOepT yCHEIIHO MPUMEHUI TaMHUJIbTOHOB MPHUHIMI JIJIS BBIBOJA
ypaBHeHUM rpaButanmoHHoro mnois (1915 rom).M3 ckazaHHOro cienyer, 4YTO MPUHIMI
HAaWMEHBIIIETO ACHCTBUSA [aMUIbTOHA(M €CTECTBEHHBIM OOpa30M CBs3aHHAs C HUM CHCTEMa
KaHOHMYECKUX yYpaBHEHHI) 3aHUMAET MECTO CPEIUd KOPEHHBIX, 0a30BBIX 3aKOHOB MPHPOIBI —
HapsAy ¢ 3aKOHOM COXPAHEHUS SHEPTUU U 3aKOHAMU TEPMOJIUHAMUKHU.

ITocTanoBKa 3a1a4H U OCHOBHBIE ONpe/IeIeHHs
ITycts X, - rmaagxoe MHOrooOpasue pasMepHocTu m, 7"X, - TIagKkoe pacCIOEHHOE

IIPOCTPAHCTBO CKOPOCTEH MopsAaKa n ¢ 06a30if paccmoenus X, .
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Omnpenesnenne 1. I'mankas ¢ynkous L:T"X, — R Ha3pBaercs (c1ab0) HEBBIPOXKICHHON B

Touke v, € T"X, , ecau B HEKOTOPOH cucTeMe KOOpAuHAT (x), 0a3el paccmoenus X, T°X :

5 . (n)
0°L(x, x,..., x)
(m)k  (n)i
Jd x 0 x

(0 . U N m(rﬁl)m
U

det( )#0

. (n)
POv") = (X, %,..., x) € R"™P" -koopuHaTHBIH TOMeoMOpdH3M, * - NoKaTbHas KapTa v € T"X
. (n)
L(x,x,..., x)-nokanpHas 3amuchk ¢ynkmuu L:T"X, - R B cucTtemMe KoopauHAT (X):

L(x,x,..., x) = L(¢~' ("))

Jlemma 1. Omnpenenenne HeBbIpokaeHHOCTH QyHkumu L:T"X, —» R B Touke v e T"X

KOPPEKTHO, TO €CTb HHBAapUAHTHO OTHOCHTEJIBHO BBIOOpA JIOKAJIBbHOM CHCTEMbl KOOPAMHAT
(x),0a3p1 X, paccnoenus T"X, [13].

m

3ameuanue. Ilo Teopeme o HesBHOM ¢yHKiMM Tiagkas Qyskous L:T"X, > R,

HEBBIPOXKJIEHHAsd B To4ke v, € T"X,  sABIAETCA HEBBIPOXKIECHHONM B HEKOTOPOW OKPECTHOCTH
Uy).

Omnpenenenne 2. ['magkas Gynkuust L:7"X, — R Ha3pIBacTCsl HEBBIPOXKACHHON, €CIIM OHA HE

BBIPOXK/ICHAa B Kaxmoi touke v € T"X, . HeBbipoxnaennyto ¢pyakuuio L:T"X, — R Oynem
HA3bIBaTh TAKXe 1200 HEBBIPOKACHHON (PYHKITHCH.

Onpenenenne 3. [Inmagkas ¢ynkmus L:7"X, — R, HEBBIpOXKAEHHAas B  TOYKE
v! e T"X, ,HazpiBaercs (yHkuued Jlarpanxka (JarpaHkHaHOM) B PacCIOEHUU CKOPOCTEH
nopsaaka n 7"X, HEBBIPOXKIEHHOM B Touke V. € T"X, WIN JOKAJIbHO HEBBIPOKICHHON M
HEBBIPOXK/AECHHOH (TyiobanmpHO), ecmu  L:T"X, — R, HEBbIpokAeHA B KaXIOH TOYKE
viel"X,

Omnpenesenne 4. [Iycte L:T"X, — R — HeBbIpokaeHHas QyHKIHs Jlarpamka B JTOKaIbHBIX

KoopanHaTax (x) B 0aze X, paccimoenus T"X, .
[IpeoOpazoBanue
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- oL oL - pre1 (9L
P === D, () +..+ (=)D ()
axi axl a X
;oL oL w2 pr2 (9L
py=——=D,(—)+...+ =)D/ (=)
axi axi a X
L
pn - (n)i
0 x
@n-k)  nk oL T
P x )= 3 () DI Oy T
1=0

X
Ha3BIBACTCs npeodpazosanuem Ocmpozpadckozo, a GyHKIMM p! HA3BIBAIOTCA umnyibcamu k-

020 NOPAOKa no i-oll Koopouname.

MarteMaTH4YecKasi IOCTAHOBKA 3aJa4H.

PaccMoTpuM cienyromnyro 3aiady:
Ilycts L:T"X, — R — - HeBbIposkAeHHAs QyHKIMs B Touke v! € T" X, SIBnsercs mu
(n)

cucteMa ypaBHeHU# Diinepa-Jlarpanka z (-1 Dr’ (W) = (0 mopsaKa n JOKaJIbHO
=0 0 x
DKBHUBAJICHTHA CUCTEME YPAaBHEHUH | 'aMHUIIbTOHA:!
iy~ _OH(p.q)
D(g)=q,=—F 7
ap;
. __OH(p.q)
D(p)=pi=—"% 7"
dq,

i=1lm k=1n (cucrema 2mn ypaBHEHUN)

p=p=(p/" i D})= (DI D] PAPs DY s Phes DI = (P jl=Lm 1=1n

rae:

(n)
m (k)i _

H(p.q) = —L(x(p.q). X(P.q). X(P.@)s-... X (. @) + iz pi x(p.q)=
. . (n) W m oo

= L(x(p. ). X(P.@). X(P. @) X (@) + D 3 pi DX (p0) =

- ¢ynknus ["'amunsToHa (SHEPTHSA CI/ICTeMl:) -
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Teopema 2(o muddepennmanbHoil cBsizu umnyiabcoB k-oro u (k-1)-oro mopsimkos). Ilycts
L:T"X, — R — HeBblpokaeHHas GyHkIws Jlarpamka.

(n)

b L(x... — |
pi(x,x,..., X )=Z(—1)’Dt’(w) k =1,n,i =1,m -umnynsc k-oro mopsgka To i-oif

X
KOOpJMHATE.

Torma cnpaBemInBO:

. (n)

. (2n—k) aL(x X x) . (2n—k+1)
k

D, p; (x,x,..., x ):—’(kim’ - pi(x, x,. x ). TI'ne

X
(n)

:”z( 1),]D,](8L(x X,. x))

(kD
1,=0

UMITYJIbC k-0T0 TIopsi/iKa, a COOTBETCTBEHHO

. (n)
; "t oL(x, x,..., x)
i A [, 9 geeey
pk—l = : [ (_1) Dt ( ax(ll+k_1)i )

1,=0
umnyisc (k-1) —oro nopsaka

Joka3aTeibcTBO poBeeM o HHAYKINH. [Ipeobpasyem BeipaxkeHne
. (n) . (n)
n—k n—k
; oL(x, x,..., x) oL(x, x,..., x)
D,p =D,Q (-1 D] (W” = ZD, (D' D250 =
1=0 X X
A aL( ) OL( (n))
_ l+1 X x7 5 X I+1 l+1 X x7 - X
-5 D ) )y o P )
1=0

ek . (n)
1 a1 OL(X, X,y
=D "' D] 1(%»

=0

Bemmonnum 3ameny [, =/+1, Takkak [ =0,n—k 10 [, =1l,n—k+1.

CrnenoBaTeiabHO,
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(n)
D,pi =(_1)(§( I)ZHDIH(%)):
. - _— (n)) (k1) —_ <n>)
= (-I)( IZ‘T (D" D (S = (X ZZ‘; (D" D} () =
&\ aL(x,x,...,(;))
= (=I)( 12‘1 (D" DI = G ) =

n—(k=1) ()

(n)
aL(x Xyerry X))

L n 0 0 aL(x,)-C,..., x) _
=00 DD G~ (D D) ) =
;=0
3 O] 3 ()
i L(x,X,..., X) ; L(x, X,..., X)
=D~ ) =P Ty )
J x J x

Taxk kak, B 00111€M ciTydae 1o ONnpeeIeHII0 UMITYJIBCOB k-0ro mopsika,
(n)

_ g(—l)l‘ D (aL(x,x,...,‘x))

1+k-1
1,=0 ox D!

u umnyiec (k-1) —oro nopsaka uMeeT BUI:

. (n)
; nd! oL(x, x,..., x)
i A [ 9 Ngeeey
Pia= Y, (-D"D (W)

1,=0
To, Teopema 2 noka3zaHa.

Ora TeopemMa TPUMEHSETCS TIPH JIOKa3aTelIbCTBE OO0OOIIEHHONW Teopembl [ amMuiIbTOHA-
Octporpaackoro.

Onpenesienne S. q)yHKuH;{

(n)
U (k)i _ _

H(p.q)==L(x(p.q). X(P. ) X(P.@)s-ers X (P, q>>+ZZpk X (p.q) =

k=1 i=1
(n)

. ) o
= —L(X(P, @), X(p, @), X(P,@)srs X (P.0) + D Y PLD{ X' (p,q)
k=1 i=1
(k)i .
x =D'x' , D! - oneparop k — kpaTHOro noJHOro JUQPQPEPEHINPOBAHKS O BPEMEHH 1.

- Ha3bIBAETCS TaMHJIbTOHHAHOM ((pyHKIen ["amuiibToHa) 3TOr0 TIpeoOpazoBanust s GyHKITUN
Jlarpamka L:T"X, — R u Ha3bplBaeTCd TaKKe OSHEPTUEH CHCTEMBI, COCTOSHHE KOTOPOIi

ONKMCHIBACTCSI CUCTEMOU ypaBHEHMI Dilniepa-Jlarpanxa
(n)
” oL(x,..., x)
! l ERREX)
> (=)' D () = 0.
=0

dx

Teopema 3. Ilycte L:T"X, >R — HeBelpokaeHHas ¢ynkius Jlarpamka, Toraa
npeobpazoBanne OCTpOrpaaCKOro, HHAYIUPOBAHHOE L, TAaKXKe SBISIETCS HEBBIPOKIACHHBIM.
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(k)i -
3ameuanne 1. CroeBble KOOpAMHATHI BekTopa X = D'x,i=1,m B T*"'X, Moryr ObITh

Ha3BaHbI 110 aHAJIOTHUU C (1)H3H‘-I€CKI/IMI/I BCIIMYMHAMHU KOOpAWHATAMU BCKTOPA CKOPOCTU k —TIoO
nopsaka, k = 1,2n —1,(ckopocts B (U3MKE - CKOPOCTh 1-0ro mopsiaka, yCKOpeHHe B (HU3UKE -
CKOPOCTb 2-0r0  TOpsifika), a omepatop D! — omepatop k— KpaTHOro MOJHOTO

TudepeHIMpPOBaHUs TI0 BPEMEHH 1.

3ameuanue 2. OyHKIIMOHAN B ypaBHEeHUHU Oiinepa-Jlarpanka MoxxeT ObITh MHTEPIPETHPOBAH

Kak umiynbc 0-ro mopsiika:
@)

L 4 oL(x,....,x). . —
PP X 1) = Y (1) DI i Tm)
1=0 d x
a BEKTOP UMITyJIbCa N-Or0 MOPsAKA UMECT BU/I:
(n)

L. - W dL(x,..., x)

p;(x,X,..., x) =
Jd x

Omnpenesienne 6. I'mankas gynkumsa L:T7"X, — R HazpBaeTCI CHIBHO HEBBIPOXKICHHOW B
Touke v, € T" X, , ecau B HEKOTOPOH cucTeMe KOOpAuHAT (x), 0a3el paccmoenus X, T°X :
o:U, — QR (ntDm

. (n)
PO = (x,X,..., x) € R"V™ -xoopAMHATHBIHA TOMEOMOPOU3M, (U, .@) - IOKAIbHAs KapTa

Touku v, € T"X

. (n)
L(x,x,..., x)-nokanpHas 3amuch ¢yHkmoun L:T"X, — R B cucreme KoOpauHAT (X):

W
L(X,X,..., x) = L(@™ (V"))
VYpaBHeHus

(k=1)i
4= X

@n-k) k oL( (n))

. n— n—- Xyeeey X

pl(x Xy x )= (=)' D} (—E25)
1=0 0 x

k=Lni=Lm

L (O L.
MOTYT OBITh OJTHO3HAYHO Pa3peIiuMBbl B BUIE X = x (p,q):

X' =x'(p.q)
x =x(p.q)
@en-i  @n=Di _ _
X =X (p,Q)

[=02n-1i=1m
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Jlemma 2. OmpeneneHue cuiIbHOW HE BBIpOXKAEHHOCTH (yHKmmu L:T"X, — R B Touke
v! e T"X, KOPPEKTHO, TO €CTb WHBAapUAHTHO OTHOCHUTEIBHO BBIOOpA JIOKAJIBLHOW CHUCTEMBI

KoopauHaT (x), 6a3sl X, paccinoenus T"X, [12].

Jlemma 3. (CBSI3b CBOMCTB HEBBIPOKIACHHOCTH M CUJIbHON HEBBIPOXKICHHOCTH)

1)JIokanbHO cuiabHO HeBbIpoXkAeHHas GyHkmuH L:7"X, — R B Touke v! € T"X, CHIBHO
HEBBIPOXK/ICHA.

2)CuitbHo HeBbIpoXkaeHHas QyHkus L:T"X, — R B kapre (U o )

. (n+l)ym
¢:U, = R

. (n)
oO") = (x, x,..., x) € R"™D™ _koOpAMHATHBINA rOMEOMOP(YHU3M

vieT"X, sBIAETCA HEBBIPOXKIECHHOU B 3TOM KapTe[12].

Omnpenesnenne 7. I'magkas ¢ynkmus L:T"X, — R, HeBbIpokaeHHas B Touke v e T"X, ,
(v L3 n

Ha3blBaeTcs (QyHKIMen Jlarpanka (1arpaHkHaHOM) B pacciIOeHUM ckopoctel mopsakan 7"X

HEBBIPOXKIEHHON B Touke Vv, € T"X,  WIN JIOKalbHO HEBBIPOXKJIECHHOM M HEBBIPOKIECHHOM

(rmob6anbHO), ecmn L:T"X, — R He BeIpoXkAeHa B Kax 0 Touke v € T"X

Teopema 4 (0606menune reopembl M.B. Octporpasckoro).
JU71st He BBIPOKACHHBIX JarpamkuanoB L:T"X — R cucrema ypaBHEHHH

()
. oL(x,...
Diinepa-Jlarpamka Y (=1)' D, (#) =0 IOKaNTbHO SKBHBAJEHTHA CHCTEME YPaBHEHMIi
=0 a X
["amunpeTOHA:
i _ ' _OH(p.q)
D t (qk) = qk = #
Iy
i __OH(p.g)
D,(pp)=p, =—0L
9q;

i=1l,m k=1n (cucrema 2mn ypaBHEHUN)
p=p=p!" pl P} )= (P PL Pl PADS DS e Py PR ) = () jl=1m 11=1n

q=q=(q]".q) v a) =@ a0 D3 G s Qoo @) = (@) j2=Lm [2=1n

rac:

(n)
uz ki _ _

H(p,q) = ~L(x(p, q), (P, @), X(P,@)so» X (P, q)>+22pk x(p,q)=
k=1 i=1
(n)

= —L(x(P, @) X(Ps @), X(P, @)svess X (D)) + D D" P ()
k=1 i=1
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- ¢ynknus ['amunpTOoHA

(ki ,
x =Df(x"), Df - oneparop k —kpaTHOro nonHoro audQepeHIMpOBaHHUs MO TIEPEMEHHOH t

(n)

- - - A IL(x,..., X _— ., — )
pl.k (x,x,..., x )= Z(—l)l D,l (%) k=1,n,i=1,m - AMIyJIbC NOPSAKA K MO 1-O1
=0

X

(2n—k)

KoopauHate. x = x = (x',x°,...,x")

Jdoxka3aTesbCcTBO.
B cnydae n=1- 310 u3BecTHBIH (akT - Teopema M.B.Octporpaackoro, mo3toMy OyaemM CUUTATh,
yTo n =2

3ameuanue 3. V13 sBHOTO BUa BRIpAKEHUHN JUTsI UMITYJIbCOB K-0T0 mopsiaka
(n)

k : @by 1 1, OL(x,..., X) P k
p; (X, %y, X )=Z(—l) D, (W) k =1,n,i=1,m cinenyer, 4to p; ecTb QPyHKIHUHU
1=0 a X
(2n—k) - (2n k) B
i _ i _ _ 1 2 m
OoT X,X,X,..., X Py =pP.(xxx.., x ) x=x=(x,x",.,x") HHE 3aBUCAT OT

IPOM3BOJIHBIX 00Jiee BEICOKOTO Mopsaka. Kpome Toro u3 seMmsl 3 0 JOKaJIbHO CHIBHON
HOBOPOKICHHOCTH CJIa00 HEBBIPOKIECHHOTO JIarpaH>kuaHa (OH Ha3bIBAJICA HEBBIPOXKICHHBIM)
CIIEIyeT, UTO

M A mj - _

X = D,Zx’(ql,qz,...,qn!pn,...,pZn_,) = X (495539, Pp>+s Pony) L =0n2n—1, j=1,m TO €cTh
M) ,

X SABIAKOTCA QYHKUUAMU OT G, G, ,ecesq, Pryseees Poey Qo = (q;,qi,...q;’f) =(q.,)

a=1lni=1m

Py =Py, PprPy) =(p}) B=n2n—1j=Lm

Nmeem(B 0003HaUCHHUSIX UMITYJIECOB U KOOPJIMHAT BEPXHSS UePTa-BEKTOP):

p=p=(p/" i D} = (DI D] s PAPs DY s Phes DI = (P jl=Lm 1=1n

q=9=(q".93 0 q)) = (06} - 395G s Qoo @) = (@5 j2=1lm 12=1n
. . (n)
- - o o o o o o ”mi(k)i _
H(p.q) =—L(x(p.q). x(P.@). X(P. @)secs X (P.@))+ D, D Py X (P.q) =
k=1 i=1

. . (n)
n m
= —L(X(P, @) (P @), X(P, D)o X (Po@) + D Y piDIX (pog) =
k=1 i=1

n=1 _m m (n)s (n)

=Zzp;(q;(+l +ZP2 X (611,612,“-,61"’ pn)_L(qlv-"qn’ x(qth"-"q;ln pn))
k=1 i=1 s=1
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ki
X =¢yu k =0,n—1,T0 ectp:
©)i i )
x=x=¢q, i=1m
(k)i

x=q,, k=1n-1
(n)i (n)i
X =x(q,,955-9,>P,) k==1,n-1 Jna 1<k<n-1:

JuddepenumpoBanue 1o p gaet:

OH (p.q) _ a moo s ()
api (ZZPIQZH-'_zpn X(QPQZ’ ’qn’pn) L(QP ’qnax(q19QQ9 ’qn’pn)))_
k =1 i=1 s=1
n=l1 m i m
a i a (n)s (n)
=ZZ( gt +p] ql,“)+ ,(an X (41,925 Gn> Pp) = LAGyeees @ X (154250, G s P1)) =
o o 9Pk 9Py Pk s=1
n—=1 m i m
op; ; ;0 (n)s (n)
= Z(Lﬁquﬁ‘ ql-:—l) l(zpn x(quZ’ ’qnapn) L(QD 7qn’x(QI7q2’ ’qn7pn))
= i Pk Ik oL
(n)s
n—-1 m a i a (n)
pi X (4,959, P,)
= (_q )+ pn i - i L(q s s x(q sqose 4, pn)):
1:1; Iy o z Ip; ap, 1 v
n—1 (m)s

(n)

m

0 x(q1.95,.q,,p,) O
E (8kdis) + E DRI — e LA yeees Qs X (G153 Gaseees s P)) =
=1 i=l apy Iy

(n)s (n) (n)s
P 0 X (41,9550, P)  xn OL(Gy e Gy, X(Gaeen g, P,)) O X
ZQk+1+z n o _z : 1 =

i (n)s
apk a X apk
] (n)s (n)s
_<k>’+i s 0 X (41, Gy 4,5 Ps) ZBL(%, s X(ql, 4, P,)) 9 X
=X P p) i (n)s p)
s=1 P d x Pk
(n)s .
COL 3 x Wi i (k=D oo
(p”_ (n)v)az+x:x:Dt X :thk:qk
roe o L=k cumeon Kponexepa
= - vl
pil k 0.1#k P P
ITockonbky

®i
xX=q,, k=1n-1

(k=1)i .

_ i

X = thk

. (n)

. OL(x,x,..., x)
pn - (n)s

0 x
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s=1,m
(n) (n)
x(q,p,)= x(qy»9q,>P,)

Hna k=n:
a (, ) (i amn a (n) ( )amn
H(p.q) "' < v 9Lg,5--9,, X(q,5-9,,P,) 0 X
= = X+Z i (QP ’qn’pn) Z L (n)vl =
apn a a x apn
i 5 ™
e Lg,,..., n> s Yns P
= x+Z—(q1, s P} A Mo ),
Jd x
(n)i (n-1)i
x=D, x —an—qn
JuddepenumpoBanue 1o q gaeT:
m n>2k>2:
- (n)s (n)s
oH(p,q) _ ;0 x  JL(g,-- ,qn,X(ql, 4,5 Py)) _ OLqy,.. ,qn,X(ql, G P,) 0 X
i = Pra T Py i s =
an an an d x an
a (m( ) awn a
; N Lq,,....q,, X(q5--,q,, D, X L
:pk—l+z(pn_ : (n)s1 )ai_ai:
= d x 9 9
i aL(q > ’Qn’x(q > ,qn,Pn) i .i
=Dk — : 3% : )=-D,p, =—p,
%
' (n) aL( . (n))
JoL(x,x,..., s Xy Xgeeroy X
;:% W, 3HAYUT, P, — OF =0
0 x J x

(n)
aL(Ql’ 9qn’x(Q19 9qn’pn)) Dpl
- tFk

an
TeopeMsbl 0 1 dhepeHnanbHON B3 UMITYIIbCOB k-oro u (k-1)-oro mopsiikos:

=— pi CIEIyeT U3 paHee J0Ka3aHHOI

PaBEeHCTBO p;_, —

. (n)
. (2n—k) aL(X X x) . (2n—k+1)
k - k-1 .
D, p; (x,%,..., x )= #— (x,%,..., x m n=>k>2:

J x
IOKa3aHo.
B gactHocTH, 11t kK =1 nmeem:
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I (n)s (n) . (n) (n)s
OH(p.q) 5 0 x  OL(q1,q,5 X(q15 4, P,)) _Z’”: OL(x,X,.... X) O X _

dg; I 9 dq, = 3 9q
(n)s
n . dL dx OdL oL ; g ;  OL oL oL
=2 =) P e R e ey e
s=1 d x q, q, q, q, q, q,

(n)
_OL(Gyss G> X (Gy5s G, D))

1

—D,p, =—p, =Py

dq,
oy oL
Py =2, (=) D} (—)
L=0 0 x
. (n) . (n)
. OL(x,x,..., x) . OL(x,x,..., x)
HOCKOHBKy pn :T u pn — T = 0
J x 0 x

K i oL .
PaBEHCTBO — p; = p, | —— TEOPEMBI 0 TU(PEPEHIMABHOM CBA3M NMITYIILCOB K-oro u (k-1)-
k
Or0 MOPSIIKOB:

. (n) . (n)
. (2n—k) aL(x x x) . (2n—k+1) aL(x X x) . (2n—k+1)
k cee k_l cee k_l
D, p; (x,%,..., x )=#— pi (%X, X )=E——=p (X, Xy X )
d x an

o (k=i _
q,= x ,k=Ln

Jloka3arenbCTBO 3aBEPIIEHO.
CaencrBue (teopema OCTporpajackoro).

IIycre L(x,x) - CUIBHO HEBBIPOKICHHBIN

OL(x,x)
jmarpaHkuaH U H (x, p) —TaMUIbTOHUAH, p = (x. *) x =V(x.p) .YpaBHeHue Dilnepa-
0x
oL d JL
Jlarpanxka — —— (—) = 0 >KBHBaJICHTHBI ypaBHEHUsAM [ 'amunbTOHA
a5y
- oH - OH
p=———  x=— B (a3oBom npocTpaHcTBe (X, p)
ox op

BriBOabI.

Takum oOpa3om, B CTaThe:
1)/1oKa3an ABHBIA BUJI IPOU3BOJHOMN MO BPEMEHH UMITYIIBCOB D)



(n) . (n)

@k 9L(x, X,..., X) - @k o 9L(x, X,y X)) (2n—k+1)

Drpf(x,}c,..., X )=T—pf_l(x,x,..., X )= o —pf_l(x,}c,..., X )
d x 9
k=1n
2)lokazano obobuienne Teopemsl M.B.OcTporpanckoro Ha ciiydail HEBBIPOKJICHHBIX CHCTEMBI
(n)
< oL(x,...,
ypaBHeHul  Olinepa-Jlarpanxka Z(—l)l D) (#) =0 [pOU3BOJBHOTO  MOpPSAKA:
=0 d x
OL(x.....x
HEBBIPOXK/ICHHAS CHCTeMa ypaBHeHuH Y (—1)' D) (%) =0
1=0 a X
JIOKaJIbHO 3KBUBAJIICHTHA CUCTEME ypaBHeHul ['amunbToHa:
i _ . _OH(p.q)
D(q)=q,=——=7—
ap,
o __OH(p.g)
D (p)=p, =~
dq;

i=l,m k=1n (cucrema 2mn ypaBHEHUN), I1e:

(n)
mo (k)i

H(p,q)==L(x(p,q), X(P, ), (P, @)ses X (P, @)+ D D" pic % (p@) =
k=1 i=1

= —L(X(p. ). X(P. @) X(P. @ X (o) + D . piDf X (. )
k=1 i=l

- ¢ynknus ['amuabTOHA.

THE GENERALIZATION of the THEOREM HAMILTON-OSTROGRADSKOGO in
STRATIFICATIONS of the VELOCITIES of the FREE ORDER.

The Abstract: In work are researched characteristic of the Ostrogradski, generated
unambiguous Lagrange function L:T"X, — R.
Evident type derived pulse k order is proved:

. (n)
(2n—k) aL(x, X,nns x) . (2n—k+1)

k : _ k-1
D.p; (x,x,..., x )= — P (x,x,..., x ), Where
X
(2n—k) k ) o
’ " - L geeesy . PE . .
pl.k (x,x,..., x )= Z(—l)l D,’ (%) k=1n,i=1,m- a pulse k order on i coordinate.
[=0 0 x

The Proved generalization of Ostrogradsky-Hamilton theorem for unambiguous
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Lagrange function of the free order. Is Proved generalization of Ostrogradsky theorem on
event unambiguous systems of the Euler- Lagrange equations

(n)

L(x,...
Z (-1'D/ (W) =0 free order: unambiguous a system of the equations
=0 a X
5 (n)
L(x,..., ) . . .
z (-D'D/ (#) =0 the local equivalent canonical system of the equations Hamilton:
0 x
i _ ' _OH(p.q)
Dr (qk) = qk = #
apk
i _ ' __OH(p,q)
D,(p))=p, =—0L
aCIk

i=Lm k=Ln 2mn the system of the equations where:

. . (n)
,,,,,,,,, 1 ki _ _

H(p.q)==L(x(p.q). X(P. ) X(P.@)svers X (P, q>>+ZZpk X (p.q) =
k=1 i=1
(n)

= ~L(x(p, @) X(P, @), X(P, @)y X (P, q))+ZZPkaX’(P )

k=1 i=1

- energy of the system condition which is described by system of the equations Eylera-Lagranzha
n

Z( D' D, (%) 0, Dll -1- multiple full differentiation on t

The Keywords: equations Euler-Lagrange, smooth of the variety, stratified space of the
velocities ,energy and pulse of the system, of Ostrogradsky transformation, unambiguous
function, Ostrogradsky theorem , system of the Hamilton equations.
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V]IK 514

3AKOH ITPEOBPA3OBAHUA OBOBIIEHHOI'O UMITYJIBCA.

Aunnomayus .B pabome 68edeno nonsamue 0600ueHH020 UMNYIbCA paHed N

P ={pio}=1{pi.}

i=Lm, k=0,n , sevioweecs 0606wenuem UMnynbco 6 npeobpasosanuu Ocmpozpaockozo
F,(x):T"X — T™X, , unoyyupoeannozo neevipoicoennoti gynxyueti Jlaepansica

L:T"X, ->NR.

Hccneoosan saxon npeobpazoeanus KOMHOHeHm UMnyibco8 nopsoka k=0,n panea n npu
3amene koopounam 6 6aze X, paccioenus T"X, - onu npeobpasyiomcs KaK memsopvl muna

(0,1) ( kogexmopwl ) .

- _ . (@b mo , -k 9y (x ‘ , @k I (x
p,()(x,x,..., x )ZZp,ﬁ(n)(x,x,..., X )-&zp,ﬁ(n)(x,x,..., X )-436)

j=1 ox ox
k=0n ,i=lm

Kniouesvie cnosa: ypasmenus — Dinepa-Jlacpamnsica, enadkue MHo2000pasus, paccloeHHoe
NpOCMpAHCmMBo  CKOpocmell, UMnynbc  cucmemsl, npeobpazosanue Ocmpocpadckoeo,
HeBbIPOHCOEHHAs PYHKYUSA

BBenenue.

Mexy OCHOBHBIM YpaBHEHUEM JIMHAMUKHA W 3aKOHAMHU COXPAHEHUS HMMEETCA
MPUHIMIKAIbHAS pa3HUIlAa. 3aKOHBI JTUHAMUKHU JAl0T HaM MPEJCTaBICHHUE O JCTAIHHOM XOJe
nponecca. Tak, ecid 3aaHa Cuja, JCHCTBYIOIIAs HAa MAaTEpUAIBHYI0 TOYKY M HadallbHbIE
YCIIOBHSI, TO MOKHO HalTU 3aKOH JABHUXKEHUS, TPACKTOPHUIO, BEIUUUHY U HAIIPABIECHUE CKOPOCTHU
B 110001 MOMEHT BPEMEHH U T. 1. 3aKOHBI K€ COXpaHEHHUs HE JAIOT HaM MPSMBIX yKa3aHUM Ha
TO, KaK JOJKEH UATU TOT WIM MHOW mpouecc. OHU TOBOPST JIMIIb O TOM, KaKuUe MPOIECCHI
3ampenieHbl 1 TOTOMY B IIPUPOJIE HE MPOUCXOJIAT.

TakuMm 00pa3oM, 3aKOHBI COXPAHCHHS TPOSBISIOTCSA KaK MPHUHIMIIBI 3alpera: Jr0oe
SIBJICHHE, TIPY KOTOPOM HE BBITIOTHAETCS XOTsI OBl OJIMH U3 3aKOHOB COXPAHEHMSI, 3alpPEIIeHO, U B
NPUPOJIC TaKWe SBJICHHS HUKOrJa HE HaONoJaroTcsa. Bceskoe sBICHUE, NMPU KOTOPOM HE
HapyllaeTcsd HU OJWH W3 3aKOHOB COXPAHEHHUsl, B TPUHLMIE MOXKET MPOUCXONTD.

PaccmoTpum cnenyroomuii npumep. MoXKeT JM MOKOSIIEecs TeO0 3a CYET BHYTPEHHEU
SHEPruyd HayaTh JBUTATbCA? ODTOT MPOLECC HE MPOTUBOPEUUT 3aKOHY COXPAHEHUS SHEPIHUU.
HyxHO nwmib, 9TOOBI BO3HHKAIONIAs KHHETHYECKas OJHEPrus TOYHO paBHsIIACh YObUIN
BHYTPEHHEN YHEPIUU.

Ha camom aene Takoil mpoliecc HUKOI/Ia HE IMPOUCXOAMT, KOO OH IMPOTHBOPCUYUT 3aKOHY
COXpaHEHHUsI UMITyJIbca. Pa3 Temo MOKOMIIOCh, TO €ro MMIYJbC OBLI PaBEH HYII0. A €Clii OHO
CTAHET JBUTAThCSA, TO €r0 HMIIYJIbC CaM COOOM YBEIHWYHUTCS, YTO HEBO3MOXXHO. I[loaTomy
BHYTPEHHSISI SHEPTUS TEJIa HE MOXKET MPEBPATUTHCS B KHUHETUYECKYIO, €CIIA TEJIO0 HE pacnajaercs
Ha YacTH.

Ecnu sxe monmycTuTh BO3MOXKHOCTD paciiajia 3TOro Tejla Ha YacTH, TO 3aMpeT, HallaraeMbli
3aKOHOM COXPaHEHMsI UMITyJIbca, CHUMaeTcs. [Ipu 3TOM BO3HUKIIIME OCKOJIKA MOTYT JABUTATHCS
TaK, 4TOOBI MX IIEHTP MAacC OCTABAJICS B IMOKOE, — & TOJBKO ATOTO M TPeOYeT 3aKOH COXpPaHCHHUS
uMITysbca. [103TomMy, 4ToOBI BHYTPEHHSIS SHEPTHs IOKOSIIETOCS Tejla MOIJIa MPEBPATUTHCS B
KHHETHYECKYIO0, 3TO TEJIO JOJKHO PaclacThCcs Ha 4acTH. Ecim ke ecTh emie oJuH KaKoW-I1u00
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3aKOH, 3alpeniarolInid paciaa 3TOr0 Tejla Ha YacTH, TO €r0 BHYTPEHHSS SHEPTUs B Macca IMOKOs
OyAyT MOCTOSTHHBIMH BEJTUYNHAMH.

OyHIAMEHTAIBHOCTh 3aKOHOB COXPAHEHHUs 3aKIII0YAaeTCsl B MX YyHHUBepcalibHOCTU. OHU
CIpPaBE/UIMBBl TPU HM3YUYEHUHU JIOOBIX (PU3MYECKHX MPOIECCOB (MEXaHMYECKHX, TEIJIOBBIX,
ANEKTPOMATHUTHBIX W Jip.). OHUM  OAMHAKOBO TMPUMEHHMBI B  PEISTUBUCTCKOM U
HEPEJSITUBUCTCKOM JIBUKEHUH, B MUKPOMUDPE, II€ CIIPAaBEIJIMBbI KBAHTOBBIE ITPEJCTABICHUS, U B
MaKpOMHpE, C €ro KJIaCCHYECKUMHU TMpenacTaBieHusMu. JuddepeHnmanbHo-reoMeTpuiaeckoe
paccMOTpEeHHE UMITYJIbCAa-IHEPTUU B (PM3MUECKON M MaTeMaTH4YeCKOW IOCTAHOBKE M3JIOKEH B
muteparype [1-8,11]. CpoiicTBa TeH30pa 3HEPTrUU-UMITYJIbCA MPU NPOCTEUIINX JMHEUHBIX
npeoOpa3oBaHUAX KOOPAMHAT — BPEMEHU OOBACHAET  3aKOHBI COXPAaHEHHUS HUMITyJbCa B
MaKpOCKOMUYecKoil cucteme. Ho TeH30p 3Heprum-ummynsca B AuddepeHnnansHoi hopme
ABJIIETCS. WHBAPUAHTHBIM OTHOCUTEIBHO IMPOM3BOJIBHOTO HEBBIPOXKJIEHHOTO MpeoOpa3oBaHus
KOOPJMHAT, YTO MPUBOJUT K JIOKAIbHBIM 3aKOHAM COXPAHEHUS SHEPrUU-UMITYJIbCA, HAIpUMED,
B ¢u3uKe 3neMeHTapHbIX yactull. OyHkuus Jlarpanixka onpenensieT HEKOTOPYIO BapUalluOHHYIO
3a/1a4y, HallpuMep, MUHUMU3AINI0 UHTErpaia JeHCTBUS B MEXaHUYECKOW CUCTEME U JTUHAMUKY
3TOM cucTteMbl (ypaBHeHMs1 Ounepa-Jlarpanxka)[6]. Ecnu wuHTErpanT (moAbIHTErpajibHAs
GyHKIMS B MpOCTEHINe BapHallMOHHOW 3a/lade) BBIPOKIACH OTHOCHTEIHHO TEPEMEHHBIX
BpEMEHM JHOO0 KOOpPAMHAT, TO ATO BBIPOXKJIEHHE TPUBOAUT COOTBETCTBEHHO K 3aKOHY
COXpPaHEHHUSI SHEPTUU MO0 UMITyIhCa OTHOCUTENLHO JaHHON KoopauHaThI[7]. 3agaua Jlarpamka
COJIEP’KUT TaK)K€ ypaBHEHUS CBSA3M (OrpaHUYECHMS HA KPAaeBbIe YCIOBHS HEM3BECTHOM (YHKIINH).
[IepemeHHbBIE B ypaBHEHUSAX CBSI3U MOTYT COJEPXKATh IPOU3BOIAHBIE BBIIIE BTOPOrO MOPSAKA IO
BPEMEHH OT KOOpAMHAT. DTH MPOU3BOJHBIE HESIBHO BXOIAT B (hyHKIMIO JlarpaHixka, 3aBUCSIYIO
or orpanmueHuil. [loaToMy paccMOTpeHHas 3aqada akTyalbHa B POOOTOTEXHHKE, TJIe
nepeMenieHre MEXaHU3MOB MOTYT MMETh CTaplliie MPOW3BOJHBIE 10 BpeMeHu. [lanHas pabora
SIBIISIETCS TIPOJAOJKEHUEM padoThI[9].

ITocTanoBKa 3a1a4M ¥ OCHOBHBIE ONPeAeTeHHSI.

[Tycte X, - rmagkoe MHOrooOpasue pasMepHocTd m, 7" X, - TJIaJKOe pacclIOeHHOE
IIPOCTPAHCTBO CKOPOCTEH MopsiiKka n ¢ 6a30i paccioeHus X, .
. n n n
L:T"X, — R-weBblpokaeHHas GpyHKIMA B Touke v € T"X, . [9].
Onpenenenne 1. Ilycts D' - onepatop k —kpaTHOro moiHoro aupdepeHIUpOBaHUs MO

IIEPEMEHHOM t
(n)

i : (2n=k) nk 1 1 aL()C,..., )C) -~ . P o o
Pin(X Xy X )= Z(—l) D/ (—% ) k=0,n,i=1,m, a B moboil npyroii cucreme
=0 x
JIOKaJIbHBIX KOOpAUHAT x(x) B 6aze X, ,
— _ - (@b mo ) (2n—k) axi(;) ' . @n-k) ! (;)
P, (X, Xty X )ZZp,f(x,x,..., X )-szp,ﬁ(x,x,..., x )-———(cBepTKa)
J=1 0x 0x

i,j=1,m0<k<n

Ha3bIBaeTCs npeodpazoBanreM OCTpOrpajcKkoro, B PacCIOCHHH CKOPOCTEH "X s & QYHKIUK
X . (2n—k)
P, (X,X,..., x )(3aBUCAT OT NMPOM3BOJHBIX KOOpAWHAT HE Oonee (2n —k)mopsaka - (HWKHUH

WHJIEKC-HOMEp TOpPSIKa UMITYJIbCa, HIDKHUM - HOMEpP KOOPJMHATHI) HA3bIBAIOTCS WMITYJIHCAMHU
nopsiika k . Mo i —oul KoopaAUHATE.

29



O6o0menuem ompeneaenus 1 spisercs

Onpenenenne 2. Cucrema GpyHkuuii P, = {p,i (n)}= {P/in}

(p)
i i : (2min(n, p)=k) nk aL X,..., X -~ . T
pi(m)=p (%, x )=>.(-D'D (%) k=0,n,i=1,m

1=0 X
Ha3bIBaeTCs 00OOICHHBIM UMITyJIbcOM paHran amst oynkouun L:T7X, — R, rae
. (p)
L(x,x,..., X ) - JIOKaJIbHasi 3amuch QYHKIUH L Tpu BRIOOPE JIOKAIBHBIX KOOpAMHAT (X) B 0aze
P
X, paccmoenus T°X .
A . @min(n,p)—k)
®ynkuua  p, , (X, X,..., X ) Ha3bBaIOTCI  k —oli KOMIIOHEHTOH OOOOIIEHHOIO
umnynsca P, paHra n 1o i—o0H KOOpAMHAaTEe WIM HMIOyldbcaMu mopsaka k (k-

UMITyJIbCAMH), TI0 I — Ol KoOpAUHAaTe 0000IIEHHOT0 UMITyJIbca P, paHra n.

3ameuanne 1. OOOOUICHHBII UMITYJIBC paHT n onpexaeneH mist Gyakumud L:T7X,  — R.

(p)
oL(x,..., x)
i

X
(p)
oL(x,..., x)
i
X
€CTh AJI1 HETPUBHAIBHBIX MUMIYJIbCcOB k < p . Ilockonbky k <n,k < p = k <min(n, p), TO B

n—k
U3 onpenenenns p;(n) = Y. (=1)' D} (

1=0

) CIEyeT, 4To

npu k> p,l20=>1+k>p= =0 u Bce p,(n)=0(TpUBHATBHBIE UMITYJILCHI), TO

ompeaeJieHHH 2 MOKHO CUUTATh, yTO k =0, min(n, p),i =1,m.

MakcuMabHBIN TOPSIOK POU3BOAHOM O t B p)(n) pased [+k+k=2-1+k.

(p)

oL(x,..., x) RGL
Ipu [+k>p=>——"—-—"=0 u ko3pPuIMeHT npu Npou3BoAHON x paseH 0, 3HAUUT,

X
MpU OMPENEICHUN MAaKCUMaJIbHOTO TOpsAKAa MPOU3BOJHOM MO t MOXKHO cuuTath [+k < p,

KpPOME TOTO, ITPOBEIEM CPaBHEHUS
[Sn—k&ol+k<n=Il+k<min(n, p) = <min(n,p)—k = 2-1+k <2-(min(n, p)—k)+k =

=2-min(n, p)—2-k+k =2 -min(n, p)—k.
XoTs Gonee rpydas OleHKa MOpsKa CTapiieil IIPOM3BOIHOM 10 t B p| (1) naeT
ISn—-kol+k<n=21+k<2-(n—k)+k=2-n-2-k+k=2-n—k.

Ipn p>nd+k<n—k+k=n u (MakcUMaJbHBI NOPSAOK NPOU3BOAHOH MO t B

(p)
L(x,..., x)) Oomnpllle MakCHMAJIBHOTO TOPSJKAa MPOU3BOJHOM MO t TEpPeMEHHOW MO0 KOTOPOM

MIPOU3BOUTCS YacTHOE AU(dHepeHIIMPOBAHIE
(p)

n—k
B pi(n)zZ(—l)lDf(wy I[Ipu p <n,nockonbkyl+k<n—-k+k=nnpul+k>p
=0 x
0] 0]
oL(x,..., x) X oL(x,..., x)

=0 ¥ 9acTb wIeHOB B cymme Y (—1)' D (
=0

o ) OyaeT TOXKIECTBEHHO paBHA

X

(I+k)i
X

30



0. TlorpanuyHbIM sIBIsieTCA CAy4al p=n, HUMEHHO TOT cCiydail OyaeT paccMOTpeH B

nanbHeleM 06e3 orpaHuYeHUs OOITHOCTH PACCMOTPEHUSI.

ja— n
IIpu p =n B nOKaNbHBIX KOOpAuHATax (x) B 6asze X, paccimoenust 7"X
NOJIy4aeM UMITYJIbCHI B TpeoOpa3oBannu OcTporpaackoro:

o aL( (p)) aL( (p)) aL( (p)) aL( (p))
Pha = (D' D () = S D (R (D) D ()
0 x * ox 0 x
HYJIb-UMITYJIbC (QYHKIMOHAN B ypaBHEHHH Diinepa-Jlarpanxa).
(p) 0] 0]
n—1
_ Z(—l)lDf(aL(f};};;x )) _ a; B Dr(aL(x,.l.-., X )) - (_1),,_1Dr,,_l(aL(x,(.n.).i, X ))

1=0 0 x ox' ox' 0 x

- aL( (p)) oL (p)) L (17)) oL (p))
p;’n — z(_l)l Drl( -)i;+k;lx ) — (X,.:-, ( (x )+ +( 1)n 2Dn 2(#)

1=0 Jd x dx' dx J x

3 (p) 3 (p)
; = L(x,..., L(x,...,

Pon = Z(_l)lDtl( (x(1+k)ix )) = (x(n)i ) :

1=0 0 x 0 x

_i . p—
Teopema 1. Ilycts x =S5'(x,x,,...,x,), S:(x) = (x), - HEBBIPOXKAECHHOE IpeoOpa3OBaHUE
KOOPAWHAT B 0ase T1IaaKoro MHOrooOpasus X, PpacCliOGHHsS CKOPOCTEH IOpsaKa

T"X,,p=max(s,l), i=1m,Ttorna

1

L@ ox' (x)
)i CS i Dl s ' ’C :
a.x (.x, X,..., -X) — [ ( a—] j / S‘ (l _ S)' H

(8)J X k=1
d x 0,l<s
Nmeet mecto cneqyromas

Teopema 2(0 CBsI3M UMITYJIbCOB k —oco mopsiaka panroB n u n+1). Ilyete L:T"X, — R.
(p)

L(x, x,..., x ) - nokanbHas 3anuch GyHkumuu L:T7X  — R npu BeIOOpE JTOKATBHBIX KOOPAUHAT
B Oase paccioenus X, ,
(P)

, OL(x,..., x)

p,i,n = Z(—l) D, (W) k =0,n,i =1, m-umnynbc k-oro mopsigka pasra n
0 x
+l—k ) *
Pinnt = z (-1)' D] (%) - uMIyJsC k-oro nopsaka panra n +1
X

Torma nMmeeT MecTo CICOYIOIICC COOTHOIICHHUE!
(p)

Plnr = Pin + (D™D k<%)
0 x
Jloxka3aTeibCTBO:
ik AL(x... x). ik AL(x.... 1) AL(x.... 1)
Pinir = Z( D' DI =2 D' D55 + (D" D () =
X 1=0 0 x 0 x
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—k 9L ) oL (p) oL (p)
231)D<(%¢)5+(N“k094%ﬁ%5 o+ (it ppik s X))
=0

d x 0 x
Teopema nokasana.

MaremaTH4ecKasi MOCTAHOBKA 3a/laul. PacCMOTPUM CIICIYIOIIYIO 3a/1a4Yy:
Iycte L:T"X, — R- dyskuus B touke v € T"X, . MccnenoBars 3ak0H peoOpazoBaHus

KommnoneHT 000011eHHOr0 uMIlyiIbca P, paHra n Ipu 3aMEHE JOKaJIbHOU CUCTEMBI KOOPJUHAT

x=x(x)B 06aze X, paccinoeHus ckopocreir 7"X .

Teopema 3(3akoH mpeoOpa3oBaHUs UMITYJIBCOB IIPH 3aMEHE CUCTEMBI KOOpAHMHAT B Oaze X,
paccioenus T X, ).

[Ipu 3amene (;c) - (x(})) : B 0a3e MHOrooOpasust X, paccioeHus T X .

_ . @b
pi(n)(x, X,..., x ) Tpeobpasyrorcs kak Ten3opbl Tna (0,1) (KOBEKTOPHI):
(2n-k) n . @nk) axi(;c) ' . @b axj()_c)

p_,i(n)(;,;,..., X )= Zpk(n)(xx X )-

——=pl(Mx, X, x )
x 0x

k=0,n i,j=1m

Joka3aTeabcTBO. Jl0Ka3aTebCTBO MPOBEAEM MHAYKIMEH MO PaHTy 000O0IEHHOTO UMITYJIbCa
n.

st 6a3p1 MHAYKIMK n=1uMeeM:

L2 —1 —2 —m
x=(x,x",., X )x—(x X ey X )

u%@:unqm

L(x,x) = L(x D, x) L(x(x) x(x)) L(x(x) D (x(x)))
Jlna nmnynbeca 0-oro nopsaka(0-ummysbca) 1-oro panra B JIOKaJIbHBIX KOOPAWHATAX UMEEM:

- JdL(x, dL(x,x). OL
poy = (- D! CELD, __p QL)) 0L )
= a X a;z ax

)=

:i_qﬁumbﬂx L(x,x) o’ iaummax mu;)w

SR A PO P

_ i_D (aL(x’)'C) , dx’ i aL(X X) ox* i oL(x, x) 3x’ aL(x x) ox*

- -) =
ox ox' ox

=1

= dx’ ax = ax 9x’

=_z (aL(x x) ax 9%, ZD(BL(x x) ox® o, Z(BL(X.,x)'aici +aL(x;x)'8i_i)
i ox ox ox

—i

s=1 ax’ 3y ox  hoax’
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OF
OL(x,x) ox’ ox'  9aD’x* 9dx
MOCKONbKY ——— - —— = ( 110 paHee 10Ka3aHHO! Teopeme 1 — = — = =0mu
X ~i  dD!x =i
ax dx ' dx

, =i
0<1(2TO ¥ MOHATHO, TaK KaK X' HE 3aBHCUT OT X ), MPOJOJDKAs MpeoOdpa3oBaHUeE:

_iDt(aL(x,)'c).axs()_c))_Zm: (aL(x x) ox’ (x) i oL(x, x) dx* (x) OL(x, x) o’ (x)

ox’ -

= dx’ o s ax dx’ ox X 0x

—i

:i Dr(aL(x x) dx’ (x)) i(aL(x' x) dx’ (x) aL(x,x).ax‘Y_(.x)):

= ox' ax L ax ox’ ox

=i—D (8L(x,)'c)'8x (x))+i L(x,x) dx' (x) iaL(x x) (x)

s=1 axv a;z s=1 ax‘v _x s=1 ax
Tak kak
' (x) _ dx'(x) _ i P} axf(;_c) ‘ i X (x) oy _zax (x) W (x) _ox’

07 oy Tay < ox o o v
e

" {lzzk

‘=1 —cumeon Kponexxepa u

0,i#k

(3TOT PE3yabTAT CIEAYET TAKXKE U3 TeopeMbl 1:

- D)s -
0x'(x) _ a(ﬁl .o ox’ (x) 100 ox’ (x) ox gx))

ox dx dx dx 0x
9x' _ 9 o () -k WD ", 9%x" (1) ~

S e oy AN Ay, el i QLA SC Bl ) R G
ox  Jdx k=1dx  dx k=1dx  dx k=l dx X

82 s a K - a .x
D <—<x =3 LY@ ) @, _ox
= ox x ox ox

9T0T PE3yNBTAT CIIEAyeT U U3 TeopeMbl 1:

- (s -
ax_(?C) _ a(()x), Co Dl 0. ox (LX) —1. Dl ox’ (x) ax (x)

dx d x ox dx dx

Janee

Z’”:_Dt(aL(x-,x)_ax .(X))"'i oL(x, x) dx’ (x) Z’":aL(x x) ox’ (x)
- dx’ ox 9y s=1 ox
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_i D (8L(x x)) ox’ (x) ZD (ax (x)) oL(x, x) ZaL(x x) ox’ (x) ZaL(x,}c)‘axs(;c) _

t

§=] axs a_x s=1 ax axs s=1 ax ax s=1 axS a}l

i D (8L(x ,X) ax (x) ZD (ax (x)) OL(x, x)

s=1 ax a;t s=1 ax axs
oL(x, x) ax (x) " oL(x, x) ox’ (x)
5 3 o
S = ox
i aL(x x) ax (x) zaL(x x) ox’ (x) z( D (aL(x x)) 8L(xsx)) ox’ (x) _
s=1 ax _x s=1 a-x _x s=1 axs ax ax
o), @)
=2 P = =P =
SZ::, 0,1 3 0,1 P
. . . .
Tax kaK p;, = Z(—l)’D,’(aLfff;f)) __p,CLxx), x|
s d x ax's ox’

YTBEPKJIECHUE TEOPEMBI JI0Ka3aHo 11 umnyibca 0-ro nopsaka(0-ummynbsca) 1-oro panra.

Jns umnyneca 1-oro nop;l/:[Ka(l MMITyJibca) 1-0T0 paHra B JJOKJIbHBIX KOOPJMHATAX HUMEEM:

- 0 L(x,x) aL) i(aL(x x) ox’ (x) aL(x x) ox* (x)

P = ;(_I)ZD;( (/+f>; )= - ‘ ox* )=
= a )—C ax s=1 axa ax ax
_ iaL(x,}c) X N W) n
s=1 a ‘s —‘i s=1 axX —-i
X d0x 0x

Bropoe cnaraemoe B popmyne (1) Y L;x x) A’ (x)
s=1 X

=0, gyTo cnexyer u3 Teopemsl 1:

ax

_ 0 — _

ox’ _ an)xs(gc) _ 0x (gc) _ 5. axs(gc)
ax o %

. = O ’

—i
0x
Tak, kKak [=0<1=s B Teopeme 1(Haue - X’ HE 3aBUCHUT OT X ).

Jlist mepBoro cnaraemoro B ¢opmyie (1)(mmo Teopeme 1):

(1)s
Jox’ dx ox* (X)
= =C/-D"- =1-D-

9% Ox dx dx dx

. o (x) axf(;c)

—i

, To ynpomas (1),monydnm:
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2 OL(x,x) X' (x) | & AL(x,x) ' (x) _ & AL(x,x) X’ (x)
> : +y =2,

s=1 ax"v a;i = ox' ax s=1 ax ax

—i pl —i
ox ox

—i

s=1 a x.s X

m OL(x,x) X' (x) <& . ox'(x) . ox'(x)
-y . zxm. R

Y TBepkIeHUE TEOPEMBI 10Ka3aHO AJis uMIysbca 1-ro nopsaka(l-ummnynasca) 1-oro pasra.

Taxum o6pa3om, 6a3a HHAYKIIMHU JOKa3aHa.
NuayKkTUBHBII IEepexon.
I[Tyctp yTBepkIeHUE BEpHO JUIA N 1 st moboit L:T"X, — R.
(n

. (n) -
- L 2 L J
P =iy = 30 Dl PH D (o)) 80 S a2 “iw, ). 20
J x j=1 1=0 X dx
) () A AL (ks ) (3)
=D pim)- S = plm) E = = D (D' D (= ), 1<ism (2)
Jj=1 X ax [=0 s=0 k=1 a X a ;

[IpaBas yacTh B (2) HanMCcaHa Ha OCHOBAaHWUHW TEOPEMBI O MPOU3BOTHOMN CIIOXKHOU (YHKIIUH:

(n)
(n) ($)k -

3 L(x,..., x) AL(x,..., x) d x (x)
(1+0)i zz( 1) D ( (s)k i )
a X s=0 k=1 a X a X
HyxHo nokasats, 4To:
(n) (+1)
i S ALX,x, X ), & OL(t,. 3y 1), ()
py(ntD)=pg,, = z (=1' Dy ( (1+0)i )= Z( Z (=1 Dy( ,"<.z,+o>s’ ) ===
1=0 a X s=1 a X ax
L ax’ (x s ax* (x
=3 pon+ 1) 2D ey 2D
s=1 ax X
[To Teopeme 0 MPOM3BOTHOM CIOKHON (PYHKITUU:
ai(_ (ﬁ) (ni—l)) . aL( (n) (n+1)) a(x)k(—)
s X, X ) XA Xyoooy X, X x (x
Wi —ZZ ()k i
0 x k=t s=0 J x 0 x
(n) (n+1)
. al:(_ - - ) — aL( (n) (n+1)) a(n-%—l)k(—)
Xyt X, X Xpooy X, X x (x
Po(n+1) Z( 1)'D)/( O ) ZZ( D' D/( T o)t
0 x ket 120 J x d x
. aL( (n) (n+l)) a(s)k(—) . aL( (n) (n+l)) a(VH—l)k(—)
U L Xyeooy X, X x (x & Xyeooy X, X x (x
+z (_l)lDrl( (5)k (i )= zz(_l)ll)t[( (n+h)k i )+
k=1 1=0 s=0 a X a ; k=1 1=0 a X a ;

(n) (n+l) )k — (n) (n+1) ()k —
x, x )0 x(x).@

m n_n oL ey X, 0 s e oL ooy Xy
+z (_l)lth( (x (S))lf X)) X(lgix))_,_ZZ(—l) lDrZ( (x tha (nil)i)_

k=1 1=0 s=0 a x a ; k=1 s=0 a X a x
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(n) (n+l) (n+Dk - (n) (n+l) (s)k —

n oL(x,...,x, x )0 x (x LU B oL(x,....,x, x )0 x (x
:Z (=D'D/( ( (n+1)k ) <z>z'( ))+Z 2(—1)’1):’( ( (5)k ) <lgz' )) @)
k=1 1=0 J x d x k=1 1=0 s=0 0 x d x
()k —
d x (x)
[Tocnennee ciaraemoe B (3) paBHo 0 mo Teopeme 1: o =0npu 0<ss<n<n+l.
d x

VYuuTtsiBas paBeHCTBO (2) , 110 NPEANOI0KEHUI0 UHAYKLIUN MIOCIEAHEE C1araeMoe B cymme (4)
paBHoO:

(n) (n+l) (s)k — (n+1)

$373 1y pf L s DI W) S0y L X)) O W s
k=1 [=0 s=0 ax a; k=1 [=0 a ax
(n+Dk - -
ITo Teopeme 1: w cl pr z(ax —(,-X))' ©
9 x x

VYuuteiBas (6) ,ipeoOpa3yem nepBoe ciaraemoe B cymMme (4), ucnonb3ys hopmyny JleliOnuia
HpOI/ISBOI[HOI\/'I nopsiika [ mpou3BeCHUS /:[Byx (byHKum?I f.g:

Df(fg)—ZCPDP(f)D’ P(g) cr=—t ,_Hk
p=0 pi(l— p)' i

ntl m aL( () (nH)) a(n+l)k(—) ntl m aL( (n) (n+1)) a(rH—l)k(—)

ZZ(_D[D,I( x’”(,';rl)fk’ al x@.x )= ZZ( 1)’ D (e 2 7 K- (n+1))Ck X Crll+1Dn+l 1(%)):

1=0 k=1 X 9 x 1=0 k=1 9 x 3%

(n) (n+l)
m !
3 S cniel, Y ooy BH £ 0, ps et O )
k= p=0 X ax

=
T
un

._
Il
(=)

(n) (n+l)

! !
( 1) Cn-%—lZClthp(aL(x’”" X, X )
p=0

T

n

o )Dn+1 ,,(ax (.X)))

X ox

-3

m
k=11

Il
(=]

(n) (n+1)
D&, OL(x,ey x, X))
_ZZDt ( (n+1)k
k=1 p=0 J x

ax (X) n+l

D ”( )Z( D'C,,C.

cl.cr = (n+1)! l! _ (n+1)! (n+1-p)! p ep

_Cn+lCn+1—
Nn+1-D pld=p)  plin+i=p) U= p)ln+1=p—(—-p))! ’

®)

BBenem HOByIO mepeMeHHYI0 m =[— p ¥ npeodpa3yeM MociaeHIo CyMMy B (7) ¢ y4eToM
coorHomreHus (8):

n+l n+l n+l-p n+l—-p
z(_l)lchHle = Z(—l)leHCVIHf » = z( 1)m+p Crf,+lcrrtr-lf-l p =(= l)p n+1 z( 1) Cn+l p )
I=p I=p m=0 m=0
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I[Ipu p =n+1 npeobpazyem (9):
n+l-p n+l—(n+l)

=D"C}, Z( D" C p nHCnn:ll Z( D" Cr —(n+1) =(- l)n+1

m=0 m=0
IIpu p <n+1 cymma B (9) paBHa:
n+l—p n+l—p

=D"C Z( D" Cry, = (=DPCE D C (~D) 1 = (=1 CL (L (-1) =0
m=0
To ecTs:
n+l -1 ”‘*’1, =n+1 l,p=n+1
Z( piet cp T pEREL s e JJDPEREL L son Kponexepa  (10)
n+l p<n+1 n+l n+l O p<n+1

n+l

3ameHuM B (6) MOCIEIHIOI CYMMY Z( n'c!
l=p

() () () ()

i”sz oL(x,....x, x ))D,M_p(ax (x))”z(_l) c.or= i”sz( WX, X ))D"”_p(

t (n+)k n+l (n+l)k
k=1 p=0 d x k=1 p=0 X ox

(n) (nt1)
UM oL(x,..., x, x e, OxF (x .
-3 pp ALl ) s B gy
k=1 p=0 d x X

C/ nomydeHHBIM BbIpaskeHHeM B (10):

n+l

ax (.X))( 1)n+l 5p _

n+l

(n) (ntl) - (n) (ntD)

Xy OL(x,...,x, x oy, OX  (x ol onl | it vomst OL(Xyeoy X, x ) OxF (x
- $ e Lt 0 i B, gy ey e . 0,06 )
k=1 J x dx k=1 0 x ax

Takum 06pa3om, JOKa3aHO PABEHCTBO:
. aL (n) (Vl+l)) a(VH—l)k —) aL (n) (n+l) a )
& Xyeos X, X x (x S T Xy X, X ) OX (X
§4 1y pf QLlteeat. )3 X () S0t pon A 1), B0 (n
1=0 k=1 a x a;c k=1 a X ax

[loncraBnsas nomyuyeHHsld B (11) pe3ynbrat B (4) 1 yuuthiBas (5), HOTYYUM:
(n) (n+l) (n+hk — (n) (n+l) (9)k —

IS ) L geeey Ny N 1 ] L geeey Xy
ot =35 1y pf Pt O3 (0) S5 5 gy Pt )9 10,

k=1 [=0 ax ax k=1 =0 s=0 ax ax
"’ Ak, 1) () 3 A(r... 1) )
= DD R S Y L D) S
) d x ax k=1 =0 d x ox
” ; aL (n) (n+l) aL (n) (n+1) a 0
— Z( (—l)lDtl( (-xv-'zlj:, X )) + (_1)n+1DtrL+l( (-x’-'(-r;ik’ X ))) . x_(lx)
k=t =0 d x J x dx
n, OL(x,.... X (M)) o < ) @ o’ ( )
_ Z(Z (—I)ZD:( X,...ZZ)):, X X (X z +1) X (X
k=1 =0 a x k=1 X

NHnykTuBHBIN niepexo A1t UMITYIbCoB ) — oco mopsiika paHra n  J0Ka3aH.

_i

Jist uMIyibeoB p, ., ., nopsaka(n+1) panra (n+1) umeem:
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(n+l) (n+1)

_i n+l=(n+1) ai )_C,..., )_C ) 0 ai )_C,..., )_C )
Prsins = (-D'D; ((U+—n_+l>i) =>.(-D'D, (((,+—n_+l),.) =
=0 0 x =0 0 x
(n+1) (n+1) )
AL(tos x). ALt x) Bk x) D x
— 0 1 x"", X _ geeey _ seees _
= (D7D, ( (O+n+D)i )= (nt)i B ZZ () ' <n11>i) - (12)
J x J x A0 9 x J x
\OL(x 1) o, D (), _ 3L ") () A’ (x)
LU Xyeory X x’ (x U Xyeory X x’ (x U x’ (x
- zz (p)/ 5f+1 )= Z (n+1) j ) S Z }Z+1,n+1 ’ =it
J=tp=0 X ax =9 x 0x j=1 0x

(p)Jj
Tak kak B (12) a(nﬂ)l 0 g O<p<nm,ams p=n+1 (mo Teopeme 1):

J x

(n+1) j -
X n+l n+l— (n+1) ax (x) 0 ax (x) ax](-x)
(nil)[ Cl‘H—l D D —
d x dx dx dx
()i 0,0<p<n S
X - x’(x li=k
To ects —57 = 1 dx’ (x) =0/, '#, o = l —cumeon Kponexepa
(nzh) ———,p=n+1 d 0,i #k
9 x P x ’
0x

WuayKkTUBHBIN TIepexo/l A1l UMIYJIbCOB 1 — 020 IOPsiAKa paHra n j1oka3ad. Teopema 3
noka3aHa. M3 3amevanus 1 B Hauane paboThI CiieayeT

Teopema 4. Ecim ()_c)—>(x()_c)) - Jro0as HEBBIPOXKACHHAS 3aMEHa  KOOpAMHAT B 0Oasze
MHOrooOpasust X, paccnoenus T2'X, mng Qyskuuu L:T”X, — R, Torga KOMIOHEHTHI

00001IeHHOTO UMITYJIbCca paHTan = p nopsaka k =0,n

_ . @pzh
p,i(n)(x,x,..., x ),i =1,m npeoOpa3zyrorcs kak TeH3opsbl Turna (0,1) (KOBEKTOPHI)
— = Gk S @b Ayi(x . @b 9y (x
(M), x,..., x )=) pl(n)(x,x,.., x ) ()—pk(n)(xx o X ) ()
= ox’ x
k=0,n ,i=1m

W3 Teopembl 4 ciieyeT KOPPEKTHOCTH OIpPEAETICHUS 2 .
Teopema S(koppekTHOCTh OnpeneneHus 2).
OO0001IeHHbIN UMIYNIbC paHra n: P, = {p | (n)}: {p,’m , e

(p)
l. l. N = oL(x,..., x .
PLD= Pl (5t ¥ )= 3 (1) D) O )y e i=Tm

0 x
HE 3aBUCHT OT BBIOOpA JIOKAIBHBIX KOOpAUHAT (x) B 6a3e X, paccioenus 17X, n=p

(06006wennvil umnyave nopsioka k =0,n paHra n A618emcs 2eoMempuiecKum UHBAPUAHMOM).

. p —
3ameuanne 2. [Iycte L:T"X, — R. I[Ipu p >n wumnynscel nopsaka k =0,n panra n
, BOOOIIIE TOBOPSI, TCH30paMHU He SIBJISIOTCS.
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Jliis mpuMepa paccMOTPUM 3aKOH Mpeodpa3oBaHus UMITYIIbcoB 0 —o0zoul — o020 mopsaAKOB
(17)

_i n—k aL s
panral: p,(n)= (-1)'D! (%).
= 0 x
ITo Teopeme 1:
(k) j (k) j ax ( )
k-1
a_ _CD(ax(X)),a)'C:CD (ax ), npu k>1
X X —i
dx 0, npuk=0
. w ” w » W
- JL(x,..., dL(x,..., dL(x,..., OL(X,...,x) 0
po(l):z(_l)ll)r[(()fT)iX)) _ ( (X X)) (X - X)_ D(ZZ ()C(k)jx) X )+
I=0 a ; ax X k=0 j=1 a X a;l
L A ) D X s AL x) ' (x)
22w =L LD G () -
k=0 j=I d x 0x Jj=l k=1 Jd x d0x
(p)
" & JL(x,..., 8 2 JL(x,..., ., ox’
Ak Yy 8x k=0 =t 9 x ox
(p) -
n L, - IL(x,..., 1, 0x
=Y 3D e (D) -
j=1 k=1 d x Jx
(p)
2 dL(x,..., X) ax (x) L& dL(x,..., x) ox’ (x
_ZZ (k) j Fl ZZ (k)j D ( )=
j=1 k=1 a X ax k=0j=l 9 x
2 oL(x,..., x) ox’ (x) oL(x,..., x) ax (x)
:Z P, ZZ k) j )= C1+CO)
J=1 X x A J x ax
(p) .-
n &L oL(x,..., x) L, 0x7 (x)
—ZZDI(—(,W )C. D™ (——=—) (13)
j=1 k=t 0 x 0x
Buano, uto ipu p =1 BeIpaxkenue (13) gaBisieTcs TEH30pOM:
(p) (p)

P
ZaL(x;,’ x)a); (x) (aL(x, . x) ox’ (x) z(aL(x, . )_ (aL(x, . x))) ox’ (lx)
J= X j=1

j=1 ax 8 X

ox ax ox

,anpu p >1 Beipaxernue (13)) TEH30pHBIM MPeoOpa30BaHUEM HE SBISETCA: OYIYT YJICHBI C

.-
- ax__(ix)) u—-C,+C#0npup>1

HeHyneBoit mpoussoaHoit D/ (
dx

(p) (p)
(p) k) j

291(1):2(—1)’1);(3“)“ x)) BL(x x) ZZaL(xm,X)a).C:

(14D
1=0 J x ax k=0 j=1 d x ax
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p_m i(y
ZZBL()C x) . Dk_l(ax gx)) (14)
=LA g x 0x

U B aToM ciiydae npu p >1 BelpakeHue (14) TeH30pHBIM MpeoOpa30BaHUEM HE SIBIISICTCS:

L (x)

o 9] p-1
OynyT 4eHBI C HEHYNeBoH npousBoaHon D/ (
dx

3ameuanne 3. [lycte L:T"X, — R. (p=n) ummynscsl nopsaka 0 < k <n panra n,

)

BOOOIIIE TOBOPSI, TEH30paMHU He ABISAIOTCS. [l mpuMepa pacCMOTPUM 3aKOH MpeoOpa3oBaHus
(n)

_i n—k T
UMITyJIbCOB 1 —o0co mopsaka panra 2:  p,(n)= Z(—l)l Dr’ (W)
=0 0 x
U 3 L(X,... X 9 L(x, x,x 9 L(x,x,x
p,(2)= Py = Z(—l)lDrl (%) = Dro(g) — Dfl (g) =
= Jd x ox ox

i(aL(xxx)ax aL(xxx)ax) ZD[(BL(x,X,}é)a)c::"):

R S T T R

_ m(MCDH(a{,) aL(xxx)CDz1(8{1))_iDt(E)lJ(X—mczthz—z(ai_lj)):
gk 0x 9 1 X e 9k ox

_ i(L(x,):c,)"c) ox* aL(x x, %) D) (_) i OL(x,x,x) x, %) a{l )=
=o9xt ox 3x* k=l 3xt

:i(L(x,)'c,x) ox* aL(x X, x)C D! ( 2 )) Z(D (BL(x X, x))ai OL(x, x, x)D( )=
gk ax ax X k=1 ax 0x ax 0x

:i(L(x,)-c,x)_D(aL(xxx)))a)il N iaL(xxx)D( _l)(Cl—l) (15)
k=1 Xt 9 x* ox L gk

Jnist mepBoii cyMMBI B (15) BBINOJIHEH TEH30pHBIN 3aKOH NPe0Opa3oBaHus, a Jisi BTOPOH - HET.

i

IlooTomy p,, - HE ABJISETCA TEH30POM.
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The paper introduced the concept of the generalized pulse rank n P = {p,’( (n)}: {p,’cn},

i=1lm0<k<n

Studied the law of transformation of order k =0,n component pulses rank n at change

of coordinates in the base X, of the bundle T"X, - they transform as a tensor of type (0,1)

(covectors).

- . b mo L@ 9xi(x , L 9l (x

pr(M(X, X,y X )= pl (X, Xy x ) x_(f)=p,f(n)(x,x,..-, x ) x—(,~x)
= ox ox

r=min(n,p), k=0,n ,i=1lm

Keywords: Euler-Lagrange equation, smooth manifolds, fiber space velocities, the
momentum of the system, the transformation Ostrogradsky nondegenerate function.
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V]IK 514
TEH30P OBOBIIEHHOI DHEPTUN

Annomayus: B pabome 0okazana uH8apuaHmuoCms 3Hepeuu panea n CUCmemsl,
COCMOsIHUE KOMOPOU ONUCHIBAemCsl 21A0KOU YYHKYUell, OnpeoeieHHOU 8 PACCi0eHHOM
npocmpancmee ckopocmeu L:T"X, — R p<n.

@)

L(x,..., x), pfn , H (L, x) -nokanvnas 3anuce pynkyuu L, umnynvcoe k —o2o0 nopsaoka u

SHepeuU panaa n COOMeenCmeeHHo Npu 8bloope J10KAIbHLIX KOOpOuHam (x) 6 baze X
»n (k)i

paccnoenua T"X, . H, (L,x)=H(L,x,n)= —L(x,}c..., x)+ ZZpi'fn X
k=1 i=1
) : _ -
L(x,..., x), p,f’n , H . (L, x) -n1oxanenas 3anuce pyukyuu L, umnynvcos k —o2o nopsoxa

U SHepauU panea n cCOOMeEenCcmeeHHo npu ebloope JI0KAIbHbIX Koopounam (x) 6 baze X,

p
paccnoenus T"X .

— (n) m — (k)i
H,(L,x)=H(L,x,n)=L(x,..., x) + Zp,’;,n x Toeoa H(L,x,n)=H(L,x,n)
i=1
Knroueswvie cnosa: ypasnenus Dinepa-Jlazpansica, enaoxkue MHo2000pasus, pacciloeHHoe
NPOCMPAHCMBO CKOPOCMEN, UMNYIbC CUCEMbL, MEH30p IHEPSUlU, MEH30P 0000UEeHHO20
UMAYTbCA, HEBIPONCOCHHASL (DYHKYUSL.

BBenenue.

DyHIAMEHTAIBHOCTD 3aKOHOB COXPAHEHUs 3aKJI0YAeTCs B UX YHUBEpCATIbHOCTU. OHU
CHpaBEAITUBBI IPU U3YYCHHUH JTIOOBIX (PU3UUECKUX MPOIECCOB (MEXaHUYECKHX, TEIUIOBBIX,
3JIEKTPOMArHUTHBIX U J1p.). OHU OJUHAKOBO IPUMEHUMBI B PEISTUBUCTCKOM U
HEPEIATUBUCTCKOM JIBUKEHUH, B MUKPOMUDE, T1I€ CIIPAaBEJIMBbI KBAHTOBBIE NIPEACTABIEHUS, U B
MaKpOMHUpE, C €0 KIACCUIECKUMH MPEICTABICHUSIMH.

3aKOHBI COXPAaHEHHSI BaXKHBI HE TOJIBKO B MEXaHHUKE, HO U BO Beell pusuke. Hayunoe u
METOJI0JIOTUYECKOE 3HAUECHUE 3aKOHOB COXPAHEHUS OIpeiesieT UX UCKIIOUUTEIbHAs OOIIHOCTD
U YHHBepCaJIbHOCTh. biiarogaps Toit 0co6oii posin, KOTOPYIO UTPAIOT 3aKOHBI COXPAHEHUS B
bu3HKe, OHU SBJISIOTCS BAKHEHIIIMM 3JIEMEHTOM COBPEMEHHOW HAYYHOW KapTHUHBI MHUPA.

Mexny OCHOBHBIM YpPaBHEHHEM JUHAMMKHU U 3aKOHAMH COXPAHEHMsI UMEETCS
NPUHUMIINATIbHAS Pa3HUALA. 3aKOHBI TMHAMHKH JAIOT HaM MPEACTABICHHE O JETAIBHOM XO0J1€
npouecca. Tak, eciii 3aJjaHa CUJIa, IeHCTBYIOIIAsl HA MaTEPUATIbHYIO TOUKY U Ha4aJIbHbIE
YCIJIOBHSI, TO MOKHO HAaWTH 3aKOH JABUKEHUS, TPACKTOPHIO, BEJIMUNHY U HAIIPABICHUE CKOPOCTH
B J1I0001 MOMEHT BPEMEHH U T. T1. 3aKOHBI e COXpaHEHHs HE al0T HaM NMPSAMBIX YKa3aHUN Ha
TO, KaK JIOJDKEH UITH TOT WM UHOM npouecc. OHU TOBOPAT JIMIIB O TOM, KaKH€ MPOLIECCHI
3aMpeiieHbl ¥ IOTOMY B IPUPOJIE HE TPOUCXOJISAT.
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B nauane 20 Beka OmMmu Hetep qokazana BaKHYIO TEOpEMY, KOTOPast yTBEPKIAET, UYTO
BCSKOMY HETIPEPHIBHOMY MTPE0OPa30BaHUIO KOOPIMHAT C 3a/laHHBIM 3aKOHOM IIpeoOpazoBaHus
COOTBETCTBYET HEKOTOpAsi COXPaHSIOIIAsCS BEIMUNHA (MM, KaK TOBOPSIT, UHBAPUAHT
npeoOpazoBanusi). [lockoabky mpeoOpa3zoBaHust KOOPAUHAT TECHO CBSI3aHBI CO CBOMCTBAMHU
CUMMETPHUU IIPOCTPAHCTBA U BPEMEHHU (OJHOPOJIHOCTBIO, M30TPOIHOCTHIO IIPOCTPAHCTBA U
OJIHOPOJITHOCTBIO BPEMEHM), TO KaXJOMY CBOMCTBY CUMMETPUU IIPOCTPAHCTBA U BPEMEHHU
JIOJIKEH COOTBETCTBOBATH OINPEAEIEHHBIN 3aKOH coXpaHeHus. C 0IHOPOAHOCTBIO IPOCTPAHCTBA,
TO €CTh C CHMMETpHEH 3aKOHOB (PU3UKH MO OTHOLICHHUIO K IPOCTPAHCTBEHHBIM CBUTaM Hayalia
KOOpJMHAT, CBA3aH 3aKOH COXpaHEHUs UMITYlbca. C U30TPOITHOCTHIO POCTPAHCTBA, TO €CTh C
CUMMETpHUEN OTHOCUTEIBHO TOBOPOTA CUCTEMBI KOOPAUHAT B IPOCTPAHCTBE, CBSA3aH 3aKOH
COXpaHEHHsI MOMEHTA UMITyJIbca. AHAJIOTHYHO MPEACTaBICHHE 00 OJJHOPOAHOCTH BPEMEHHU
(cMMMETpPHH MO OTHOILIECHHUIO K CABUTaM BPEMEHH ) MPHUBOJUT K 3aKOHY COXPAHEHUS YHEPTUH.

3HaueHue TeopeMbl Hetep He orpaHn4MBaeTCs TOJIBKO TEM, UTO OHA YCTAHABIIMBAET CBA3b
KJIACCHYECKHUX 3aKOHOB COXPAHEHUS C BUJAMU CUMMETPHUH, UMEIOIINUMH F€OMETPUUYECKYIO
npupony. [Ipu Hanuunu B GpU3NYECKON cUCTEME CUMMETPHI Jpyroro pojaa, He CBA3aHHBIX CO
CBOMCTBAaMHM IPOCTPAHCTBA U BPEMEHH, Teopema Herep mo3BosieT yCTaHOBUTH IPYrUe 3aKOHbI
coxpanenus. 1 Ha000poT, BCAKUI 3aKOH COXPaHEHMS CBSA3aH C HEKOTOPOH ONpeeIeHHOM
CHUMMETPUEN CUCTEMBI.

HuddepennmanbHO-TeOMETPUUIECKOE PACCMOTPEHNUE UMITYIThCA-3HEPTUHU B (DU3UIECKON U
MaTeMaTUYeCKON MOCTaHOBKE M3JI0kKeH B ymteparype [1-10]. CoiicTBa TeH30pa SHEPTUU-
UMITyJIbCa MPU MPOCTEHIINX JIMHEHHBIX MpeoOpa3oBaHUSAX KOOPIUHAT — BPEMEHU O0BACHSET
3aKOHBI COXpaHEHUs UMITYJIbCa B MaKpOCKOMMUecKoi cucteme. Ho TeH30p sHepruu-ummnysbca B
muddepeHManbHOM GopMe ABIISEeTCS HHBAPUAHTHBIM OTHOCUTEIBHO MPOU3BOILHOTO
HEBBIPOXKJICHHOTO NMPeo0pa30oBaHus KOOPAUHAT, YTO MIPUBOIUT K JIOKATbHBIM 3aKOHAM
COXpaHEHHUsI SHEPTUU-UMITYJIbCA, HAIPUMED, B (PU3UKE AIEMEHTApPHBIX YacTHll. DOYHKIIHS
Jlarpanska onpezesnseT HEKOTOPYIO BapHAIIMOHHYIO 3aj1auy, HallpuMep, MUHUMHU3AIUIO
MHTErpaja AHCTBUS B MEXaHUYECKOW CUCTEME U TMHAMUKY 3TOW CUCTEMBI (ypaBHEHHUS Diliiepa-
Jlarpanka)[6]. Ecnu uaTerpanT (MOABIHTETrpasibHAS (YHKIIHS B TIPOCTEHIIICH BapraIllmOHHOM
3aJaue) BBIPOKJIEH OTHOCUTEIHHO MEPEMEHHBIX BPEMEHH MO0 KOOPAMHAT, TO 3TO BHIPOXKICHUE
MPUBOJIUT COOTBETCTBEHHO K 3aKOHY COXpPaHEHHS SHEPTUU 00 UMITYJIbca OTHOCUTEIBHO
JTaHHOW KoopauHAaThI[7]. 3amada Jlarpanxka cogepKUT TakKe ypaBHEHUS CBA3U (OTpaHUYECHUS HA
KpaeBble YCIOBUS HEM3BEeCTHOM QpyHK1MM). [lepeMeHHbIe B ypaBHEHUSAX CBSI3U MOTYT COJIEPKATh
IIPOM3BOIHBIE BbIIIE BTOPOTO MOPSAKA M0 BpEMEHH OT KOOPAWHAT. DTH MPOU3BOIHBIE HEIBHO
BXO/IT B QyHKIIMIO Jlarpanska, 3aBUCAITYIO OT orpannueHuid. [loaToMy paccmMoTpeHHas 3a1ada
aKTyaJlbHa B pOOOTOTEXHUKE, T]Ie TIepeMEIICHIEe MEXaHIU3MOB MOT'YT UMETh CTapIline
MIPOM3BOIHBIE MO BpeMeHU. JlaHHas paboTa sSBIsSeTCs MPOJ0KEHUEM MPEbIyIIX padoT.

ITocTanoBKa 3a1a4M M OCHOBHbIE ONpeIeIeHHUs].

[Tycte X, - rmagkoe MHOrooOpasue pasMepHocTd m, 7"X, - TJIaKoe paccioeHHOe

IPOCTPAHCTBO CKOPOCTEH MopsaKa n ¢ 6a3oif paccmoenust X, .
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L:T"X, — R-weBblpokaeHHas QyHKIMA B Touke v € T"X [9].

ITocranoBka 3agauu.
JuddepeHnnanbHO-reOMeTpUIecKre CTPYKTYPhI, HCIIOJIb3yeMble B paboTe: X, — ITajKoe

MHOrooOpasue pasmMepHoCTH m; T" X, — TAaJIKOe paccIOEHHOE MPOCTPAHCTBO CKOPOCTEH
nopsijka n ¢ 6a3oi paccinoenus X,,; L:T"X, — R — HEBBIPOXKJICHHAS (QYHKINS B TOUKE

VieT"X,, [9].

Jlemma 1. Ilyctb x =S'(x,x),...,x,,), 3€Ch S:(x) = (x) - [NIAJIKOE HEBBIPOXKICHHOE
npeoOpazoBaHre KOOPAUHAT B Oa3e IaaJKkoro MHOrooOpasusi X,, paccioeHHs CKopocTei

nopsaaka T”X,,, p>max(s,l), i =1,m, TOraa

m>

(k) j . k=D
Dkx’(x) x(k)’( )= Za (x) X +f(xx w X)) k21,

jlax

L =D
rae f(x,x,..., X ) - HEKOoTopas riaakas GyHKIUs KOOPAHUHAT
L k) ) @l @m0
Xy Xy X 3 X=(Xyoury X ), x =D’ x S—Ok 1.

Joka3aTebCTBO POBEIEM METOIOM MareMarruiecko nuaykuuu. baza unnykuuu k =1.

_ o m i (DJ
lxi(x):x(l)’(x):zébc—_(@ X Zax( )x nposepeHo. IIposepum s k=2

ox’ ox’
(1)] m i/ _j m m 2 l _
() =x(x)=D, (Z 9 (@) ZDﬁ(ax_(f)) o (’.C)D x= Zza_, =
ox’ = ox ox’ e
m PN d 2.
+Zax_(j€) X = Zax (0 +f(x x) f(x x) Zza_)f (_xj) xx . Ilposepeno ona k =2 .
-1 0x = ox’ =1 j=1 0X 0X
- o m ax (x) (k_)] o (k:l)
WuayktuBHbIH niepexo. [1ycTs D,kx’(x) =x"(x) = Zf] x + f(x,x,..., x ).Torna
j=1 0Xx
k)j . k=D 2 iy (R ~\ (kHD )
k+1 t(x) Dlx(k)l( ) D(Za ( ) X +f(.x x "X )) Z(Za_l (_) X + x_(]x) x +
x j=1 I=1 ! 0x
- (k—l)< +1)j <k +1) *
k-1 m st m 1 +1)j LW
+ZZ% z 2 X A (X x), 0+ s +1Sk—1+1=k,

(k=1)

s 2 0Nl W kel m ' (s+D)j
f(x,x,... x) Z(za X G ) +zzaf(x o ) x . Jlemma nokasana.

—l —1 (s)/
1 1=l s=0 j=1
j= j= J x

Teopema 1 [11, c. 193]. ITycte x' = S (x1,X2,00,Xm) S :(x) = (X), - [IAAKOE HEBBIPOKICHHOE
peoOpa3oBaHKe KOOPAMHAT B 6a3e IJIagKoro MHOrooopasusi X, paccioeHus CKOpPOCTeH

nopsaaka 77X , p = max(s,!) i:I,_m,Torz[a CIIpaBeIINBO:
p m> P p
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. 0) i k
x4,y X) _ C;.Df"’(?],ck v(k p)' a=I1ik

(p)j X j=1
d x 0,k < p
Jloka3aTejbCcTBO. YTBEpXKICHHUE TEOPEMBI B OoJiee o01ieM Bue nmpuBeaeHo B [11].
BBuly Ba)XHOCTH YTBEPKIEHUS TEOPEMbI | TpUBeIeM HE3aBUCUMOE OT CChUIKU
JI0Ka3aTeNbCTBO TeOpeMBI 1 u1st 1ByX napameTpos k u p.
IIpu p>k =0 moaemme 1 nmeem:

(k=1)

L = Q o a ( )(k>l .
x9N (x, X, x) = x5 (X) —Z + f (X, %,y x ) k=1 TlosromMy
= ox

(k)
(k-1)

3] . -
(X, X,.. ,X) _ 0 (Za X' (x) 4 (T x ) =0

(p)Jj (p)J a
0 x 0 x x

IIpu k = p noxazarenbcTBO TeopeMsbl 1poBeneM METOIOM MaTEMaTUYECKOW NHIAYKIIMH.

(k)l

baza unayknuu k = p
(k)

(k)z m iy (K o (k=1)
Ucnonbiys aemmy 1, nmeem (x(:fj > %) = 3”. (z Bx_(lx) x4+ f(x,x..., x )=
- =1 X
0 x 0 x
k)l ()
ox'(x) 9 x of (X,X,..., X mox' (x ox' (x Lj=1
(z (1) (k)] A oF ) z ( )§j (]) jz{ ~—cumeon Kponekepa
ax a X a ; k=1 ax ax O’]il

baza nHayknuu nokasasa.
WNunyktuBHbi nepexon. ITycTs yTBepkIeHNE TEOPEMBI CIIPABEIUBO IIPH k = p .

(€9 : K (ki

T .2 R +1 i (s+D)l
Beenem dpyuxunn F (X, %,..., x) = x*'(x,x,..., x), x =D x*")=D,F = zz a{;l
=1 s= Oa
ki T @ ( +1)l (s+1)1 /
ax ™ (x, x,..., X) 0 &R Y n & 9°F UE' 9F] oxtth
(»J T i (ZZ ()l ZZ Wi o X T )=
0 x 0 x l:”:()ax =209 x 9 x dx 0Jx
m k aZFi (s+D)1 a k a Fz (s+1)! aF,
— k k s+l ol k
—ZZ( o ol X))t mza J; = ZZ( o ¥ )t oo
Fs09 x 9 x 0 x M09 %9 x 0 x
)
(k)z - i
[To npenmnomnoxenuto I/IHI[yKI_II/II/I (x(;cj . X) = 85)] C!'Df” (aj_; (x))' 3Hauur,
0 x 0 x x
n& o’F oF; ox' (x @ . 10X (x
ZZ( & (pJ ) + (p=Dj _CP(ZZ (Y)I(Dk P( ( )))D )+C1 l k E 1)( ( ))_
09 x 0 x 0 x =09 x ox' ox’

- kzp) ()l
zz <v)l( D" p(ax (X))( X, X, X )D, x)+CI7'DfT" 1)(ax (x))_

llvOa .x
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CpD (Dk p(a'x ('x)))+cp le (p— 1)(ax (x)) (Cp +Cp I)Dk+1 p(a'x ('x)) C:+1Dk+1 p(a'x ('x))
ox’ ox’ ox’ ox’
B nocnenneit crpoke ObUTO0 HCIOIB30BAHO CBOMCTBO OMHOMHUANIBHBIX KO3()(HUIIUECHTOB
! ! ! !
Cr+Cr = k! N k! _ k! 1+ P )= (k+1)! >

= ( = —
plk=p) (p-Dlk=(p-D)! plk-p)! k-p+1 pllk—p+1!
Teopema 1 noka3ana.

Teopema 2[11]. ITycTh ;ci =5 (X, X5 50000X,) S:(x) > (;c), - HEBBIPOXKJECHHOE MTpeoOpa3oBaHme

KOOpJAWHAT B 0a3e TJAAKOro MHOrooOpasuss X, PpacCliOCHHsS CKOPOCTEH IOpsIKa

m

T'X ,p=>max(s,/) i=1,m,Torna

- @ X () L
a (D)i - CA . DTZ s - ,C A :
e o ) s'(l—s)' n=[lkr=

J x 0,/<s

Onpenenenne 1. Cucrema dpyskimit P, = {p,ﬂ (n)}: {p;n}

(p)
i i . (p+mm(n P) k) nk aL )C,..., X .
pLn) = pl, (v, )=S0y Dl @ )y i =Tm

1=0 0 x

Ha3bIBaeTCsl 00OOIIEHHBIM UMITYyJIbcOM paHran Juist Gyakoun L:T7X, — R B IIOKaIBHBIX

KoopauHaTax (X) 6a3zer X, paccmoenust 77X, rme

. (p)
L(x,x,..., x ) - TOKaJbHast 3anuch QyHKIUK L mpu BeIOOpE JOKAIBHBIX KOOpauHaT (x) B 6ase

p
X, paccmoenus T7X, .

OyHKIMA p, , HA3BIBAIOTCS Kk — o0t KOMIIOHEHTON 0GOOIIEHHOr0 UMITyIbca P, paHra n

10 { —OM KOOPJWHATE WK UMITYJIbCAMU NMOpAKa k ( k -UMITyJIbCaMH), MO [ — Ol KOOpJIUHATE
00001IEHHOrO UMITyIbca P, paHra n.

Teopema 3[10](3axoH nmpeoOpa3oBaHus UMITYJIBCOB IIPU 3aMEHE CUCTEMBI KOOpAMHAT B 0aze X,

pacciioeHus TX ). [Ipu 3amene (E)—)(x(;c)): B 0Oaze MHoroo0pasus X, pacclloeHus

m
(2n=k)

T X ,, AMITYJIbCBI p,i (n)(;c,;c,..., x ) mpeoOpasyrorcs kak TeH30pbl Tumna (0,1) (KOBEKTOpPHI):
— _ - (@b . @n-k) 9y ;C) , ) Cn=k) Yy ;)
P (n)(x, x,..., x )= Zpk ()X, Xseey X ) —(=pk’(n)(x,x,..., x ) _(i
J=1 X 0x
(2n—k) —k aL o
; ; : n < Xyeuey X
(M) =p (X x..., x )= Z( D' D, (%) - UMITYJIbC TIOpSiAKa k

X

k=0,n i,j=1,m.
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(p)
Onpenenenne 2. [Iycts L:T?X,, >R, L(x,..., x ) — JIOKaJbHas 3aMuCh QYHKIUHU L B

JIOKaJIbHBIX KOOpJMHATax (X) B 0a3ze X,, paccioeHus T°X,,

DyHKIUA
. nom . (k)l (p) nm . .
H=H,=H,(L,x)=H(L,x,n)=-L(x,x,..., x)+22pkn x = L(x X,... x)+22p;(’nDthl =
k=li=1 k=1i=1
. n m n—k aL( (p)) (k)i
=—L(x,x,.., x)+ZZZ( ' D x(’;—m)D" X x =Dk,
k=1i=11=0

rne Df - omepartop k- kpaTHOro monHOro AuQQGepeHIMpOBaHKs O BDEMEHH ¢, Ha3bIBACTCS
raMUJIbTOHHAHOM ((yHKIMEH ['aMiIbTOHA) paHra n 3Toro npeodpa3zoBaHus A GYHKIUU
Jlarpanxka L:TPX,, —» R, a TakKe YHEPTUEH CUCTEMBI, COCTOSIHUE KOTOPOU ONUCHIBAETCS

dbyuknueit L:TPX,, - R B JOKaIbHOM cucTeMe KoopAuHar (X) B 6a3e X,, paccimoenus 77X,
B nanpHeimem OyneT qoka3aHo, YTO IPU p <n YHEPTUS CUCTEMBI SBJISETCS TEH30POM
HYJIEBOT'O paHra, TO €CTh HE 3aBUCHUT OT BbIOOpa JIOKAJIbHOM CHCTEMBI KOOpAMHAT (X) B 6aze X,

paccnoenust T”X,,, anpu p>n, BOOOIIE TOBOPSA, 3aBUCUT OT JIOKAJIbHBIX KOOPJAUHAT U, TAKUM
00pa3oMm, He COXpaHSIETCS MIPH 3aMEeHE JIOKAIBHON CHCTEMbI KOOpIMHAT B 06a3e X,, paccioeHus

TPX,, .
3ameuanue 1. MakcuManbHEI MOPSAIOK POU3BOIHOM MO # IOPSAAKA [ B pl (1) paBeH
I+l+k=2-1+k.

aL(x x) (I+k)i
20 ) _ g yr, 3HaunT, K0d(hOULHEHT IPH NPOU3BOAHOR  x  paseH 0,

Ecm I+k>p, TO
CJIEIOBATEIILHO, TIPH OMPEICIICHUA MaKCUMAJILHOTO TOPSIKa MPOU3BOTHOM 10 ¢ MOYKHO CUUTATh
[+k < p (B4YacTHOCTH, k < p ). Kpome Toro,

[<n—k & l+k<n=l+k<min(n, p) = [ <min(n, p)—k = 2-1+k <2-(min(n, p)—k)+k =

=2-min(n, p)—2-k+k =2-min(n, p)—k, p]i(’n 3aBHCHUT OT IIPOMU3BOJHBIX ITOPsIKA

max(2min(p,n)—k, p) =b(n, p,k), b(n,n =n,k) = b(n, p=n,k) =max(2min(n,n)—k, p) .

. (k)i . (i
JI1s KasK10ro caaraeéMoro BUaa py, X = pi, X —IPOM3BEIECHUS UMITYIbCa MOPSAKa k Ha

MIPOM3BOIHYIO TOTO K€ MOPSIIKA MO i-i KOOPAUHATE — CIIPABEIINBO
max(max(2 min(p,n)—k, p),k) = max(2min(p,n)—k, p,k) . 9HepFI/I$I CUCTEMBI
. (p) (k)i n m (k)
H,(L,x)=H(L,x,n)=-L(x,x..., x )+ Z Zp,’m x =—-L(x,..., x )+ Z Zpk n X
k=1i=1 k=1i=1
OyzeT 3aBUCETh OT MAaKCUMAJILHOTO MOPSAKA MTPOU3BOIHOM
max (2min(p,n)—k, p,k) =a(n, p) = max (b(n p,k),k).

1<k<n

Ha ocHoBaHMU 3TOT0 MOXKHO 3aIIMCaTh

. (a(n,p) (p) n m . . (bn,p.k) (k)i )
H(x,x.., x )=H,(L,x)=H(L,x, n)——L(x X,y X )+ ZZp;(’n(x,x..., x ) x =—-L(x,x,..., x )+
k=1i=1
n m . (b(n,p,k) i . n m n—k / aL(x X, (p)) i
+2 Y Praxxe,  x )Dfx' = -L(x,x,..., x )+ D> (DD T)Dt x'.
k=li=1 k=1i=11=0
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Teopema [9](muddepennmanbras cBsi3b  umMnyiabcoB k-oro u  (k-1)-oro  mopsiakoB).

(n) . . (2n—k)
[Mycts L:T"X, — R~ neBblpoxaenHas ¢yukuus Jlarpamxka, L(x,..., x),p,,(x,X,..., x ),
‘ (2n—k+1)
1
Dy, (X, X,..., X -JIOKalbHas 3amuch (YHKUMU LU UMIYIbCOB k —o020 u (k—1) nopsakos

TpH BEIOOPE JIOKATBHBIX KoOopauHaT (x) B 6aze X, paccnoenus 7' X, . Torna

m

. (n)

. . (2n—k) aL(x, Xyeors _x) . . (2n—k+1)
D,p;.,(x,x,.., x )=T—p;_lyn(x,x,..., x ).
X

(n)

) . (2n—k) n—k L .
Ine pi,(X,%,..., x )= 2( 1)' D! (%) - umIyJbce k-oro mopsiaka
X

. (n)
) . (2n—k+1) n—(k—1) L
Pron (X Xy X )= z -1’ D, (a (x(ik =y )) -uMmmyisc (k-1) —oro mopsigka

1=0

Teopema 4. ITycts x' =S'(x,%,,..,x,) S:(x) = (X), -HEBBIPOXKICHHOE MPEOOPA3OBAHIE

KOOpJAWHAT B 0a3e mmaakoro MHOrooOpasus X, pacClOCHHS CKOPOCTEH MopsaKa

T"X,,p=max(s,/) i=1,m,Torna cnpaBemInBO TOXKIECTBO

i m_ k iy (9 ' !
DY (= x (=3 e @ Y e ks (1)

j=1 s=1 ox st(l—s)! - k=1

Joxa3aTenbcTBO. [[0Ka3aTenbCTBO MPOBEAEM MHIYKIMEN IO TOPSAKY TPOU3BOAHOM K.
baza unaykuuu k=1,umeem:

1 2 m - -1 —2 —m
x=(x,x" ., x")Kyx=(x,x ,.., X )
) m 1 m a
D!'x' = Z ax_(x) Z:Cl1 D" 1(&) no omnpenesenuio cuutaeM Cy =1 (2)
J=1 axl J=1 axj

m

k=2: D}x' =D, x D(Za)C (031 S D! (ax (x) ’ Z x(x)

ax j=1 j=1
m ;o W m @)
Z ax (x) Z ox (x) chl 21 ox' (x) +ZC21 D 2 ox' (x)) Y 3)
j=1 J=1 J=1 ox’ X
k=3:
D Dlx D (ZD (ax (x)) +zax (x)= ) ZD (ax (x) ZD (ax (x))
j=l x’ = ox’ j=l ox’ j=l ox’
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+ZD (ax (x)) zax (x) —ZD (ax (x) ZZD (ax (x) j iax (x)

j=1 ox’ = oox’ ox’ x’ j=1

m (1)1 m (2)] m 3)j
ZC§11D31 ax(x) +ZC32 32 ax(x) +ZC33 33 ox' (x))xz
dx ox’

Jj=1 x Jj=1 X
m @)Jj (2 3)Jj

-2 ! l(a’; ) Y eeriny 2(—8’;_(,’“)) +CID} 3<a’;_(f)) ) @
j=1 X X X

k=4

m

D'x' =D'x =D ‘(3 D2 (a’C (x) )x +2ZD (ax (x) ! z x(x)_’

J=1 )C j=1 Jj=1
:z ax (x) (ax (x)) 2D (ax (x)) +D) (ax (x)) )+D (ax (x)) j+ ax‘_(x)}j):
=) ox’ ox’ ox’ 0x ox’

ZZ(DE(M)}j+3D}(w)x +3D) (ax (X)) i ox (x) - ,)
j=1 axj axj ax/ a_xj

J (2)j 3)J 4]
ZZ( Cj 11D4 1 3x ()C)) Cj 12D4 z(ax (jc)) Cj 131)4 3(8)6 ()C)) Cj 14D4_4(a_x (_x)) )_
X X x x

r; @DJ 2)j 3)Jj D
=2.(CD, (a; (x) X+C2D, (a’; (x)) +C'D (a’; (x)) +c°D°(a; (x)) )/ (5)
j=1

.X x .X

Dopmynsl (2)-(5) ABIAIOTCS YaCTHBIMH ciiydasiMu ¢hopmydsl (1) mpu k=1,2,3,4
COOTBETCTBEHHO.
NuayKkTUBHBIN nepexo/:[ 1O TIPE/TOOKEHUIO MHJIYKIHH CYUTAEM CTIPABETHBOCTE bopMyIbI

o k)i _ (s)J
DX (¥ = x () = ZZC; Dk Y(ax (x)

) X
j=1 s=1 x

ey (k+D)i _ m_ k+l Y ox' (x (8)J m k+l o~ Y o' (x (8)J
Jlokaxem, uto D' x'(x)= x (x) = ZZCMI Dk a( ) ZZC I pt- a( )) .

j=1 s=1 X Jj=1 s=1 X

(YJ m k (s)Jj
DX (x) =D, x(x) D(ZZC; T DF( a’a‘ (x) )=> > oD, (DF( a; (x))) +

j=1 s=1 _x j=1 s=1 _x

m i m i m (s41)j
+Zicﬁ ;Dkb aJaC (x) / ZZC; }Dk+15 ax( ) g zicz lleJ ax( )) xj (6)

j=l s=1 _x j=l s=1 _x j=1 s=1 a_x
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B npaBoit yactu ¢popmyisl (6) caenaem 3aMeHy:

s=g-l,g=s+1,s-1=g-2 k—s=k+1-g
m k (V)j m k (H'l)j m k (Y)j
ZZC; lle+1 s ox' (x) +ZZC; ;Dk s ox' ( ) zz ; ka+l s ox' (x))
j=1 s=1 _x j=1 s=1 ax j=l s=1 ax
m  k+1 (8)]
+zzc Dk+l g(ax (x)) X (7)
J=1 g=2 ox’

B dopmyine (7) MeHsieM UHIEKC CYMMUPOBAHUS g HA S:

Ms

k (9)J m k+l (8)J m (8)J
ZC; lle+1 s ax ( ) +zzc Dk+1 g(ax (x) ZZC; ;Dk+1 s ax ( ))

j=1 s= ax Jj=1¢g=2 ax - ax
m kil ) i m k ) (i m k ox’ N ()
+z C;:IZDTkH s JaC (x) zz ]: }Dk+1 s ; (x) ZZC; 12Dk+1 s x—(f)) Y+
Jj=1 s= _x j=1 s=2 j=1 s=2 X

W k+D)j g iy ()
C}l 11D (ax (x)) C]I:+11 sz+1 (k+l)(ax ( ) _Z(Cb—l Clj:lz)DrkH_s(ax—(jC)) Y+
ax ox’ 0x
( ), 2 ox' (x), "
+C,.,Df G ) +C:fD Sl (8)
x’ ox’
Taxk xak
1\ —1\ —_1) 1
Crlr e = (k—1)! . (k—1)! _ k=D (k=D!
s—-Dlk=-1-(s=1)! (=DWk-1-(s-2))! (-Dlk-s5) (—-Dlk+1-23)!
_ (k‘—l)! '+ (k-1)! _ (k'—l)! ‘ 14+ s—1 _
(s=D!(k—s) (s— )(k Ik +1—s) (s=D!(k—-s)"  k+1-s
(s—=D
k=D kHl=s+s—1 (k=1 ko k!
(s=Dl(k—-19)! k+1—s s-DWk-s)k+1-5 (G-DIk+1-1)!
To Cl4 ¢ = = K 9)
TR T =Dk +1—9)!
k ax (x) (8)Jj ax( ) @J
Vuutssas (9) B npasoii yactu (8) Z(C,jj+c,§:f)1)f“ (—==) x +C DI (——) x +
s= a.x ax
i (k+1)j k (s)j iy (i i o\ kD
+c,f_—§D,°(ax_(x) =3 ¢ pi J(ax( ) x+D! (ax_(f)) x+D;’(ax_(f)) X =
x 5=2 ox’ ox dx
m  k+1 (Y)j
=> > Cra.D( ox’ (x)) . Teopema 4 nokazana.
j=1 s=1 ox’
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3ameuanue 2. Popmyna (1) 3amenoit s, =s—1, s=s, +1, k—s:k—l—s1 k-=1=2s, 20

P (k)i _— S s ax x (Y)j 1
Dfx'(x)= x (x)= ZZCk D (,)) x ,C = N=TTk.1
j=1 s=1 x s'(l—s)' k=1
MOYET OBITh npe/:[CTaBneHa B BUJIE
l . . ax )C) ()J  m k=l ) e axi ; (s+1)j
Dfx'(x) = x(x) Zch D ( ) x =Y > C D" #) x .
j=1 s=1 ox’ J=1 5=0 ox

MareMaTuyeckasi NOCTaHOBKA 3a1au. PaccMoTpuM cliieyrontyro 3aaaqy:
(n) . @k
IMycts L:T"X, - R. L(x,..., x), pik (x,x,..., X )-JIOKaJmbHas 3aMTUCh QYHKIMH L u

UMITYJIbCOB k —020 TOPSIKOB IPHU BEIOOPE JOKAIBHBIX KOOPAUHAT (X) B 6a3e X, paccioeHus
n
T"°X,,.

HccnenoBaTh 3aK0H peoOpa3oBaHus SHEPTUU

) (n) n m ) . (2n-k) (k)i (n) n n . ki

H=H, :Hn(L,x):H(L,x,n)=—L(x,x...,x)+22p,’(’n(x,x,..., X )x =—L(x,...,x)+22p,’(’nDr x'
k=1 i=1 k=1 i=1
(k)i ) _
x =Dfx' paHra n TpH 3aMeHE JOKAJIbHOW CHCTEMbl KOOpAMHAT X =x(x) B Oase X
paccioenus ckopocreit 7"X .
. (n)
-1 =2 —m - - - - - - -

x=0" X%, xm), x= (x,x 00X ) L(x,x..., x) = L(x(x), D, x(x),..., D" x(x)), rne

. (n)
oL(x, x,..., x)

P ) - umnyIbc k-oro nopsiaka.

n—k
Pin =2,(=1'Dj(
=0

(n)

. (p)Jj
OL(x(x), x(x),... x(x)) dL(x,x..., x) dx(x)
ax(l+k)z Zz p)J x(l+k)i :

=0 =t J x

[To Teopeme o croxHOM PyHKITUH

Oyukiun ['aMuIIbTOHAa B HOBBIX M CTaphIX KOOPAMHATAX NMpeoldpa3yercs Kak:
(n) . i N0 Y

Ho(Lyx) = H(Lx,n) =~ L(%, ... x>+zzpknx:_L<xx D+YY p, x=

. (n) o
. (n) - i
o n_m n—k a
=L x 0+ Y Y (1) D (T L(x, f,ik), )) % (10)
k=1 i=l [=0 ax
Uil (k)i m (k)i
H, (LX) = H(L,x,n) = ~L(x(x),x(x)... x(x))+22pkn X =—L(x(x),x(X)... x(x))+22pkn x=
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i AL, KX)o £ () O

n

= —L(x(x), D,x(x),..., D/'x(x)) + > "> (=1)' D\( WY ) x
k=1 i=1 1=0
. " i
- - - LRSS 8L(xx ,x) 0 x Wi
=—L(x,x..., X)+ > > > (-1)' D] (zz w3 o) X (11)
k=1 i=l [=0 p=0 j=1 9 x X
[1o Teopeme 1 BbIOTHEHO paBeHCTBo
a(p_)j( , (n)) I+k (1+k) ax (C Ny p -
x (x,x..., x C+ D" ,C = i el= lk,p>1+k
WO PR o sy s § G (12)
O,p<l+k
(k)i _ (v)g | 1
Ilo Teopeme 4 x (x) = ZZc; Dt (& (x)) x ,C —;,l!:HkJZS (13)
g=1 s=1 ax S‘(Z—S)‘ k=1

VYuursiBas (12) u (13) B (11) nomyunm

(n)
(n) (p)J (n)

n

o m n—k aL a (k)i
—L(x,x..., )+ z =D’ D (zz (x ();] x) 3 (lfk)l) X ——L(x Xowy X))+
k=l i=l [=0 p=0 j=1 9 x X
(n) j
n m n—k L . . a . . a ()8
+ Z -1’ D ( #Cl k D" (b (X 2 X (x))( ))(zzck ;Dk X (x)) )(14)
k=l i=l [=0 p=l+k j=1 a X g=l s=1 ax

[Tpumenss k (14) popmymy Jleibnuia

4 al
D/ (fg)=Y.CiD! (D" (g) . Cl =——— b=]]c.azb
b=0 b!(a—D)! =1

(n)
—L(x,X..., x)+
(n)

i aL 1+k 1+k a s—1 ks x (X_)g
D= 1)D(ZZ (x(’;] cht . prro (CZ 22 (x))( ) (Zch D a_( )} ¥ )=

k=1 i=1 [=0 p=l+k j=1 a g=1 s=1
X

(n)

n mnk n m m k I e
Z Z ZZZZ( 1) CHkC]:_llCaDa(aL(x (-jf)] ))D.17—(l+k)+l—a ((ax (X))( ))Dk v(ax (X) _
k=l i=l =0 p=l+k j=I g=l s=l a=l . x
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(n)

m m k 1 (Y)g
35S Yy e pp CHE T, e “((ax (x)x DI Y<a; W (1)

(p)Jj
=1
0 x X

n n—-k n

>

k=1 i=1 1=0 p=l+k j=1 g=1 s=

Ycemanosumo ceazve mesncdy coomnowenuamu (10) u (14) unu sxkeusanenmuvim (14)
svipadicenuro (15) aenaemca uenvro OanHHou padomot.

Teopema S (o quddepeHIMaTLHON CBSI3U SHEPTHM PaHTra n ¢ UMIynbcaMu 0-0ro mopsiika panra
(n) . (2n—k)
n).Ilycts L:T"X, = R L(x,..., x), pl./fn (x,x,..., X )-JOKalbHas 3anmuch QYHKIUU L1

UMITYJIbCOB k —020 TOPSAIKOB IPHU BHIOOPE JOKAIBHBIX KOOPAUHAT (X) B 6a3ze X, paccioeHHs

T"X, . k=ln i=1m,

n m

. (n) noom (k)i
H=H,=H,(Lx)=H(L,x,n)=-L(x,x... x)+ Y>> p,, X =—L(x,.. x)+22pknDkx’

k=1 i=1 k=1 i=1

- DHEPIusl CUCTEMBI, COCTOSIHUE KOTOPOH onmceiBaeTcs pyHkuued L:T"X  — RB gokambHON

cucreMe KoopauHat (x) B 6aze X, paccioenus T"X, . Torma

m

. (n) n m ; (k)i n+l m aL(.x )( )i m
D,(H,(L,x,n)+ L(x,x..., X)) = D,(Q. Y py, ¥) =D, ) ——— —pr (16)
k=1 =l k=li=l 5y
N aL . (n) ) W
Tne: py, = 2 (-1)' D, ((ax,+.k.).;x)) - ummysibe 0-oro mopsaaka x= x = D, x'.
=0 X
Jloka3zaTebCTBO.
. (k)i
D,(H,(L,x,n)+ L(x,x... x)) D (ZZpkn x) ZZD (pkn) x+22pknD X =
k=1 i=1 k=1 i=1 k=1 i=1

n o m nom n o m (k+1)i
_ZZD(pkn)x+zzpknD X_ZZD(pkn)x-i_zzpkn X (17)

k=1 i=1 k=1 i=1 k=1 i=1 k=1 i=1
Bo Bropoii vactu (15) cnenaem 3ameny [ =k+1, k=[-1, n+12122

n_.m (k+1)i n (k)i ntl m (i
ZZD (pkn)x+zzpkn X _ZZD (pkn)x+zzplln
k=1 i=1 k=1 i=1 k=1 i=1 =2 i=1
n_m (kyi  ntl m (k)i ntl m (k)i
ZD (pkn)x+zzpk—ln ZD (pln)x+ZZD(pkn)x+ZZpkln

k=1 i=1 k=2 i=1 k=2 i=1 k=2 i=1

m i m ; (n+1)i n (k)i n (k)i
:ZD(pln)x+z n,n X +ZZD(pkn)x+Zzpkln

i=1 i=1 k=2 i=1 k=2 i=1

m S Wi i e m i i (k)i

ZD (pln)x+zpn,n X + Z(Dt(pk,n)+pk—l,n)x (18)

i=l i=1 k=2 i=1

OL(x, ("))
; X, Xyeuiy X ;
ITo Teopeme 3 Dt(pk,n):(k——l)i_pk—l,n ,
X
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. (n)
oL(x, x,..., x)

nosromy D,(p, )+ p,., = = (19)
X
aL( . (n)) aL( . (n))
i i Xy Xyeeey X i Xy Xyeory X i
lpu k=1: D(p,)+P,=— o Di(pi) ===~ Pu (20)
3 % ox
aL( . (n)) aL( . (n))
. |l Xy Xyeooy X))\ Xy Xgeoey X
Pun = Z(_l) Dt ( ax(1+n)i ) - ax(n)i (21)

=0

[Ipeobpazyem (18), yumrteiBas (19),(20),(21)

. (n)
(i iaL(x X,. x)(n+l)l

ZD(pl,,)x+me © 3D+ Pl ¢ —ZD(pl,, TR
k=2 i=1 i=1
(n)
n.om aL m (i n+l m aL (k)i m aL ) ()i
+zz (x()lfl)l _ZD (pl”’ zz (x()lfl)t X) _z (xx )_p(l)n)'x+
k=2 i=l X k=2 =l 0 x

. (n)
n+l m aL (k)i m aL ()i m ()i n+l m aL Xy (k)i
I s

(k 1): (k=1)i -

k=2 i=1 X k=2 i=l 0 x
(’1)
n+l m aL(X x o (i n+l m aL(x x x)(k)t m
_ZZ (k= 1)1 _Zp()n ZZ (—Dyi _Zp()n
k=1 i=l J x %=1 i=1 J x i=1

Teopema S noka3ana.

3ameuanue 3. [lepBas cymma B npaBoii yactu (16) 3amenoit k, =k—-1k=k, +1, n=2k, 20
MO>KET OBbITh HpeI[CTaBJ'IeHa B BUJIC

& IL(x,... x)(")’ " oL(x, x)("“)’
ZZ (k i ZZT X

k=1 i=1 X k=0 i=1 a x
Torga umeer MecTo clieayromuasl mpocras TeopemMa 6.

Teopema 6. O603HaYMM BEKTOPHI CTAPHIX M HOBBIX KOOPAMHAT B 0a3e paccIOEHHOTO

poCTpaHcTBa ckopocTel x = (x',x%,...,x™),x=(x ,Xx ,.,x ).Iycts x' =S'(x,,%,,..., X, )
S :(x) = (x), -HEBBIPOKIECHHOE MPEOOpa30BaHUE KOOPMHAT B 0a3e TJIaJKoro MHOr000pa3us

X, paccioenus ckopocreit mopsiaka 77X, ik = L_m, Si(x) > ()_c) -o0paTtHoe

m

O0TOOpakKeHHE, TOTIa

2 (1) X (1) v X (W) o Lizk
]Zl o =9 ]Zl PR =4 5= O’iik—CuMGOJZKPOHek‘epa (22)
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. . —1 —2 —m
JokazareabeTBo. x' = x'(x (x),x (X),....,x (x)).Ilo Teopeme o cnoxxHOM PyHKIIIH

ox' , ox' (xX) dx’ (x

— =0, = Z ( ) 9x ) AHAJIOTMYHO JIOKA3bIBAETCS PABEHCTBO
ox oy o'

ox

A ax (x) I’ (x
—5 = Z#%
ox = ox ox
Teopema 6 nokasana.

JlokaxxeM, 4TO Kaxkaast U3 cyMM B hopmyiie (16) siBisieTcsi reOMeTpUYECKHM HHBAPUAHTOM,
TO €CTb HE 3aBUCHUT OT BbIOOpa JIOKAJIbHOW CHUCTEMBI KOOpAMHAT (X) B 0aze X, paccioeHus

ckopocreit T"X, . Vimeer MecTo ciemyromnias
w o . @nk)
Teopema 7 (06 wunBapuantaxG,,G,). Ilyectb L:T"X, — R L(x,..., X)s Pio(X, X0y X ) -

JoKajbHasg 3amuch (GyHKuM Lu uMmnyascoB 0—oco Topsaka MpH BBIOOpE JOKATBHBIX

KoopauHaT (X) B 6a3e X, paccinoenus 7"X . i=1,m. Torna byHKIIH
(n) (n+1) lm9 N @ (2n) (2n)
- (e & & IL(x,..., x) RN - i L - m) -
G(X X X X )= DY ——Z0 X MG (X, Xy X) = D P, (X Xy X)X (23)
k=L i=l 3 i=
. (n) . .
, OL(x, x,..., x) SEOL

n—=0
Po. = ,(=D'D, (W) - ummysibe 0-oro mopsaka x= x = D, x’
- X

U 3aMEHE JIOKAJIbHBIX KOOpAUHAT (X) B 6a3e X, paccioenus 7" X, mpeoOpaszyercst Kak

TeH30pbl 0-TO paHra, TO €CTh HE 3aBUCAT OT BHIOOPA JTOKAIBHBIX KOOPIUHAT (SBISIOTCS
reOMEeTPUYECKUMU HHBAPHAHTAMH).

N ()i
JlokazaTeabcTBo. 1o Teopeme o CnoxHON QyHKImE x = x = D, x'(x x) =

ox’ (x) —*
S
k=l dx

[To Teopeme 2 mmmynbschl 0-0T0 TIOpsA/IKa paHra n mpeoOpasyroTcs Kak TeH3opbl tuma (0,1)
(KOBEKTOPBI):

. . (2n—k) m - (2n=k) a;/(x)
Po(M)(X, X,y x )= Zpo (n)(x Xyeory X )-—a — . [ToxcraBuM 3TO paBEHCTBO B
X
. (2n) m
G,(x,x,..., x )= Zp()n
. (2n) . 2n—k) .i . (2n=k) a
G,(X, X, X )= ZpOn(x Xyewry X )x—Z(ZpO(n)(x Xpy X ) J;(IX))
=l j=1
m . (2n—k) a a m  om — . (2n—k) _- a a
_Zzpo (n)(x X, X (X)Z X (x) Z(ZPO (n)(x X, )Z X (x) X (x)
=l j=1 k=1 j=1 k=1 i=1 x
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o _ . b, b L
=3O P T x )% = Zpo(n)(x Xow X )X =Gy(X.X,.., X) (24)
=1 k=l =
P Li=k X
rac o = —CUMB0] OHeKepa
b0k P P

Jis n=1 HpeOGpasyeM CYMMY:

oL x, ... )(")’ @9 1 9L (x, x) aL(x x) L] ai(;c,;c) o aL(x x) ax o' —l
Sy ) T 3 D) Sy (EE D O ) e
ox’ i=l 0 ox a—k ox' =Yy

k=1 i=1 a X i=1 ax i=l k=1 X ¥

Dt(

i=1 k=1 —k i=1 ox' —k ox I=1
ox ax dx ax

U] aL(x x)ax - (20 Jn aL(x x) ax al:(;c,);c) ox' =i
PSFILENLE 2SS QL EPYESS

27) m_m_m

+iiiab(x X)ai(p (_) -+ lDt(_. ))_Zzz(ab(x x)ai_xz aux P ax N _l)+

i k i _ i
[ a}k ox ax dx o ox o ax axk ax ax
+ffZaL(x - YD, (81)%”3 (a_x)ai) fii<aL(x ) 55 L ALY PO
k=1 i=l I=1 ax dx ox' ax k=1 i=l [=1 ox ax
+2228L(x x) I(D (ax ax)) iaL(x x) I iaL(xx) k izaL(x x) ID(5k)—
k=1 i=l I=1 - Ox =l — k=1 I=1 —k
ox ox ox
_ m aL(xk’x);k-piMxk—G(xxx) (28)
k=l  Ox k=1 —k
0x
" . | Li=k
D,(5,)=0,6; =< —cumeon Kpomnexepa
0,i £k

Teopema 7 nokazana ;s n=1. OTmMeTHM, 4TO

B popmynax (27),(28) Obla npuMeHeHa Teopema 6

_k
" 9x A’ 3 aanx_ak:{l,i:k

= — cumeon Kponexepa
0.i%k ponerep

llaXa_ llala.x

B dopmynax(25),(26) Obuia Takxke HCIONB30BaHa TeopeMa 1:
. Mk

ax* 9 x L
= =G D

ox Ox x dx dx

ox* (x) 1D ox* (x) ox* (x)
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Ok

Mﬂb—ax—CWDH’&(m LD%&Wb axu)
—i (o 1 1 - t i

ox . dx dx 9x

axk oD’ x* (x) _ ax (x) 5 ox* (x)

—(1)i

aD ox 9x

: =0
dx
PaccmoTpum oOmuii cmyyai.

(n) (n+1) ntl m aL(X, . X)( )i n aL(x, . x)(k+1)z

G, (x,}c,..., X x)= ZZ (k D7 zz o

k=1 i=1 X k=0 i=1 a x
) aX (X) ()J  m k=1 aX ( ) (s+D)j
Ilo Teopeme 4 D' x'(x)= x(x) }:}:cgipkv x=Y>C klv___rg x
Jj=1 s=1 j=1 s=0 X
L= (kebi m_k+1-1 s ox! (a+1)1 m_k ox' ;) (s+D)j
D*'x'(x)= x (0)=). > ClL,,D"( () =>>CiD ( ()x
j=1 s=0 _X Jj=1 s=0 a.x

OL(X,..., x) D1 & OL(Xyeey X) N sy Ox (1)
Hosrowy >3 HW) B DRI SRR @9)
k=0 i=1 x k=0 i=l a X j=1 5=0
(n) (p)d
BL(x,(k)l, ZZ J L(x(, i *) 9 (f)l ITo Teopeme 1 BBITOTHEHO PABEHCTBO (30)
J x =0 d=1 J x J x
(p)d . (n) a;d (.X) ' k
a X (X, X500y X Ck.DtP—k —.),Ck :L,k!: . Zk
( Wi L= ( ox’ "k p =) gg P (31
Jx 0.p<k
HOI[CTaBI/IM (31) B (30):
)
—d
JL(x,.. ,X) : aL(x, 5 X) b ek OX (X)
i 2:2: i Co D) (32)

d x p=k d=1 9 x

a MOJTy4YeHHBIN pe3ynbTaT (32) moactaBum B (29)

(n)

(n)
n m (k+1)i n m m k (s+1)j
M - S A D S S i )

(k)l

k=0 i=l d x k=0 i=l j=1 s=0 X
(n)
(33 n_ m aL - dx y o' (x) Vi
_ z( (x(p)d x)ck Dp k( );(X)))(ZZC Dk (]x)) X )=
k=0 i=l p=k d=I 9 x j=1 s=0 0x
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(stD)j @Jj axi(_) (stD)j
Takkak x =D’(x)=D’ (x) C;D/"(—=") x =C;D/™(
X x

DJj
o ("))D (x) u

b
D! (fg)= ch D' (f)D' " (g) ,C! = Hc a>b (popmyna Jleit6Huma), To
=1

b!(a _b)v

Ny (D k mJj MmJj
ZC Dk s a() ZC Dk s a; (x))D (x)= Dk(ax (X)D( ) = Dk(ax (x) x)=

;C X x x
i
=D"(Mx) (34)
" oox

Hanee nmoacraemnsiem (34) B (33):

_ (n)

n_m n_.m aL s a Y a (s+D)j
z ( z#ck DI ( X (x)))(zzc D X' (x )) )=
k=0 i=l p=k d=1 9 x j=1 s=0 ax
(n)
n_.m n_m aL ey a a ©F
= Z(z _('x(p)d 'x)c Dp k( X (X)))(ZD ( X (X) ) (35)
k=0 i=1 p=k d=1 a X j=1
Tak kax » a, = Zn:Zakp , TO CyMMY B (35) 3amuiueM B 5KBMBAJCHTHOM BHJE:
k=0 p=k p=0 k=0
()
n_m n_.m aL s a a @J
S (330l s s O3 “”))(ZD &Y,
k=0 i=l p=k d=1 9 x j=1 x

(p)d p t a i
p=0isl k=0d=l 4 =1 x’

m P om Y,
_ Z(ZZBL(X, ,x): Dpk(ax (x)))(ZD (ax (x) ) =

m_ m_p (©F;
R I C

p=0 i=l d=1k=0 d ; Jj=1
- — o
1 I L(Xyey X) T 4,0 A’ (x) ¥
33 G A S S e e (P 36)
p=0 i=l d=I py ; j=1 k=0 ox dx

) —d i\ (D
TTo hopmyse Jleii6uuua: iclpc _Dt[’—k(ax (,X))D (ax ()C) X)= D,,(ax Ex) ax_(x) X) .
k=0 ox ox’ ox ox’
ITosTomy
aL s @ m p a p) @Jj
pIPADIACEES 30 Jrreret ’; (0 Y
p=0i=l d=1 9 x j=1 k=0 ax
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(@)

_ o) _
a - a a (1)] n a e a a (l)l
_zz(z L(x x)z p( X (x) x(x) )= zz(z L(x(p)d x)z p( X (x) X (x) X)(37)

p=0i=l d=l a X p=0d=1 j=1 a _x

Hpeo6pa3yeM MOCJIEHIO0 CYMMY B q)opMyne (37):

o W
ZDP ax (x) ox’ (x) )_DP(ZBX (x) ox’ (x) ) (38)
i= i= .x
l,d =
ITo Teopeme 6 lzl“ a); (lx) 8; ;(jc) 5! &= {O Qs —cumeon Kponexepa

m .2 PN D om e i mj
Zax (x) ox'(x) Pl ox (x)ox (x) o 5;, -

= ox' a;j = ox' a;j

x)=D/(x

Y OF
Dp(z ax (x) ox’ (x) 5;,) (39)
i=1

)C

[ToncraBnsiem nonydenHoe BoipaxkeHue (39) B cymmy (37):
(n) (n)

aL” a d @Jj nmmaL,, (l)jd
S S S P W) S I 0 (g

=0 d=1 j=1 1 =0 d=1 j=1
p= J= J x i= X P J J x

(n) (n) (n)

mom T (v Wmj Y, n .
- zz—a“’i’p‘_;; *) 5")—228L(f’p)d’ ) prix)= ZZaL(x(’p)d’x)D,”“(x]):

p=0 j=1 d=1 ax p=0 j=1 ax p=0 j=1 ax
- (n)
- o (pED . (2n)
< iaL(x,...,x) - —é( )
= —(p_)d X, X, W X

OTOT pe3yNbTaT MOXKET ObITh MOJIYYEH U JPYTUM CIIOCOOOM:

ks _ p! k! _ p! _ p! (p—9)! _ ckork
PR R p=k)slk—9)! KNp-K)slk—=s)! s p-s) k- (p-s—(k—s)! "
' P
ct=—P" p=TTe,p>k.
T HC P
(n)
nom aL s a p) (s+tD)j
z(zz (x( = x) k Dp k( X (x)))(zzc Dk “( x( )) )=
k=0 i=l p=k d=1 9 x =1 5=0 ax
(n)
nom n o m i (stD)j (40)
_ ( zaL(x(’p)d’X)C Dp k ax (x)))(zzck ka “( ox (f)) X )=
k=0 i=1 p=k d=1 3 ; =1 5=0 ox
@ (stD)j —d
m m m n n (st p
:ZZZ Cs aL(X;p)d,x)(z ch 5Dk 5 ox' (x))Dp k(ax EX))) (41)
i=1 d=1 j=1 p=0 9 x ax ox
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[Tpu 3ameHe npenenoB cyMMHpOBaHUsA B (41) ObUIO HCIIONB30BAHO, YTO N = p 2k > 5.
B nocnenneit cymme B (41) caenaem 3ameny
u=k—s, 0fu<k-s,p—k=p-s—(k—s)=p—s—u, npumeaum gopmyny Jleitbuuia

u S—u u (p S)'
D (fg)=2,C, . D/ (f/)D'""(g) ,C, ,=—————,ul=] Jc,p—s2u
2 Z ul(p—s—w)!’ H
ox' (x) ax (x) d g Ld=
eopemy 6 =0Y, 0'= —cuMeo Kponexepa
HT p My lzl: ax axl J J 0d¢] 71 p p

ch "D Y(a)c (x))D,,_k ox (x)) ZC D ax (x))D” Y_M(B;cd(x)) :Dt,,_s(ax"_(}) a;d<x)
P i ox' ox.  ox'

k=s _x

l,d =7 = 1’ =9

=D/"(5))= Jurs =68, &= P=2 _ cumson Kponexepa 42)
! 0,d # jumu p#s 0,p#s

PaBeHcTBO (42) MOJIy4€HO Ha OCHOBAHUU TOTO, YTO
1l,d = const,p—s>0
5;’ J _ = const u D" (const) = P (43)
0,d#j 0,p—s=0

(mpon3BOAHAs OT OCTOAHHOW paBHa 0, eciu ee nmopsAaoK Oosbie 0 U paBHA MOCTOSIHHOM,
ecnu nopsaok paseH 0).

[Toncrapnsiem nony4deHHbIN pe3ynbTaT (42) B (41)
<n>

m m m n n (s+tDj p —d
S5 S e P oo & 210 -

1
i=1 d=1 j=1 p=0 J x 5=0 x ox

(n) (n)

m m m n . aL( n (stDj p ’ m m n . aL(x n (J+1)] p
DHPP SRRy 250)=22. 220 (Z 5 2.9,)=

i=l d=1 j=1 p=0 P 5=0 —s i=l d=1 j=1 p=0
X J x

(n) (n )

mom aL( n (st N m om m on ai( n (pDj
=2222C xw 2 x 5"25 =YD YOl <Z J)=

i=1 d=1 j=1 p=0 9 x =0 i=1 d=1 j=1 p=0 9 x
- (n) )
m m m n
aL(x x) n (PHDJ mom & d L(x,..., x) "
3 » d=j » s _
—ZZZ c, - (p)d (Z 5 )= ZZZ c, - (p)J ro=
i=1 d=1 j=1 p=0 9 x i=1 d=1 j=1 p=0 P ;

- (n) i )
x)(Pi)] . (2n)

= Zzz E)L(# x ==G,(x,x,..., x ). Teopema 7 nokazana.

)=
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Teopema 8 (uHBapuanTHOCTH (yHKIMM [‘aMUIbTOHA (PHEPrHMH) OTHOCHUTEIHHO 3aMEHBI
xoopauHar). ITycts ¢pynkuns JlarpamxkalL:T"X, — R - rmaakas GyHKIUL

(m )
L(x,..., x), p,.’fn (x,X,..., x ),H, (L,x)-I0KaJbHasl 3aMUChb (YHKUMU L, UMIYIbCOB k — 020
MOpsIKa M PHEPIMH PaHra N COOTBETCTBEHHO IMpU BBIOOpE JIOKAIBHBIX KOOPAMHAT (X) B 0Oaze
X,, paccinoenus T"X

. (n) n_.m i . (2n—-k) (k)i
H,(L,x)=H(L,x,n)=-L(x,x..., x)+ ZZpi'n (x,%X,., X )X
k=1 i=1
- - . Cukh
L(x,...,x), p,ﬁ,n (x, %y, x ),Hn(L,x)-n0KanbHaAsA 3anUCh (PYHKIUU L, UMITYIBCOB Kk — 020

MOpSJIKAa U SHEPTrUU PaHra n COOTBETCTBEHHO IIPU BBHIOOPE JIOKAJIbHBIX KoopAWHAT (x) B Oaze

n
X, paccinoenus T"X

- _ o - _ (n) nom - (2n—k) (k)i
H,(L,x)y=H(L,x,n)=L(x,...,x)+ Zp,f’n(x,x,..., X )x

k=1 j=1

Torna H(L,x,n)=H(L,x,n) DHeprusi cucteMsl - TeH30p 0-oro panra (He 3aBUCUT OT
BBIOOPA JIOKALHBIX KOOPAMHAT, TO €CTh SBJISETCS MHBAPUAHTHBIM T€OMETPUIECKUM OOHEKTOM)

Joxa3zaTenbcTBO. PaccmoTpum
I () R @ _ .
L(x(x),x(x)...,x(x)) = L(x , X) ,tae x = x(x)=S(x)- HEBBIPOXKICHHAS 3aMEHA

KoopauHaT B 6aze X, paccioenus T"X

_ ) AR, ) @n-k) (ki - _ @
Dt(H(L,x,n)—H(L,x,n))=Dt(—L(x,x...,x)+22pi,n(x,x,..., x ) x+L(x,.,x)—

k=1 i=1

— _ . Q) R o Qnk) i om —— . @k (R
_zplg’n(x,x,..., X )x)—D(Zme(xx " X )x—Zp,’c’n(x,x,..., X )x)=
Jj=l1 k=1 i=1 =1
n « . (2n—=k) (k)i . (2n—k) (k)i
=D,Q.> pf(x Xy x ) x)— D(Zpkn(xx W X ) X) (44)

k=1 i=l j=1

[To Teopeme S5 mpeoOpasyem:

n o m . i n+l aL x (), m . (n) (n+l) . (2n)
Dt(Zzpkn ) Zz ((k i ) _Zponx G(xx , X X )_Gz(.x,x,..., .x)
k=1 i=1 k=1 i=1 X i=1
(k) @ (2n) (2n)
L L L ) - R R
Dt(zzpz.n zz (k=D —Zponx —G(xx b X)— G(XX " X)
k=1 =l k=1 i=l 9 x i=1
— (ki ) (n) (n+1)
D,(H(L,x,n)— H(L,x,n)) = D(ZZpknx) D(ZZpknx) G (X, X,y X X )=
k=1 i=1 k=1 i=1
(2n) : (2nm) : @m) . (n) (n+1) _ : (2n)

—Gz(x,}c,...,x) (G(xx " X)— G(xx wX))=G (X, X, x X )— G(xx " X)—
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. (2n) o _ - @
-G,(x,x,..., x )—G,(x,x,..., x )=0-0=0 rtak kak o reopeme 7 o G,,G, uneapuanmax

. (n) (n+1) T €. ) . (2n) - - (@
G (x,%,..., x x )=G/(x,x,.., x), G,(x,x,..., x)=G,(x,x,..., X )

_ (n). _ oo
D, (H(L,x,n)— H(L,x,n)) = D, (H (L(x(x), x(x)..., x(x)), S (x),n) — H (L, x,n)) =0 1s mo0oii

HEBBIPOK/ICHHOI 3aMeHbI KoopanHaT x = x(x) = S(x)- B 6aze X, paccioenus T"X, .
3HayuT,

H(L,x,n)— H (i, )_c, n) = C = const IJisl BCEX HEBBIPOKIECHHBIX 3aMEH KOOPJAUHAT
x=x(x)=S(x)- B6aze X, paccnoenus T"X .

Paccmompum morcoecmeennoe npeoopazosanue x(x) = S(x) = x:
- (). _ - __ o
H(L(x(x),x(x)...,x(x)),S(x),n)—H(L,x,n)=H(L,x,n)—H(L,x,n)=C=0.
CnenosaTeiabHO,

H (i, X, n)= H (i, ;c,n) . Teopema 8 nokazana.

3ameuanue 4. YTBepxkIeHUE TeOpeMbl 8 cripaBeiinBo U it pyrkimid L:T°X, >R p<n.
Tak kak mpu p <n MOXHO onpenenuts pyakuuio L, :T"X, — R, koTopas B oo

JOKAJIBHOU cucTeMe KoopanHar (x) B 6ase X, paccimoenus 7"X

. (n) . (p) (n) . (n)
L (x,x...,x)=L(x,x..., x) 115 100BIX xPV L x . s bynkmun L, (x,x..., x) yTBEpXKICHUE

TeopeMbl 8 cripaBeBO. Takum oOpa3om, nokazana Teopema 8.

p+l)

Teopema 9.  (MIHBapMaHTHOCTb SHEPrUM OTHOCUTENBHO 3aMeHbl KoopauHar).  IlycTts
L:T"X, >R - rnagkas GyHKIHS.

(n)
L(x,..., x), pi’fn , H, (L,x)-nokanbHas 3anuch (GYHKIUM L, UMIOYIbCOB k—o0co MOpsaKa U
SHEPrMM pPAaHra N COOTBETCTBEHHO IIpU BBIOOpE JIOKAJIBHBIX KOOpAMHAT (X) B Oaze X,
(k)i

. (p) n_m
paccnoenuss T"X, . H, (L,x)=H(L,x,n)=—L(x,x.., x)+ > > pl, x
k=1 i=1
- (n) . B o
L(x,..., x), p,ﬁ,n , H.(L,x)-nokaipHas 3amuch (QyHKIUHA L, UMIIYIbCOB Kk —o020 TIOpsAKA M

SHEPrUM paHra N COOTBETCTBEHHO HpU BbIOOpE JIOKANbHBIX KoopauHar (x) B Oaze X,

p
paccioenus 77X .

™ m (k)i

Ho(L,x)= H(L,x,n) =L(x,.... )+ Y. pi, x .Torma H(L,x,n)=H(L,x,n).
=1
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(n)

i i - k) nck 1,0L(x,..., x)
3ameuanue S. J[ng n=1 umeeM p; (n) = p ,(x,x,... x )= (- ! D ( W)’

=0 J x
, _ (21 1> I ; OL(x, x) OL(x ()lc)) OL(x, x)
pi (1) = pi](-xvx»' . Z( 1) D (l+l) ) (l’)l = .l" )
I=0 J0 x J x dx

L(x(),x(0) = L(x, )
rae  x=x(x)=S(x) — HEBBIPOXKICHHAS 3aMEHA KOOPIMHAT.

s yHKUIMY SHEPTUH TPOU3BOJIBHOTO PaHTa 71 MOYKHO HaIHUCaTh

. (n) n m (2n—k) (k)i
H,(L,x)=H(L,x,n)=—-L(x,x..., x )+ z z p,l(,n(x,..., X ) x
k=li=1

Torna, B yacTHOCTH, Iyisi n = 1, OTy4YuM

1 . (i
H{(L,x)=H(L,x,1)=-L(x, xHZZPu x =—L(x, x)_,_zaL(x. ) o=

k=li=1 i=1 i
ox

=—L(x x)+zz(8L(x x)ax (x) aL(x x)ax (x)) L(x x)+zzaL(x x) ax zafl—z

. . : ox'
k=li=1 ax ax‘ ax 9y k=li=1 a}" X I=10x
. m m m -1 . m m .
=—L(x x)+zzzaL(x x)axi ox! =—L(x )+zzaL(x x) L(x )+28L(x x) k

idimim o' gy [ P

dx dx dx

m— y - - =
=—L(x x)+Zp11x =H(L,x,0)= H/(L,x), 42)

k=1
;o [Lk=1
rae = {O,k 21 cumBosl Kponekepa,
TO €CTh PHEPrus nopsaka n = 1 ABIseTCS HHBAPUAHTOM OTHOCHUTEIHHO HEBBIPOXKIEHHOM 3aMEHbI
KOOpJMHAT.
B Bripaxkenuu (42) Obuta Hcmoib30BaHa Teopema 1:

2 e 0y G o

o _IDX D) _9X () o 0<1y, 29X =cl- DIIM 100 ot (x) ot (x)
. —i —(1)i ’ Wi -

Py oD x dx 9% 9x ax ax ax

Takum 00pa3oM, OCHOBHAs Teopema 9 rmposepeHa s n=1.
JInst n=2 ¢ HEBBIPOXKJECHHOM 3aMEHOM KOOPAMHAT x = x(x) = S(x) UMEEM
L(x(x), x(x), x(x)) = L(x, x,%),

(O]

) , .2y 24l 3L i N
Pl =plrex,., x )= (-1 Dl (x(zfmx)) (650)_p ALE5Y),
1=0 J x axi axi
22-1) 2-2 oL M (2)) aL( . )
. J \ X, X, X X, X, X
A= oo, x )= 3 (D () = .
=0 X ox
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@20 0 m o dr vy LX)

Hy(L,x)+ L(x,x, %) = H(L,x,2) + L(x, x,x) = Zzp,;z(x,, X ) x =) (=D ()N

k=1i=1 = 5y
+8L(x,j.c,&) i f: Z Z (aL(x X x) axl aL(x X, x) (_) D (aL(;’“},;) i))%;j .
54 j=lk=li=1 a}k ox a; STk o' 9y
P P m om om -k - _ o —k
+ZZBL(x x, x) axl (DZ(%)XJJF%XJ): 353 (aL(x,x,x)aiiJraL(x,x,x)Dt(aii)_
k=li=l i X ox ox Jj=lk=li=1 % x i ox
ox 0x dx
l(aL(xxx))axl) f.—] aL(xxx)ai(D (_)—j ox’ —j)
Zk ox axj “k ox' ax axj
ox ox
% ii(ai(;’;’;) ~i AL(xxx) ])axi aic _Dt(ai(;,;,;))ia%i.;j .
j=lk=li=1 x ' 9y’ = ox' 5y’
0x ax 0x

NP o ox mom Ly L)~
3% oLy J<D<—>i+ai =3 33 @HeRD p A,

k=1 j=1 - ax’ x' ox’ =lk=li=1 2 _
. = axk * = - axk 0x
+8L(x X, x) j)ak dL(x,x,x)— j t((—;xi aicj )= z 0 L(x,x,x) _D[(aL(x,x,x)))xk N dL(x,x,x) xk _
_ iy X" 9 k=1 - iy i
axk axk * axk axk axk

= H(L.x.2)+ L(x.x.x)

Lk=j
rone D, (ai o’ ) =D, (51‘) 0, Sk { J —cuMBoa  KpoHekepa.
ox' oy’ 0,k #j

Takum 00pa3om, yTBEpKIACHUE TeopeMbl 9 IPOBEPEHO IS CiIyqast n=2.

3ameuanue 6. [Ipu p >n 3Heprus cucTeMsbl IPHU 3aMEHE JIOKAIBHBIX KOOPIUHAT, BOOOIIIE
TOBOPSI, HE COXPaHSIETCA.

PaccmoTpum ciaydail p =2, n=1 (cTapiuii DOpsiA0K MPOU3BOIHON BBIIIE pAHTa SHEPTUH).

L), (), x(¥) = L(x, %, x) © HEBBIPOKACHHOM 3aMEHOM x = x(x) = S(¥) .

Lom (D . m
H{(L,x)=H(L,x,1)=—L(x,x, x)+ZZP11 X =—L(x,x, x)+ZM i
k=1i=1 =R
SIS ) JULC LG o LW,
s ax oy ax axi 37k 5
=—L(Xxx)+ZZL(xxx)ax ZZZaL(xxx) 2l(ai)afl;l_
k=li=l % alea k=li=11=1 i ox' 3y
dox 9%

+
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mmmaL(xxx)ax ax mmmaL(xxx) 218x)x—l

—-La+ Y Y Y St DD Cr

k=ll=li=1 —k xax k=li=11=1 “k ox' ax
ox 0x
:—L(xxx)+ZZaL(xxx) ZZZaL(XXX) 2 1(%) ! —l
k=1I=1 —k k=li=11=1 “k ox' ax
0x 0x

aL(xxx)kmmmaL(xxx) glax)x—l

—L(xn+ 3 3 HEE DS S S IR ) o) oot dx

k==l =li=li=l
axk axk x
-H Z}1)+zzzaL(x”)2D (—) (43)
k=li=11=1 a_'k oy
X

Takum oOpazom, BTOpoe ciaraemoe B Qopmyne (43), BooOme roBopsi, He paBHO O,
NPEMSATCTBYET COXPAaHEHHUIO YHEPTUH MPU HEBBIPOKICHHON 3aMEHE JIOKAIBHBIX KOOPAUHAT (X) B

6aze X,, paccinoenus 7"X, . To ecTb mpu p>n BHEPrusi CHUCTEMBbI MPH 3aMEHE JIOKaJIbHBIX

KOOpJMHAT HE COXPAHSIETCS.

PaccmotpenHsbie cBsi3u (pyHAaMEHTaIbHBIX B (PU3MKE M MPHUPOJIE BEIUYMH MMIYyJIbca U
SHECPTHUU MOATBCPKAAKOT 3dKOHBI COXPAHCHUA UMITYJIbCA, U SHCPIUH B 3aBUCUMOCTH OT IOPAJAKaA
cTapiieid TpOU3BOAHOM MO BpEeMEHHU OT aprymMeHToB (yHkiuu Jlarpamka. Pabora wumeer
HETOCPEACTBEHHOE OTHOIIEHUE K Iu(epeHINaTIbHON T€OMETPHH B BEKTOPHBIX MOJSX U UX
pacclioeHHsIX, a TakkKe K TaKUM MPUIOKEHUAM, KaK TeopeThdeckass MeXaHHKa, TeopeTHIecKast
¢u3uKa, KBaHTOBas MeXaHUKa, (U3MKA DIEMEHTapHbIX yacTull. Jloka3aHa HMHBAPHAHTHOCTh
SHEPTHMM CHUCTEMbl paHTra 71, COCTOSHHE KOTOPOW OIUCHIBAETCSA TJIaAKON  (DYHKIIHEH,

ONpEIETICHHOMN B PACCIOEHHOM IIPOCTPAHCTBE CKOPOCTEH.
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TENSOR OF GENERAL ENERGY
Y. PASTUHOV , D. PASTUHOV, S. CHERNOV

Abstract We prove the invariance of energy of rank n of a system whose state is described by a
smooth function defined in a stratified velocity space. L:T"X, - R p<n

(n)
L(x,...,x), pfn , H (L,x)-alocal function, momentum, and energy of rank n, respectively,
when local coordinates (x) are chosen in the base X, of the bundle 77X, .

¢ N (k)i

H,(L,x)=H(L,x,n)=-L(x,x..., x)+Zprn X
k=1 i=1

(n)

i(;c,..., x ), p ,{yn , H., (i, )_c) -a local function, impulse of order and energy of rank n, respectively,

when choosing local coordinates (x) in the base X, of the bundle 77X, .

Then H(L,x,n)=H(L,x,n)
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V]IK 514

T'PYIIBI IPEOBPA3OBAHUI, COXPAHSIOIIUE
BAPUALIMOHHYIO 3AJIAYY CO CTAPIINMH ITPOU3BO/HBIMU

KaHO. pu3z.-mam. nayk, ooy. FO.®@. [IACTYXOB,
Kauo. ¢uz.-mam. nHayx, ooy. /[.@. TIACTYXOB

B pabome egedeno onpedenenue KOMHOHEHMbl UMNYIbCA 80016 CMPYU U COXPAHEHUE
KOMNOHEHMbl UMNYIbCA PaHea N 8001b CMPYU NOpAOKa n-1 na dIKkcmpemanax ypaeuenus Junepa-
Jlazpamnsica ona epynn npeobpazosamuii, COXpaHAOWUX — BAPUAYUOHHYIO 3A0ayy, AGJAemcsl
APAMBIM U eCMeCmEeHHbIM 0000ujenuemM onpeoeienus KOMNOHEHmbl UMNYIbCA Nepeoco paHed
800/1b 8EKMOPHO20 NOJIA (CMpYU HY1e8020 NOPsAOKA), C8A3AHHO20 C OOHONAPAMEMPUYECcKOU
2pynnotl npeobpazosanuil, coxpaunawux Gyukyuro Jlacpamsica, 3a8ucauyio om npou3BOOHbIX
HYIeB020 U Nep8oco Nopsaokos. s skcmpemanell ypasnenus inepa-Jlacpansica 0okazaHo
CBOUCMBO COXPAHEHUS KOMNOHEHMbL UMNYIbCA PAH2A N 80016 CIMPYU NOPAOKA N-1, c6:A3aHHOU C
2PYnnoii npeobpazosanuii, CoOXpansaowel 6apUayUoOHHyI0 3a0a4y co CMapuumy npou3800HbIMU:

D,(> Y D (X ()i, =0,

i=l k=l
20eS:RxX, »X, S :X, —X,,VreR - oononapamempuueckas epynna

npeo6pazosanuil, coxpausiiowas ¢gyukyuro L:T"X, — R:
diL(s,(x), D,S.(x),D}S_(x),...D"S_(x))| _,=0Vxe X,,
T

PI7XN(x) = (X'(x),D X (x),D} X" (x),..., D" X (x))- cmpys nopaoxa n-1, ceszannas,

dS’}(x)l . —
dr

¢ epynnoii npeobpazosanuii S, : X, = X,, X'(x)= 0 i=Lm.

Knrwoueswvie cnosa: ypasnenus ODiinepa-Jlacpansica, enaoxkue MHo2000pasus, paccioeHHoe
NPOCMPAHCMBO CKOPOCMEU,  UMNYIbC CUCMEMbl, MEH30p dHepeuu, MeH30p 0000ueHHO20
UMNYTIbCA, HEBbIPOHCOEHHAS (DYHKYUA.

Beenenne. DO. ['anya npemioxku KIacCUPUIIUPOBATH aANreOpandeckue ypaBHEHUS M0 UX
rpynnam cummetrpuu. @. KneitH mpemioxun B3sTh HIE0 CHUMMETPHUM B KauecTBE €IMHOIO
NPUHIUIIA TP OCTPOEHUHU PA3IUYHBIX TeoMeTpuid. Boliias 3a mpenensl reoMeTpuu, 3Ta Ujes,
pa3BHBasCh, cenaga OYEBUAHBIM TOT (DaKT, 4YTO TMPUHLUUI CHUMMETPUU CIY)KUT TOM
€IMHCTBCHHON OCHOBOW, KOTOpasi MOXET OOBEIWHUTh BCE Pa3pO3HEHHBIC YACTU OTPOMHOTO
3IaHUsI COBPEMEHHOW MarteMmaThku. KIIeH pa3BuiI CBOIO KOHIICTIIHIO B (PU3HKE W MEXaHHUKE.
[Iporpamma KreitHa kak 3amaya moucka pa3iuYHBIX (OPM CHMMETPHUH BBIXOJHUT 32 PaAMKH HE
TOJIbKO T€OMETPHUH, HO U BCEM MaTeMaTWKH B LIEJIOM, IMpeBpamiaercss B MpoOjeMy IMOUCKa
€MHOT0 MNpUHLMMNA JJsi Bcero ecrectBo3HaHusi. B 1872 rony ®enukc Kneitn npencraBui
ceHaTy DpJaHT'€HCKOro yHuBepcuTera u unocopckoMy (akyiabTeTy 3TOTO YHHUBEPCUTETA CBOE
«CpaBHUTENBHOE O0003pEHHE HOBEUIINX TEOMETPUYECKHX HCCIEAOBAHUN», TIOMyYUBIIEE
Ha3BaHWE «JPIIAHTEHCKOW MporpamMmbl». KielH paccmaTpuBaeT HepapXui0 MHOTO0Opaszwil -
MPOCTPAHCTB JIF00OTO YKCIa U3MEPEHUN U COOTBETCTBEHHBIX TEOMETPHIA, MIOJI0KHUB B OCHOBY HX
orpezeNieHus] MOHATHS MHBapuUaHTa, BBEACHHOE B MaTeMaTHKy 3a ABajALATh JieT Aa 3Toro. B
DIIEMEHTAPHON TeOMETPHH MPeoOpa30BaHUSIMH, MIEPEX0IaMU OT OJIHUX MEPEMEHHBIX K APYTrUM
CIIy’KaT MpPEeKJe BCEro IBUYKEHUS, IEPEHOCH] U BpallleHUs T€OMETPUUYECKUX (QUryp, Korja caMu
GUryphl, paccTosHUS MEXIy OOpa3ylIIMMU HX TOYKaMd He MeHstorcs. [IpocTpaHCTBO, B
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KOTOPOM HPOUCXOASAT TMOJOOHBIE NEPEHOCHI, HA3BIBAETCS METPUYECKHUM, €ro HHBAapHUaHT -
paccrosiHue, OompeneNnéHHoe, Hampumep, Teopemoii I[ludaropa: BBOASTCS NPSMOYTOJIbHBIC
KOOPJMHATHI, PAa3HOCTH MEXAY CTapbIMH W HOBBIMM KOOPJAMHATAMHM II€PEHOCHUMON TOYKH
paccMaTpUBAIOTCS KaK KaTe€Thl MPSIMOYTOJIbHOTO TPEYTOJIbHUKA, PACCTOSTHUEM MEXIY HOBBIM U
CTapbIM IOJIOKEHUEM TOYEK CTAHOBUTCS TMIIOTEHY3a 3TOr0 TPEYrOJIbHUKA, €€ KBaJApaT paBeH
CyMME KBaJI[paTOB pPa3HOCTEW KOOPAMHAT. ITO - MHBApUAHT DBKIMUJOBOM reomerpuu. EcTb
Oosee CIOXHBIE T€OMETPUHU, TJI€ WHBAPUAHTAMM CIIY)KaT WHBIE BBIPAXEHHUS: B MPOCKTHUBHOU
TEOMETPUHM HWHBAPUAHTHI - YK€ HE PACCTOSHUS MEXKIYy TOYKaMu, HE BelnnuMHa U (opma
reoMeTpuueckoi ¢Qurypel, a TOIBKO (opMa, - COOTHOIICHHUS MEXKIY PaCCTOSIHUIMH,
TPEYTOJIbHUK TMPH TPOSKTUBHOM MPEOOpa3OBaHUM MOXKET CTaTh MEHBINE, [0 OCTaeTCs
noao0HbIM cebe. Conepxanue uctopun Gpunocopun — npeodpa3zoBaHre CaMbIX OOITUX MOHITHH,
caMble paJuKaJbHbIE U3MEHEHHS, OXBATHIBAIOIIME OCHOBHbBIC MIPEICTABICHUS O MUPE U METO/bI
€ro MO3HAHUS».

@OyH/1aMEHTAJIbHOCTh 3aKOHOB COXPAHEHHUsS 3aKJII0YAeTCs] B UX YHUBEpCadbHOCTU. OHU
CIpPaBEIUIMBBl TPU HM3YUYEHUHU JIOOBIX (PU3MYECKHX MPOIECCOB (MEXaHMYECKHX, TEIJIOBBIX,
ANEKTPOMArHUTHBIX). OHU OJIMHAKOBO MPUMEHUMBI B PEISTUBUCTCKOM U HEPENIATUBUCTCKOM
JBUKEHUH, B MUKPOMUDE, T/I€ CIIPABEAJINBBI KBAHTOBBIE IIPEICTABIICHUS, U B MAaKPOMHPE, C €r0
KJIACCUYECKUMHU MPEJICTABICHUSIMHU.

3aKOHBI COXpPAHEHUS MMEIOT BaKHOE 3HAYEHHE HE TOJIbKO B MEXaHUKE, HO U B (U3UKE
BooOmie. HayuHoe W METOMONOTMYECKOe 3HAYCHHE 3aKOHOB COXPAHEHHS OIpeAenseT WX
WCKIIFOUMTENIbHAsT OOITHOCTh M YHHBEPCAIBHOCTh. biaromapst To 0co00i poiu, KOTOPYIO
UTPAIOT 3aKOHBI COXpaHEHUsS B ()M3HMKE, OHU SBISIFOTCS BOKHEHIIMM 3JIEMEHTOM COBPEMEHHOU
HAay4YHOUN KapTHUHBI MUpA.

JuddepeHnnansHO-reOMeTPHUECKOE PACCMOTPEHNE UMITYIIECA U SHEPTUH B (pHU3HUECKOi
M MaTeMaTUYeCKON IMOCTaHOBKE M3J0XkeHO B juteparype [1-10, 12-16]. CpoiictBa TeH30pa
OHEPrUU-UMITYJIbCA TPU MPOCTEHIINX JUHEHHBIX NPEeoOpa3oBaHUAX KOOPIAMHAT - BPEMEHU
0O0BSCHSIET 3aKOHBI COXPAaHEHUsI UMITYJIbca B MaKpocKonuyeckoit cucrteme. Ho TeH3op sHepruu-
umnynsca B jauddepenHnmanbHoit  opMe  SIBISIETCS  MHBAPUAHTHBIM — OTHOCHUTEIHHO
MIPOU3BOJILHOTO HEBBIPOKACHHOTO MPEOoOpa3oBaHMsI KOOPAMHAT, YTO MPHUBOIUT K JIOKATbHBIM
3aKOHAM COXPaHEHHsI DSHEPTrUU-UMIYJIbCa, HAmpUMep, B (PU3UKE OIEMEHTAPHBIX YaCTHII.
Oynknus Jlarpanka onpenenseT HEKOTOPYIO BapHAlMOHHYIO 3aJa4y, HallpuMep, MUHUMHU3ALUI0
WHTErpajia IeUCTBUS B MEXaHUYECKON CHCTEME U IMHAMHKY 3TOM cucTteMbl (ypaBHeHUs1 Diepa
— Jlarpanxa) [6]. Ecniu uHTErpanT (MOABIHTETpaIbHAS (DYHKIHS B MPOCTEUINIEH BapyuallMOHHON
3a/1a4ye) BBIPOXKICH OTHOCUTEIHHO TIEPEMEHHBIX BPEMEHH JIMO0 KOOPAWHAT, TO 3TO BBIPOKICHUE
IMPUBOJUT COOTBETCTBEHHO K 3aKOHY COXpPaHEHUS SHEPruu, JUO0 HMITyJbCa OTHOCHUTEIHHO
nanHou koopauHathl [7]. IlpeacrtaBneHHass pabGoTa sBIsSETCS MPOJIOJDKEHHEM padot [9,
10,13,16].

IlocTaHoBKa 32/1a44 M OCHOBHbIE OIIPeAeICHHS.
ITycte X, - rmagkoe MHOTooOpasme pasMepHocTH m, 7"X, - TIazKoe pacclioeHHOe

IPOCTPAHCTBO CKOPOCTEH MopsaKa n ¢ 6a3o0if paccioenust X, .
. n n n
L:T"X, — R-ueBbIpoxkneHHas GpyHKus B Touke v € T"X, [9].
— ‘ _
Teopema 1[11]. Ilycte x =S5'(x,,X,,...,X,, S:(x) > (x), - HEBBIPOXKICHHOE
npeoOpa3oBaHue KOOpAMHAT B 0a3e INIAJIKOrO MHOrooOpasust X, pacclloeHus CKOpocTen

nopsaka 77X, ,p=max(s,l), i :L_m , TOrJa
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LW [ox'(x) 1! ’
a o 9 Ngeeey CS D[l * - aC‘Y :—,l!: k,l 2 S
- (xm)ff 0 _ & ! Lostl-9)! H (1)

X
Jd x 0,[<s
Onpenenenne 1. Cucrema dyrkumit P, = {p! (n)}= {P/in}

(p)
, , - (@min(np)—k) ok oL(x,..., x —, —
pe(m)=p. (%, x )=>(-)'D] (%) k=0,ni=1m HA3LIBAETCS

1=0 X
00001IeHHBIM UMITYTIbCOM paHran it yskuuun L:T7X, — R B JOKaIbHBIX KOOpIMHATAX
. (p)
(x) 6a3el X, paccnoenus T7X,, roeL(x,x,..., x)- JOKanbHas 3amuch (QyHkuuum L 1mpu
BBIOOpE JIOKAJIbHBIX KOOpAUHAT (x) B 6a3ze X, paccimoenus 17X, .
®yHKIHUS p, . Ha3BIBAIOTCA k — 0t KOMIIOHEHTOH 0OOOIIEHHOTO UMITyJIbca P, paHTa n

10 i —Ol KOOpAMHATE WM UMIyJbCaMu Nopsajaka k (k-uMmmyiabcamMu), IO [ —OW KOOpAWHATE
00001IEHHOrO UMITyIbca P, paHra n.

‘ . (min(n,p)—k)
Oyakmusa  p, , (x, x,..., X ) Ha3pIBAlOTCA k — o1 KOMIIOHEHTOH OO0OOIIEHHOI0

uMmnyiasca P, paHra n 1o i{—OH KOOpAWHATE WIM WMIIyJbcaMH mopanka k (k-

UMITYJIbCaMH), 10 i — O KoopAHHAaTe 000OLIEHHOr0 UMIyJibca P, paHra n.

3ameuanue 1. OO0OOMIEeHHBIE WMITYJIBC paHT N omnpefeneH s  GYyHKIHHA
L:T'X, >R
n oL (P
U3  onpenencHus p,i(n)zZ(—l)’D,’ (%) cleyeTr, uTO TpH
=0 X
(p)
oL(x,..., x)

k>p,l20=>1+k>p= =0 u Bce p,(n)=0(TpUBUABHBIE UMITYJILCHI), TO ECTH

(I+k)i
X

Il HETPUBUAIBHBIX UMIYJIbcoB k < p. Ilockonbky k <n,k < p =k <min(n,p), TO B
ONpeAeIeHUN2 MOXHO CUUTaTh, yTO k = 0, min(n, p),i =1,m

MaxkcuMasbHBIH TOPSAI0K NPOU3BOAHON MOt B p; (n) paBeH [+k+k=2-1+k.
JoL(x,..., x) i
I[lpu [+k>p=>——""-"-=0, T.e. KOOPPUIMEHT IpU TPOU3BOJHON x paseH 0,
X

3HAYUT, TMPU OMNpeAeJeHUH MaKCHUMAaJbHOTO MOpSAIKAa MPOU3BOJHOW MO t MOMXHO CUMTATh
[+ k < p, kxpome TOTO:

[Sn—kol+k<n=l+k<min(n,p)=>[<min(n,p)—k = 2-1+k <2-(min(n, p)—k)+k =

=2-min(n, p)—2-k+k =2-min(n, p)—k
Xots Gonee Tpybas oOlLiEHKAa TOPsAKA CTapuleldl MPOM3BOAHOM Mo t B p,(n) naer
l<sn-kol+ksn=21+k<2-(n—k)+k=2-n-2-k+k=2-n-k.
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Ipu p>nl+k<n-k+k=n wmakcuManbHblli MOPAJOK NPOU3BOJHOH IO t B

(p)
L(x,..., x)) Oojbllle MAaKCUMaJIbHOTO TOPSIKAa MPOU3BOJHON IO t MEpPeMEHHOH, MO KOTOpPOi

(p)

; = oL(x,...,
NPOM3BOAUTCSA YacTHOE Anddepermposarne B p, (n) =Y (—1)' D (%) .
=0 X
3 0]
L(x,...,
IIpn p<n, nockonekyl+k<n—k+k=n npu [+k>p %EO U 4acTb
X
o oL (p)
YJIEHOB B CyMMeE Z (-1'D! (%) Oyner ToxnectBeHHo paBHa (. IlorpaHudHBIM
=0 X

ABISETCA CIOy4yall p=n, HMEHHO TOT Ccllyyail OyaeT paccMOTpeH B JanbHelieMm 0e3
OTpaHUYEHUS OOIIHOCTH PACCMOTPEHHS.

— n
Ilpu p=n B nNOKanbHBIX KOOpAMHATax (X) B 0aze X, paccimoenus 7"X, nomydaem

UMITYJBCHI B TIpeoOpazoBannu OCTPOrpajcKoro:
0 aL( (p)) aL( (p)) aL( (p)) aL( (p))
; & Xyeury X Xyeurs X Xyeury X 0 on Xyeury X
Pon :z(_l)lDrl( (I+k)i ): p) i _Dt( . )+”'+(_1) DT (T)
1=0 0 x * dx' d x
HYJIb-UMITYJIbC (G YHKIIMOHAT B ypaBHEHUH Duepa-Jlarpanika).

Teopema2 [9] (muddepennmanpaas cBsa3b UMITYIbCOB k-oro u (k-1)-oro mopsiakos).

(n) . . (2n—k)
L:T"X, — R — HeBolpoxaeHHas (ynkuus Jlarpawka,. L(x,..., x), Py (X Xy X)),
A (2n—k+1)
l
Proin(X,X,..., X -IIOKalbHas 3amuch (QyHKUMM LM UMIYIbCOB k —o2o u (k—1) nopsaxos
n
IpU BBIOOPE JIOKANBbHBIX KOOPAUHAT (X) B 6a3ze X, paccimoenust 7"X , .
en-b) g : ™ (2n-k+1)
; - n- L(x,x,..., X) < - nokd
TormaD,p, ,(x,x,..., x )ZT—p,’C_I’n(x,x,..., x ), 2)
X
(2n—k) k ) ' ™
; : " ~ L(X, X0y X)
i _ 1 1 g Ngeaey
rae p,,(6x,..., x )= Z(—l) D, (W) - UMIyJbC k-oro nopsaka,
1=0 X
D) . (n)
Qn-k+l) o1 oL(x, x,..., X)

rae p,i_l’n(x,}c,..., x )= z (-D'D/( ) - nmmynbe (k-1) —oro mopsiaka
1=0

2 x(l+k—1)i
Nwmeet mecto cregyromas:

Teopema 3 (0 cBA3M HUMIYNbcOB k —ocomopsiaka paHroB n u n+1). Ilycts
L:T'X, - R.

. (p)
L(x,x,..., x)- nokanbHas 3amuchk ¢yHkumu L:T7X, — R npu BbIOOpe JIOKATBHBIX

KOOpJHHAT B 6a3e paccioeHust X, ,
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(p)

,,OL(x,..., x)

= Z(—I)ID[ (—or ) k =0,n,i =1, m-umnynsc k-oro nopsjka pasra n,
d x
+1-k a »
; R L(x,...,
Pin = 2, (=1'D (%) - uMmynbce k-oro nopska padra n +1
x
Torma UMeeT MeCTO CIIEIYIOIIEE COOTHOICHUE:
(p)
i i n+l- n+l— BL(x,..., x)
Pinst = Pren T (=D . kDr " k(w) €)
0 x
Jloka3aTejibCTBO:
Tk aL( p ‘ aL( (p)) aL( (p))
; & X,. - X,y X e X,y X
Pinnt = Z (-1)' D} (=2 T ) (-1'D| —mor )+ D D) (—ommor ) =
= X 1=0 d x 0 x
ik 3 (p) 3 (p) 3 (p)
L(x,..., e L(x,..., . . L(x,...,
=3 ! pf e ) | gy pl (P 1)y etk ppeih Qs X))
1=0 0 x 0 x 0 x

Teopema 3 noka3ana.

—1 —2 —m
Teopema 4. O603HaYNM KOOpAMHATHBIE BEKTOpHl  x = (x',x%,..,x"),x=(x ,x ,..,x ). IlycTs

x'=8"(x,%,,x,) S:(x) = (x), -HEBBIPOXKICHHOE MPeOOpPa3oBaHHE KOOPAMHAT B Oaze

IIaJKoro MHorooOpasus X,  PacclOeHHs CKOpocTeil mopsaka T"X, ik=1m,

S7': (x) = (x)-06paTHOE 0TOOPAKEHHE, TOr A

Zax (0 ax’ (%) 5 ia}" (x) o’ () _5 o {1,1' =k @

: A —cumsonKponekkepa
—J k J —k
T oox o CI T

0,i#k
. . —1 —2 —m
JokazareabcTBo. x' = x'(x (x),x (X),....,x (x)).Ilo Teopeme o cnoxxHOU PyHKIIIH

. hax(x) 9x (%)
N 5=y
axt Tt ; oy oxt

—i

ax . Ax (x)oxd (x)
= 5 = T ———
ax 121: ox’ axk

AHanoru4dHo JOKa3bIBACTCA PABCHCTBO:

Teopema 4 nokasaHa.

Omnpenenenne 2. OnHomapaMeTpudeckas rpymmna npeodpasoBanuit S:RxX, — X, ,
S,: X, > X,.VteR COXpaHseT JarpaHKuaH L:T"X, ->R, eciu

diL(S,(x),D,S,(x), DS (x),.. DS _(x))|_,=0Vxe X, , t1e
T

DS (x)l_,: X, =»T"X, - oneparop k—kpaTHoro mojxoro aupdepeHIUpoBaHus

no mepemMeHHoil f. C Kaxaoil oaHOMapamMeTpUyecKoW Tpynmod mnpeoOpa3oBaHUl  MOMKHO

. o i ds':(x)
CBSI3aTh OJHOIIAPAMETPUUYECKOE CEMENUCTBO BEKTOPHBIX moned X' (x,7)) = ,VreR
T
i _ ds if(x) . o o
X'(x)= Iz l,, i=1,m(ctpyii O -oro mopsaka) | OJHOIAPAMETPUYECKOE CEMEUCTBO
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ctpyit mopsmka n—1: j"'X'(x,7)=(X'(x,7),D' X' (x,7),D} X' (x,7),...D'" X' (x,7)),  KOTOpbIE
OyzaeM Ha3blBaTh CBSI3aHHBIMM (MHIYLIMPOBaHHBIE) ¢ Tpynnoi npeodpasoBanuil S, : X, — X .
dS'z(x) |
dr
n—1: j7'X'(x,7) = (X'(x,7),D! X' (x,7),D} X' (x,7),....D/"' X'(x,7)) Takke OymeMm Ha3bIBATH

CBSI3aHHBIMU (MHIYLIUPOBAHHBIE) C IPyNIoN npeodpasoBanuii S, : X, — X .

BekropHoe rnojue X'(x)=

u CTPYIO nopsiiKa

MaremaTu4eckasi NocTaHOBKA 3a1a4u. CTaBUTCS ClleyroIas 3a1aqa:
IMycts L:T"X,, >R - rnagkas (yHKOWS, 33JaHHAs B PACCIOCHHOM IPOCTPAHCTBE
(n) B . (2n—k)
ckopocredl 7"X wmHorooOpasus X, L(x,..., x),p; (x,X,..., X )- JIOKaJbHas 3alUCh (YHKIIHU
Ly uMnynbcoB k—oco TOPAAKOB IpU BBIOOpE JIOKAJIbHBIX KOOpAMHAT (X) B Oaze X

(p)

A n—k oL(x,...
paccnoenust T"X . p, , = Z(—l)ZD:(%

1=0 0 x

S:RxX, - X, S,:X, > X,,Vte R -ogHOmapameTpuueckas TIpymima

) k=Lni=1m-

npeoOpazoBaHuii, coxpassiomas pynkmuo L:T"X, — R:
diL(ST(x),D,ST(x),D,ZST(x),...,Df”)ST(x)) l_,=0Vxe X,
T

3amaua JaHHOM pabOTHI - YCTAHOBUTH 3aKOH COXPAHEHHUS! KOMIIOHEHTHI HMITYJIbCa
(p)

n—k
Pin = Z(—l)’D,’ (W) k=1,n,i=1m- (uMmynscsl k-oro mopsmka paHra n)
1=0 0 x
Baomb ctpy: X '(x)=(X'(x),D X' (x),D X' (x),.... D" X'(x)), cBA3aHHOH ¢ rpymmoii
. ; dS':(x) .
npeoopazopanuii S : X, = X,, X'(x)= P |,y i=1,m, Ha DKCTpeManix ypaBHECHUs
T
o aL . (n)
Ditnepa-Jlarpamka  p,, = ;(—1)’Dt’ ((g)’c+'l');’x)) =0, TO ecTb T[OKa3arb, YTO

. (n)
m_n ~ ; ; ; 20 a Xy Xyeoin X
D, (Z ZD]‘ "X (x,7)) Pin)=0 OpH  YCIOBUSX P, = ;(—1)’ D,l (L(ale)i)

i=l k=1

)=0 u
diL(s,(x),D,ST (x),DS_(x),...D"S_(x))|__,=0Vxe X .
T

Nwmeet mecto crepyromas:
Teopema 5. Ilyers S:RxX — X .S :X, — X, VreR ognonapamerpuyeckas

rpymnma rnpeodpa3zoBaHui L:T"X, — R- rmagkas GyHKOUSA B PacCIOCHHOM IIPOCTPAHCTBE

ckopocteit 7"X, Ha rimagkoM MHOroobpasuu X, .
(n)

o L(x, X,...
Pon = ;(—1)’ D! (%) - mvmyabc 0-oro mopsiaka (QYHKIHOHAN B yPaBHEHHH
Ditnepa-Jlarpanxka) X'(x,7)= deT (x) , TOTZ1a
T

72



(n)

2 (n)
dL(S,(x),D,S.(x),D;/S,(x),....D,"” S (x)) z zaL(x(k)l x)D X)) (5)

drt i-1 k=0
Jloka3aTeibCTBO.
(n) . (n) .
dI(S,(x),D,S (x),D}S_(x),....D"S_(x)) iaL(x x)dsg(x)+iaL(x,...,x)d(Djs;(x))+
d’l' i=1 .x dT i=1 ‘i dT
0x
(n) . (n) . (n) .
i aL(x,...,x)d(Dfs;(x)) 2 QL(x,..., x) d(D!'SL(X)) &N OL(x,..., x) d(DFS!(x))
¥ Z o dr Z “”’ ac Z wr ar
i1 3 =1 dx i=1 k=0 J x
(n) (n)
" & OL(X,..., dS n & oL ;
=y e D) (X) =3 3 ) b,y
i=l k=0 a X i=l k=0 a X
B vactHocTu nipu n=1 nonyuum
1) 1)
dL(S, (le D,S_(x)) -3 (aL(x ) i T oL(x,... )D (X (1) =
i=1
ax

W )
_Z(al(x X) X'(x.7) +23L(x ) D(X'(x,7)= Z(BL(Z;X[ )X( T)+Z oL, x)D(X( D)=
i ox = ax
(6]

= i(MX (x T)+ZZ OL(%s- x) X' ()/f 05 x .Teopema 5 okasana.
i=1 ox' i=l k=1 ax ox

Nmeet mecto caeqyromas
Teopema 6. Ilycts S :RxX, — X,  S.:X,—>X VreR - rpynna npeodpasoBanuii

B X, . L:T"X, —R - rnagkas BelIECTBEHHO3HAYHass (YHKLIUS B PACCIOCHUH CKOPOCTEH

(n)
N~ L(x,...
T"X,. pi,(Xx,.., x )= Z( 1)' D! (W) i=1,m -uMIynabchl k-0ro mopsjika paHra

0 x

n X'(x,7)= -0JTHOIIaPAMETPUUYECKOE CEMENCTBO BEKTOPHBIX I10JIEH, HMHIYLIMPOBAHHOE

dS':(x)
dr

rpymnoit S;: X, —X, . Torna uMeeT MECTO paBEHCTBO:
(n)

DY 3D (X wenpl,)= 3 D (X ey - L X o, ©
0 x

i=l k=l i=l k=0

Jloka3aTejbCTBO.
(2n—k) ) . " (2n—k+1)
; - n- L(x,x,..., X) ; : i
Ilo reopeme 2 umeem D, p, (X, x,..., x )= — Proin (X X0y X)),

0 x

D,<; ;D,“(Xf (X, D)p}, )=; ZD (DS (X (x,0))p}, + Z ZD (X'(x,0)D,p., =
. (n)
OL(x,x,....x) - (@noka)

YD o, + 3 Y DX ey D e x )=

i=1 k=1 i=1 k=1 ax
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(n)
(2n—k+)

=SS D K, + 3D )OSRy S e i s ) ()

i=l k=1 =l k=l a X =l k=1
BBonuM HOByro nepemeHHyro kl=k—-1=k=k1+1 I<k<n = 0<kl<n-1 |,

noacrasuM B (7):
()

m_n . ) m_n ) a : ',.”, m_n ~ i i ) (2n-k+1)
D DX xo)p, + 2 > DX (v, T))(w) DX @O, (e x )=
i=l k=1 i=l k=1 a x i=l k=1
. (n)
N / NN ; aL(x, @tk
:le ;D," X' (x0)p,, +ZkZD,"—l (X' (x. r))(l(’;(’:mx) _ZkZU‘ X' (L DIPy (X Xy X )=
- T i=l k=1 x P—

. (n)
m n m n-1 m n-1 . (2n—k1)
=ZZU;(X P+ > > DX (x r))(% S DX (5 )P, (6 s X )=
=l k=1 =l k=0 a X =l k=0
(n)

mE e A x), NI T
=3 S D G LD S X e (s 3 )= S DX ) +

i=l k=0 a X i=l k=0 i=l k=l
-
+§l§mx<x Dl ) PIX 0, +Y DX 59, +§lgmx< ))(a“’“a’fiz 8,
. (n) . (n)
=—leD,°X"(x,T)pévn+iD:‘X"(x,T)% 3 :z:‘;D (X (x, QL ) )fk), )
=l =l X = d x

(n)

L(X, X,...
=—ZX (6 0)Ph, + 3 > DX (x, %)
i=l k=0 X

OTOT pe3yibTaT MOXET ObITh MOJydeH U mo-apyromy. IlpoBemem mokazaTenbCcTBO
uHayknuen o n. [Ipu n =1 B popmyie (6) momyunm:

(p)
= Z(—I)ID[Z (W) k =0,n,i =1, m-umnynbc k-oro nopsiika paira n

J x
(p) . . .
B oL(x,..., oL(x, oL(x, oL(x,
ply = (-0 D (e X)) _ o QHCEN), _ OLL ) 9L
1=0 X J x 0 x o0x
») . . .
oL(x, oL(x, oL(x, oL
Py = Z( 1y D (P gyo pp O | gyt D), 2 p )
0 x J x 0 x o 8x
[To popmyne (6) HYXHO MPOBEPHUTH BHITIOJHEHNUE PABEHCTBA:
(n)
_ oL
DY Y DX el )= 33 P D pi (1, 7)) - ZX (xO)ph, -
=l k=l i=l k=0 a
[Ipu n=1 (6) umeer BUI:
(n)
m m n= 1aL
DY zpk (XD P)=D ) (’“(k), DHX (o)=Y X (ol (8)

i=l k=1 i=1 k=0 ax i=1

[Ipeobpazyem neByro 9acTh (8):
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D,(>. D7 (X'(x,0)p;)=D,O D) (X'(x,0)p}) =D, X (x,0)p;) =D, X (x,0)p}, =
i=1 i=1 i=1 i=1

=D, ()P4 XX (DD, (pl)= LD (k2 +iX"(x, OD,(p],)=

3 D0 (1) 22D L iy, QLD p ($OLED) ©)
i=1 0x i=l dx = Jx

Hpeo6pa3yeM IpaByIoO 4acTh (8):

DI SR s I PR

(k)l
= k=0 i= i=l a X a X

:Z’”:(BL(_X;)C)X[(X’T)) oL(x, x)D X (x.7)) - ZX( z_)(aL(x ,%) Dt(aL(x x)))

= 9x ax 0x
:i—aL()i’x)Xi(x,T)+zaL(x x)D (X (7))~ ZX (x, aL(,gx;x)+ixf(x,f)1),(aL(’_‘;x)):

= Jy =l 9y X i=l ox

iaL(" ) D (X'(x, T))+ZX (x,7)D, (aL(’_‘;x)):D,(iaL(—’f;x)X"(x,r)) (10)

= 9Jx =l d0x = 9Jx

®opmyisl (9), (10) coBnanarot, 6a3za HHAYKUKK Ipu n=1 npoBepeHa.
[Ipu n =2 B popmyrne (6) momydum:
e

Pin = nZ_:(—l)’D,’ (W) k =0,n,i =1, m-ummynsc k-oro mopsika panra n
0 x
@ .
. ! oL yenns oL s s oL
ph= Sy D E ) (o L 2Dy AL 1))
= 0 x 0 x 0 x
_AL(x, x xX) b (aL(x, x ;})) .
dx dx
e .
. 2 oL yeens oL s Ay oL
plz’z _ Z(_DIDII(%) _ (_l)tho( (J(iH)ZC)iX)) _ (x X, X)
=0 0 x J x ax
2) - .
X oL(x,x,x oL(x,x,x oL(x,x,x
Por= Z( -0 D5 L((z+o> )) =(-1)"D/( L((ow)i ))+(—1)1Q1( L(«)H)i ))+( DD G L((0+2>l ))
0 x 0 X 0 x 0 x
_ aL(;, x xX) D, (8L(x X, X) \ D2 (aL(x,j'c, QC))‘
* ax d0x

[To popmyne (6) HYXHO MPOBEPHUTH BHITIOJHEHNUE PABEHCTBA:
(n)

D3 3D X k)= ZZaL"‘zm,”‘)D (X (D) =3 X (.0

i=l k=l i=l k=0 x i=1
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[Ipu n=2 (6) umeeT BUI:

(n)
m i ngBL s
D3 S D i e pl)= 3 S D pi (2 - 3 X (e D
i=l k=1 i=1 k=0 a X i=1

[IpeoOpaszyeM JIeByIO YaCTh MOCIEIHETO BHIPAKCHHS:

D). D' (X' (x0)p, +D (X' (x,0)p5,)=D,Q_D (X' (x,D)p}, + D(X' (x,7))p3,) =

= =l
=DQ X' (x0)p,+DX (D)) =) DX (D), +X R DD(P] )+ D (X (D)o, + DX (D)D) =
=l i=l
=Y DX (D)L, +d X ®DD(PL)+ D DX (% 2)ph, +d DX (6 DID(py) (12)
=l =l =l =l
[To Teopeme 2 nmeem:
@b L[ ' (M) (2n—k+1)
i " X, Xyeury X ; : n-
D,.p;,(x,x,..., x )ZT—pk_l’n(x,x,..., x ).
X
i 9 x,)lc,)nc i -9 x,).c,)nc i RO x,).c,)"c i @
QAA&%@:‘uww)_paﬁ%%@:‘u i)_PHA%LLXQU=IXi )—%ALMJ)
d x 0x 0x
; R x,)-c,}.c ; - dlxxx) L@ L(xxx 3
Drpz,z(X,x,x)=—L((2_D,» )—Pz_l,z(x,x,x)— & ) Prn(6XX, X, X)=——— = ) Pl (XeesX)
0 x ax ax

Ha ocHOBaHuM mnocneqHuN pe3yabTaT MOKHO IMEPENnucaTh TakK:

D DX (x,0)pi, + D X (x,DD,(p},)+ Y DHX'(x,0)ps, + D D(X'(x,0)D,(p;,) =

S D X DD e B e + DO ) PEEED
= ax ox
m . (C)) . .
=3 DX X ARUEXD_ i oy DK PR
i=l ax ax
mo L(x. x. 1 4 ) , 4 . I
=3 X ) CEEED i )4 DX (o) i, + D (X, z'))(—a (x.2.0))
= dx 0x
n L ) L L
=S Xt )(M Py (o) 4 DX »Mw X' (x, ))(M)
=l ax dx dx
1 , 4)
=ZX'<x,r)<M+D o @EERD | o i ) TR i oy D)
=l ox dx ox
oL(x, x, x) oL(x, x, x) @

+D(X'(x,7))¢ +DH (X (x, ))ab(x’_f’x)—iX"(x,Z')p&z(x,...,x)z
ax ax 0x =

=> X' (x )
i=l



(2)

=izw0 (X (o)=Y X (0. )p), -

a x i=1
YT1BepKAeHUE TEOPEMBI TPOBEPEHO JJISI n=2

[Tycth yTBepxaeHHE TeopeMbl 6 BEpHO IS n:
n

DY YD (X enp, )= 3 3 P D (x7 (x,2)) - > X5,

i=1 k=1 i=1 k=0 ax

JlokaxkeM, 9TO yTBEpIKIeHHE TeopeMbl 6 BepHO 1t n+1:
(n+1)

m  n+l m n+l aLX .
DY 3D K ) pl)= D3 T D (X (1 0) - Y X (e 2 (an
i=l k=l i=l k=0 a X i=1
(p)
. . oL
Io Teopeme 3 (popmyna 3) umeeM  p, ., = p, , + (=) D' k(%)
0 x
e aL( (n+l)) o aL( (n+1)) aL( (n+1))
; &S Xyerry X ; e Xperry X Xyerry X
P =2, (=D'D] G )= Pustan = 2. (DD o) = i
=0 0 x =0 0 x 0 x

m_ n+l

D (Z ZDk "X (x,7)py ) =D, (Z ZD" (X' TPy + DT (X (TP pn)=

m n m

=D DX 0P, )+ D (X D)) 4)(220“@' xD)p, n+1>+D<Z<H<X' (D))=

i=l k=1 i=l k=1

—D(Zzﬂ‘l(x(x,r))pk ,1+1)+D’<X'(x,r))p,,+ln+l)=D(ZZD*‘1<X'(m)>pk n+1)+ZD(D“(Xl(x,r>)pn+l ) (12)

i=l k=1 i=l k=1
(p)

n+l— k n+1 k aL(-x )

Mogcrasum  p, ., = p,, +(=1) (T) npy p=n+l1 B mHepBoii
X
cymme B (12):
D> YD (X (o) n+1>+ZD (D] (X' (X.T) Py ) =
i=1 k=1
m n aL () m
= D,(3 Y DX (o), + (1 Dt Qe XDy S D (DX ()
i=l k=l 0 x i=1
L (P
DQ Y DX s o)pl,)+D,Q D DT (X (o)™ D (L((W))‘FZD (D' (X" (5 DIy )=
i=1 k=1 i=1 k=1 a x i=1

() (nH)
=D,(ZZD,"*(X(xr))p;ﬂ)+22a*‘l<x(xﬂx—l)“*wl*(&(ﬁm)“)+ZD(D@<’( ﬂM) (13)

[E= H k= Jx

[lo npeanonoxeHnio NHAYKLINHU NIepBoe ciaraemoe B cymme (13) paBHo:
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(n+1)

m n m n a x’ . X ; m ; :
D(Z sz (X '(x, Z'))pkn) ZZ K (k)z )Dk(X (X’T))_ZX (X D)Ppy. (14)
=1 k=l i=1 k=0 x =l
ITo popmyne (3):
aL (n+1) aL (n+1)
i i n+l— n+l— Kyeeey X n+ n+ Xyeeey X
Pl = Py D7D (FEE Iyt (HE 2 (15)
X 0 x

[Ipeobpazyem BTOpOE cnaraemoe B cymme (13):

(n+l) (n+1)
D, (ZZ D’k—l ( Xi( x,0)(= 1)n+1 —k Dn+l —k (aL(X,(HH,)lx ))) ZZ D D’k—l( X' (5, 7))(= 1)n+1 -k DnH k (aL(X,(HH,)lx ) N+
i=1 k=1 x i=l k=1 X
3L (n+l)) 3L (n+1))
ShN - i n+l— n+l— Kyeery X L i ntl— e+l Kyeery X
+ 3 DX (e D)D) D (D () = DY DE (X (e o) () D (=) +

i=1 k=1 a X i=1 k=1 a X

(n+1)
b k—1 i n+l—k n+2—k aL EXRXE)
£33 DI (X () -1yt ppet (P X)) (16)

i=1 k=1 X
BBonuM HOBYIO MMEpeMEHHYIO U, Mpeodpaszys BTOpOE cllaraeMoe MmocieHe cyMmmbi(16) ,
nepenumiem (16):
kl=k—-1=k=kl+1,1<k<n =20<kl<n-1L,n+l-k=n—klLn+2—-k=n+1-kl

(n+1) (n+])

m ' oL(x,..., m okl vttt OL X,
3D (X7 (g ey Dt (B XDy LSS i x  gyyty ppei (PEEe X)yy
i=1 k=1 J x i=I k1=0 3 x
- aL (n+1) - aL (n+1)
ZZD%X%x,r))(—D"“‘kD,"“‘k<%))+ZZD?<Xl‘<x,r)))<—1)"‘kD;’“‘%%)h
i=l k= a X i=1 k=0 a X
N L(x X)) AL(x,... %)
= Zl: 2 Df (X' (x, )(=D)" D (W)H ;;Df (X' (x, D)D" D+ (W)) +
a -(X}'H—l) a (nfl)
3D (X (e o)1) D <%)) 3 DYX (n -1y D °<%))=
i=1 X i=1 X
m n—1 lz( (n+1)) au (rH—l))
=33 (D) DX oD (R R 1) + D)+ ZD"(X )Y D () 4
i=l k=1 J x =l 0 x
n M(x,.., x ) oo (%, )
# 3D (e, o1y D0 (G XDy (1§ e oy D) (P X
=1 X i=1 J x
m al( o+ m o m al( ()
YK oI5 ;’(,H),x% <—1)ZD“<X<m>U<a“;C}M,x)>+Zx<m(—1)"m ;"’W)x% (17)
= X X = X

PaccmotpumM nocnennee cnaraemoe B cymme (13):
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(n+l) (n+l) (n+l)

ZD (D) (X () 2 2 Z<D (D (X (o) P 2y gy (e Xy
0 x 0 x 0 x
(n+1) (n+1)
S 1 i L ERRET) n i L EARRE]
=3O X (o) 22 XD (P Xy
=l 0 x 0 x
. aL(x (n;l)) . aL(x (n;l))
=D DM (X (6 1) ==+ ) DI (X (6, ) D, (— =) (18)
=1 X =1 J x

[IpeoOpazyem neByro 4acTh JoKazbpiBaeMoro ToxaecTsa (11), paBuyto (13) u cocTosmryto

U3 TpEX CJIaraéMbIX, PaBHBIX COOTBETCTBEHHO MpaBbIM yacTsaM (14), (17), (18):
(n+1) (n+1)

n _ m . L(x,..., oo O,
D,Q > DI (X' D)py, )+ )Y D7 (X (o)X= D (“THZD (D' (X' (x, 72 ) o2 )=
i=1 k=l i=l k=l J x Jd x
. aL (n+1) . . aL (n+1)
=S X p(x(2)- 3 X pl, + (D3 D) (X oy} (A )
i=l k=0 a X i=1 i=1 a X
. 3L (n+1) oL (n+1) (n+1)
+3 X ey o S X S x >>>%+ZD"<X (ropp, P X))
i=1 X i=l J x 0 x
S (n+l) AL (n+1)
DR <k; e ) DX (e 1) = 3 X (e ), + 3 X (e )1y D (PR 2
i=1 k=0 X i=1 i=1 X
. aL (n+1)
+ZD,"“(X"(x,r)))% (19)
i=1 0 x

VYuuteiBas (15), 00beIMHUM TIEPBOE U MOCIEAHEE ciiaraeMoe B cymme (19) ,momydum, 9To jeBas

yactb (11) paBna:
(n+l) (n+1)

m n+l aL . m o aL o
3§ . X ) (x,.. = D (X' (x,7))— ZX TPy, + > X (6, 7)(=1)" D, 1(%):
i=1 k=0 a X i=1 i=1 a X

(n+1) (n+1)

m n+l aL ey . .
=53 e D pt (X () =3 X (e p), — X () o (P X))

i=1 k=0 a X i=1 i=1 a X
m n+l aL (D) aL (n+1)

=3 S e ) b )= 3 X (2, + (1) D (P X, (20)
i=1 k=0 a X i=1 a X

[IpeoGpazyem (20), yuutsiBas (15):

(n+1) (n+1)

i i n+1- n+l1- aL Xyeery X n+ n+ aL Xyeery X
Ponn = Po, + ("D ”’(%) on + (DD 1(%)-
X 0 x
(n+1) (n+l)
n 3 OL(x,..., il nst OL(x,..., X
35 XD e (xt () = 3 X (), + (1) Dy Qe Xy
i=1 k=0 a X i=1 a X
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(n+1)

m_ n+l aL s ; m ; ;
=3 S e X (6, 0) - X X (e @1

i=1 k=0 J x i=1
[Tosnyuennslil pesynbrar (21) mpexncraBiseT NMpaByl0 4acTh JI0Ka3blBaeMoro paseHcTBa (11).
Teopema 6 nokazana.
Hwmeer mecto caenyromas
Teopema 7. [Tycte L:T"X, >R - rmaakas QyHKOMSA, 3aJaHHAs B PACCIOCHHOM
(n) . . (2n—k)
npoctpaHcTBe ckopocre T'X . L(x,..., x), p; (X,X,..., X )-JOKalbHasg 3anuch QyHKUMU Lu
UMIIYJIbCOB k —020 TIOPAIKOB IIPU BBIOOPE JIOKAJIBHBIX KOOPAMHAT (X) B 6a3ze X, pacciioeHus
(p)

. P oL(x,..., x )
X, =3 () D () i =T

1=0 0 x

S:RxX, - X, S,:X, > X,,Vte R -ogHOmapamerpuueckas TIpymima

npeoOpazoBaHuii, coxpassiomas pynkmuo L:T"X, — R:

diL(S,(x),DlST (x),D>S_(x),... DS _(x))|_,=0Vxe X,
T

J7XN (0 = (X'(0),D, X" (x),D; X" (x),... D] X' (x)) - cTpys nopsnka n-1, cAsanHas,

X' (x)= dsdfr(x) |, i=Lm.

c rpynmnoi npeobpazoBanuit S, : X, — X

m?

()

, OL(X, X,...,.X)
Toraa Ha 3kcTpeMansax ypaBHeHUs Diliepa-Jlarpanxa pOn Z(—l) D (W) =0
=0
uMeeT MECTO 3aKOH COXpPaHECHMS KOMIIOHEHTBI UMIIyJbCa BJI0JIb

ctpyu D, (), D D (X' (2)p;,)=0.
i=l k=l

JokazaTeancTBo. [lo hopmyse (6) TeopeMbl 6 mipu JI00bIX x€ X ,7€ R BBHITOIHECHO

m?

COOTHOIIICHHCE:
(n)
o L
D,(3 Y DS (X (x,7)pl, )= ZZWD (X' (x,7) - ZX (x,D)Py,, (22)
i=l k=l i=l k=0 a X

B wactHocTu ipu 7 =0
(@)

DY K s f,)=DY Y P X, 22?“)‘1@, D B DY K D =

= = = k= i= =0
(n )
m aL
=33 HE ) pr () - Zx (P, (23)
i=1 k=0 a x

ITo ycnoBuro Teopembr 7 S :X, — X, ,V7eR -omHOmapamerpudeckas TIpymmna

npeoOpa3oBaHuil, COXpaHsieT byHKLIHIO Jlarpanxa L:T"X, >R
di L(S,(x),D,S_.(x),D}S_(x),...D™S_(x))| _,=0Vxe X,, (24)
T

ITo hopmyne (5) TeopeMbl S UMEET MECTO PaBEHCTBO:
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(n)

d 0 L oL(x,.
LS. (0.D,S (0, DS, (),...D/"S. () = 3. 3 O ) m, Lo ) e (i (x,1) (25)
i=l k=0 x
KOTOPOE BBITIOJIHSIETCS TIPU JII00O0M 7, B 4acTHOCTH Tipu 7 = (0. YuurtsiBas paBeHcTBa(24), (25)
HOJTydaeM:
<n>
d 0 L oL(x,.
EL(S,(x),D,ST(x),Dfs,(x) DS (=] Z ( (k) D (X' (x,0)] =
i=l k=0 x
(n)

_ Zm: 3O Dl (1) =

i=l k=0 9 x
nockonbky DY (X' (x,7)| =D (X' (x,0)=D} (X' (x) (26)
AL (%,
CreoBatenbHO, Z Z%D,"(X ‘(x)) =0 Tlockombky x:R — X, - dKCTpeManb

i=l k=0 d x
ypaBHeHus Dinepa-Jlarpanxka, To
. (n) . (n)
=8 OL(X,X,..., X). <& oL(x, x,..., X)
i ! l R4S AEET) ! ! R4S AXET)
Po, = ;(—1) D, (W) = ;(—1) D, (W) =0 27)

CreoBaTensHO, ZX "(X)po., :ZX “(x)-0=0 Tloxcranas (26), (27) B paseHcTBO (23)
i=1

i=1

HOJIy4rUM
OL(x.... 1)
L & _ i i LR Kyeery X i C i i
D,(X 2 DI (X (py,) =22 i DI (X () = 2 X (x)p,, =0-0=0
i=l k=1 i=1 k=0 a X i=1

Teopema 7 noka3ana.

3ameuanue 2. Beenennoe B pabote ompeeneHe KOMIOHEHTHI UMITYJIbCa BJOJb CTPYH
U COXpaHEHHWE KOMIIOHEHThl HMMITYJIbCa paHra n BIOJIb CTPYH MOpsAKa n-1 Ha SKCTpeMalsax
ypaBHeHUs Dinepa-Jlarpanxka st Tpynm NpeoOpa3oBaHU, COXPAHSIONIMX —BapHAIMOHHYIO
3ajauy, ABISETCS NMPSMBIM U €CTECTBEHHBIM 0000IIEHUEM ONpeieNIeHHs] KOMITIOHEHThI UMITYJIbCa
NEPBOTO IMOPSAKA BJOJb BEKTOPHOTO IOJIA (CTPYH HYJIEBOIO IMOPSAKA), CBA3AHHOIO C
OJTHOTIAPAMETPUYECKON TpyIIoi mnpeobpa3oBaHuid, coxpaHsiomux ¢yHkuuio Jlarpanxa,
3aBUCALIYI0 OT IMPOM3BOJHBIX HYJIEBOTO M mepBoro mnopsakos.[l,c. 297] B wacTtHoCcTHM Ha
JKCTpEeMassix ypaBHEHHs Oilnepa-Jlarpanka copaBeIMB 3aKOH COXPAHEHUS KOMIIOHEHTBI
UMITyJIbCa IIEPBOrO IMOPSAKAa MEPBOrO paHra BAOJAb BEKTOPHOTO MOJS, WHIAYHHPOBAHHOIO
CPYIIIOHN, COXPaHSIOMIMX BapHAIlMOHHYIO 337]a4y IEPBOTo MOpsJIKa:

n L n L
D(ZX piy)= D(ZX’ (ff)lx)) DX (”)

Jd x =l ax

—F)=0
JIuteparypa
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GROUPS OF TRANSFORMATION CONSERVING
VARIATIONAL PROBLEM WITH SENIOR DERIVATIVES
POLOTSK STATE UNIVERSITY
Y. PASTUKHOV, D. PASTUKHOV

Annotation. The definition of the momentum component is introduced along the jet and the
conservation of components of momentum of rank n along the jet of order n-1 on the extremals
of the Euler-Lagrange equation for groups of transformations preserving the variational problem
is a direct and natural generalization of the determination of the momentum vector field (zero-
order jet) connected with a one-parameter group of transformations preserving Lagrangian
function that depends on the derivatives of zero and first orders. For the extremes of the Euler-
Lagrange equation, the property of preserving the momentum component of rank n-1, connected
with the transformation group preserving the variational problem with higher derivatives.

D,(> S D (X (x)pl,)=0

i=l k=l
S:RxX, - X, S,:X, > X,,Vre R -is a one-parameter group of transformations that

preserves the function: L:7"X, — R

diL(S,(x),D,S,(x), D!S_(x),.. DS_(x))|__,=0Vxe X,
T
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P X N(x) = (X'(x),D/ X' (x),D} X" (x),....D""' X '(x))- a jet of order n-1 connected,
ds'z(x)
dt

with the transformation group S_: X, — X, , X'(x)=

l,.o, i=1lm
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V]IK 514
JIATPAHKEBBI CEUEHUSA

Kano. gu3s.-mam. nayx, ooy. 10.®. IACTYXOB
Kano. ¢us.-mam. nayx, ooy. /I.@. IACTYXOB

(Illonoyxuit  2ocyoapcmeennwviii yHugepcumen)

B cmamve unsapuanmuvim 00pazom onpeoeieHo NOHAMUE NACPAHICEBbIX CeYeHUll 8
PACCIOEHHBIX NPOCMPAHCMBAX CKOPOCMEU NPOU3BOIbHO20 NOPAOKA, CHOPMYIUPOBAHLL U
O00KA3aHbl UX CBOUCMBA, OAH UHBAPUAHMHBIIL KpUMepull  peweHus 3a0auu, Noay4eHo
Heobxo0umoe ycrogue nazpandcegvix cedenu u cucmem OJY npoussonrvnHozo uémnozo
nopsoka.

Knioueevie cnoea: obpammas eapuayuonHas 3a0ayd, paccioénHoe HNpoCMpaHCmMeo
cKopocmell, 1azpaHdiceso cevenue, ypasHenus Junepa-Jlacpandica, enaoxkue mMHo2000pasus,
MeH30p IHepaUul, MeH30p 0000UeHHO20 UMNYIbCA, He8bIPONCOEHHAS PYHKYU.

BBenenmue.

BapuanmonHoe ucuucieHue SBISETCS OJHUM U3 CTapeHIIUX W OOraThIX CONEp:KaHUEM U
MPUJIOKEHUAMHU Pa3[IeJIOB MaTeMaTUYECKOro aHaiv3a. BapuainuoHHble 3anadd  (Hampumep,
M30MEPUMETPUYECKHE) PACCMATPUBAIIUCH U B IPEBHOCTH, HO MCCIIEOBATUCH T€OMETPUUECKUMU
Metogamu. [loaToMy HadamoM 3apoKIE€HUS BapHAIlMOHHOTO HCYHUCIEHUS MOYKHO CUYWUTATh
pabotry @Pepma 1662 r., B KOTOpOH aHAIMUTUYECKUMHU METOJAAMH HCCIIEIOBaHA 3aja4a o
pacnpoCTpaHEHUH CBETA U3 OJHOM ONTHUYECKON Cpelbl B APYTyl0 U O MPEJIOMJICHHH CBETa Ha
rpanune JByx cpea. [anee anamoruuHsle (HO Oonee oOmIMe) BapUallMOHHBIE 3aJa4ul
uccinenoBaiuch Hpl0TOHOM (3a1aya O HaMMEHbIEH MOBEPXHOCTU BpaiieHus - B 1685 r.), /.
Beprynnu (3agaua o OpaxucToXpoHe) u Aap.

B 1696 rony U. bepaymnu chopMyaupoBai U omyOJIUKOBAJI MATEMAaTHUECKYIO TIPOOIEMy ¢
IpeUIOKEHHEeM JUIsI MaTEeMaTHKOB CBOETO BpPEMEHM 3aHAThbCs e pelieHueM. B 3amaue o
OpaxuCcTOXpoHE TpeOOoBaIOCh HAWTH (HOPMY TIATKOW KPUBOW, COCTUHSIONICH TBE TOYKH, TaK
YTOOBl MaTepHalibHAsl TOYKA, JBUTASACH MO HEll 0e3 TpeHus Moj ACHCTBUEM CHIIBI TSKECTH,
IpoIUIa yYaCTOK MEXAY dTUMH TOYKaMH 3a MHHUMaJbHOE BpeMs. 3ajauya Obula pelieHa KpyI-
Helmmmu yuéHbsIMu Toro BpeMeHu — S1. bepuymnu, I'. Jleitonunem, ¢pann. yuéusim I'. Jlonura-
nem u U. HerotoHOM.

CBoM MOAXO0MbI K PEIICHUIO 3TOM 3a7auul MpeasioKuin Junep, Jlarpanxk, 4To NpHUBENO K
POKIEHUIO BapHALIMOHHOTO MCYHMCIEHUS. DTH pElIeHUs HaMEeTWIM MHOTUE HampaBJeHHs Oynay-
et obmeit Teopun. M. bepHymM UCXOAMIT U3 ONTHKO-MEXaHUYeCKHX aHanorui, 5. bepHymium
npuMeHua npuHnun [roiredca, JISHOHUI pemun 3amady, 3aMeHsIsI KPUBYIO JJIOMaHBIMH, 3aJ10-
JKUB TEM CaMbIM OCHOBY INPSMBIM METOJaM B BApUALIMOHHOM HCUHCIICHUH.

Hacrosimumu TBOpuamu oOIIeld TEOpUH BAPHALIMOHHOTO HCUUCIEHUS (KOTOpbIE AajH
Ha3BaHME 3TOW HAyKe) SIBIAIOTCA Diiep (ypaBHeHUs OJinepa) m Jlarpanxk (MeToJ Bapuaiuii).
Hanee cnenyer Jlexxanap (uccienoBaHME BTOPOM — BapHallMU—HEOOXOIUMOE  YCIOBHE
Jlexanapa), IamunbToH M SIK0OM (TIOHSATHE COMPSDKEHHOW TOYKH, HEOOXOIMMOE YCIIOBHE
SxoOu, teopust ['amunbrona — Skobu), Kinebm u Maifep (3agaum ¢ dyHKIHOHanamu Oojee
obmet nmpupoabl, HeoOxoaumoe ycinoue Knébmra, momns skctpemaneit Maiiepa), Beliepmrpace
(3amaun B mapaMeTpUvecKoi ¢opme, JOCTAaTOUHBIC YCIOBHUS CHIIBHOTO 3KcTpemyma). PaboTbl
Maiiepa xonma XIX Beka TOCITYXKHJIA OCHOBOM Il YIUIYOJICHHOTO HCCIICOBAHUS
BApUALIMOHHBIX 3a1a4 Jlarpanyka u Maiiepa, 10Ka3aTenbCTBA MpaBrUjla MHOKHUTEIEH U1 HUX U
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ap. B mawame XX B. ['mnbOepT BBeN CBOM W3BECTHBIM WHBAPHUAHTHBIA MHTETpaT IS
JIOKa3aTelibcTBa JIOCTAaTOUYHBIX YCIOBUM »KcTpemyma, KHesep wuccnemoBan 3afadud ¢
MOJIBKHBIMHM KOHLIAMH, TOJYYHJI TeOMeTpHuecKoe yciaoBue Skobu (mpu momoiy orudaroien
CEMEMCTBA IKCTPEMAJIEH ).

JuddepenumanbHas reoMeTpuss BO3HUKIA M pa3BUBajJaCb B TECHOM CBA3M C
MaTe€MaTU4YeCKUM AaHaJIW30M, KOTOpBbIM CaM B 3HAYUTEIBHOM CTEIEHU BBIPOC M3 3a4ad
reoMeTpuy. MHOrue reoOMeTpUYECKUe MOHATUS NPEAIIECTBOBAIA COOTBETCTBYIOIIUM ITOHATUAM
aHanu3a. Tak, Hampumep, IMOHATHE KACaTEIbHOW PEAIIECTBOBAIO IIOHATHUIO IPOU3BOJHOM,
NOHATHUE MJIOUIATU U 00bEMa — MOHATHIO UHTETpaja.

BosnuknoBenue nudgepennuansHoi reometpun oTHocutes K XVIII Beky u cBsizaHO C
nMeHaMu Dunepa u Monxa. [lepBoe cBOgHOE COUYMHEHHE MO TEOPUU MOBEPXHOCTEW HAIKMCAHO
MomnxeMm («[IpunoxkeHue anammsa kK reoMmerpum», 1795). B 1827 I'aycc omybaukoBan paboTy
«O0miee uccIeqOBaHUE O KPHUBBIX IMOBEPXHOCTAX», B KOTOPOMl 3all0KKUJ OCHOBBI TEOPUU
noBepxHocTell B e€ coBpeMeHHOM Buze. C Tex mop auddepeHunanbHas reoMeTprsl nepecraia
OBITh TOJIBKO NMPHIIOKEHUEM aHAIN3a U 3aHsJIa CAMOCTOSITEIbHOE MECTO B MaTeMaTHKe.

OrpomMHyI0 pOJb B Pa3BUTHUU BCE TeoMeTpuH, B TOM uucie u nuddepeHmanbHon
TEOMETPUHU, CHITPAIIO OTKPHITUE HEEBKIMAOBOM reoMeTrpur. Puman B cBoerr jekiuu  «O
TUIIOTE3aX, JIeXKAIIMX B OCHOBaHUAX TeoMeTpuu» (1854) 3anoxuia OCHOBBI pUMAaHOBOMU
reoOMeTpUH, HauboJIee Pa3BUTOM YACTH COBPEeMEHHOM nuddhepeHITnanbHON TeOMETPHH.

Teoperuko-rpymnmoBas Touka 3peHus KneliHa, wu310)keHHas B €ro «JpJIaHTeHCKOU
nporpamme» (1872), To ecTh: TeoMeTpus — ydeHHue 00 MHBapHaHTaxX TPy npeodpa3oBaHuii, B
npuMeHeHnd K nuddepeHnuansHoi reoMerpun Obuia pa3zsuta Kapranom, KOTOpPBI mocTpou
TEOPHIO MPOCTPAHCTB MPOESKTUBHON CBA3HOCTHU U aPUHHOMN CBAZHOCTH.

OcHoBHas 3amaua nuddepeHuanbHON TeOMETPUU COCTOUT B HAXOXJACHUHM W OMHUCAHUU
muddepeHIIMaTbHBIX HWHBAPHAHTOB TI'E€OMETPHUUYECKUX CTPYKTyp. HeoOxomumeiM ammapaTom
3/1ECh SIBJISIETCS MCUMCIEHHUE CTPYW. DTO MOHITHE HHTEHCHUBHO MCIOJIb30BAJIOCh B TEOPUH
TEOMETPUUYECKUX CTPYKTYp BBICHIEro mopsaka B paborax B.B.Barmepa, I'.®.Jlanrtesa,
JLE.EBrymuka, M.O.Paxymnpl, a B TOcleAHee BpeMs B TEOpUU OCOOCHHOCTEW TIaJKHX
oroOpakernnit M.['onyOunkum,  B.I'mileMHHBIM B TEOMETPHUUYECKON TEOPHH HEITMHEHHBIX
muddepeHmanbHbIX ypaBHeHU A.M.BunorpamoBeiv, B.B.JIprqaruneiM.  IlpencraBiennas
paboTa sBISIETCS MPOJOJDKEHUEM MPeABITyIuX padbot aBropoB [9, 11,14,15,16,17].

ITocTanoBKa 3a1a4M M OCHOBHbIE ONpPeIeIeHHUs].

JuddepeHnnanbHO-reOMETpUIECKUE CTPYKTYPBI, HCIIONIb3YeMble B paboTe: X, — IJ1agKoe
MHOroo0Opasue pasMepHocTH m; T"X, — TIJAQJAKOE PACCIOCHHOE IPOCTPAHCTBO CKOPOCTEil
nopsiaka n ¢ 0a3oil paccmoenuss X,,; L:T"X,, >R — HEBbIpOXKICHHas (YHKIHUS B TOUKE
vieT"X,,.

Omnpenenenne 1. Cucrema pynkuuii P, = {p,i (n)}: {p,’(,n}

(p+min(n, p)=k) k ) v
. , - (pemin(n,p)- n= L(x,..., x) S
i i I Y 9000y .
pi)=p, (X,  x )= (-D'DI(—FF5) k=0ni=1m
=0 a X

Ha3bIBaeTCsl 00OOIIEHHBIM MMIYJIHCOM  paHra n st yskumn L:T7X, — R B

JOKAJIBHBIX KoOpauHaTax (x) 6a3er X, paccioenuss 77X, rnme
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. (p)
L(x,x,..., X )- ToKanpHas 3anuch QyHKIMM L mpH BHIOOpPE JOKAIbHBIX KOOPAMHAT (X) B

p
Oasze X, paccioenua T°X, .
OyHKUMS p,, YATAETCA Kak k —as KOMIIOHEHTa 0GOOLIEHHOTo uMmmynbca P, paHra n

N0 {—OWH KOOpAMHATE WIM HUMIYJIbC Mopsaka k (k-uMmyiasc) 1o i—oOW KOOpAMHATE
000011eHHOr0 UMNynbca P, paHra n.

3ameuanne 1. OOOOLICHHBII UMITYJIBC paHT n onpeaeneH ot GyHkmud L:T7X, — R

(p)
oL(x,..., x)
— o )
X

n—k
W3  ompeneneHus p,(n) = Z(—l)l D!(

=0

CIIeNyeT, 4To npu

(p)
oL(x,..., x)
T arbi

X
Ul HETpUBUAIbHBIX uUMIyIbcOoB k < p. Ilockonbky k <n,k < p = k <min(n,p), TO B

k>p,l20=>1+k>p=> =0 u Bce p,(n)=0(TpUBHATLHBIE HMITYIIECHI), TO ECTH

ONpeJIeTICHUN 2 MOXKHO CUUTaTh, yTo k =0, min(n, p),i =1,m.

MakcHMabHBINA TOPSAIOK POU3BOIHON M0 t B p; (n) paBen [+k+1=2-1+k
3 (p) (1)

L Xyeery X . +k)i
%EO u K03hUIMEHT TIpU Mpou3BogHOM  x  paBeH 0,

X
3HAYUT, TMPU OMNpEAeJCHUH MaKCHUMAaJbHOTO MOPSAIKAa MPOU3BOJHOW MO t MOMXHO CUMTATh
[+ k < p, xpome TOTO

[Sn—kol+k<n=l+k<min(n,p)=>[<min(n,p)—k =2-1+k <2-(min(n, p)—k)+k =

=2-min(n, p)—2-k+k =2-min(n, p)—k
XoTs Gonee rpyOas OleHKa MOpsKa CTapiieil IIPOM3BOIHON 10 t B p| (1) naeT
ISn—-kol+k<n=21+k<2-(n-k)+k=2-n-2-k+k=2-n—k.

I[lpuy p>nl+k<n ©U MakCcUMaJbHBIA TMOPSAJOK TMPOM3BOJHOM TO t B

(p)
aprymenTax L(x,..., x) OoJibllle MAaKCUMAJIBHOTO TOPSIKA MPOW3BOJHOW MO TEPEMEHHOW t B

3HAMEHATEeJIe YaCTHOW MPOU3BOIHOM.

Teopema 1[11]. Tycts x' =S8'(x,%,...x,) S:(x) = x(x), - HEBBHIPOKICHHOE
npeobpa3oBaHue KOOPJIMHAT B 0a3e IVIaJKOro MHOroo6pasus X, paccioeHus CcKopocTeit
nopsaaka 17X i=1,_m, TOr A

s W () L, I! l
o (x, x...., Cc D7 —==|Cc=—"—1=]ki=5
YO Xn X)) T s —s)! H (1)

X

()

dJ x 0.1<s
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Teopema 2[10](3akoH npeoOpa3oBaHUsI UMITYJIBCOB MPH 3aMEHE CHCTEMbI KOOPIWHAT B
6aze X, paccioeHus T*'X ). Tlpu 3amene (x) — (x(x)): B Gase MHOrooGpasus X,

_ s (b

pacciioeHus TX " p,i (n)(x, x,..., x ) mpeoOpa3yrorcs kak TeH30pbl Tuma (0,1) (KOBEKTOPHI):
. 2n—k m . e . "
PG ¥ )= S P (D) % ) o' (x) _ = DM T ) ()
A ox’ ox
; ; - Qe ok ,,OL(x,... (;c)) — —
pi(m)=p,,(x,x,..., x )= Z( D' D (#) - UMIyJbC opsaaka k ,k=0,n i, j=1,
0 x

Oycre: T * X ., — paccio&HHOe MPOCTPAHCTBO CKOPOCTEH MopsAaKak MHOroooOpa-
sus X, 7,:T'X, -»T"X, ,l>k>0 — kanounueckas npoekuus (pu K = 0 — MPOEKIHUs HA
6a3y paccioenuss — MHorooOpasue X, ). IIpennonaraercs, uro X, — OECKOHEYHO IJIaJKOe
MHOT000pa3ne. U(v,"™) — okpectHoCTh TOUKH v,"™ B paccnoenun T2 X

Omnpenenenne 2. [Iycts L:T"X, —NR - rnaakas QyHKIHS. L(x,;c,...,x(”)) - JJOKaJbHasd
3amUch B cucTeMe KoopauHat (x).(@.: (VCT'X,) —»R™"- xoopaunatHblii guddeomopdusm

JIOKaJIbHOM Kapre V,p)) @ynkuus  L:T"X, —»R HazpBaeTcs

HEBBIPOXKICHHOM(BBIPOXKICHHOW) B Touke V. e€T"X,, B cucreMe KoopauHat (x)0azeX

(n)
d°L(x,..., x
paccioeHust, ECIIA COOTBETCTBEHHO det((g)i—(n”)) #0(=0)
dx0 x

IlocranoBKa 3aga4u.
JuddepennunanbHO-reOMETpUIECKUE CTPYKTYPBI, HCIIONb3yeMble B paboTe: X,, — TJaJKoe

MHOT000pa3ue pasMepHoOCTH m; T" X, — TTIAAKOE PaCcCIOEHHOE MPOCTPAHCTBO CKOPOCTEH MOPSAKa
n ¢ 6a3oi paccnoenus X,,; L:T"X, — R — HEBBIPOXKIACHHAs (PYHKLIHUS B TOUKE Vi e T"X,,
IlocTaBum CJIG,Z[YIOH_IYIO 3ajauy:
[IycTp TZ"X D V( ") =V - OKpEeCTHOCTh TOYKH vé" € TZ"X
7[2n_1 :TZ"X — T 1X -KaHOHMYCCKas HpOGKI.[I/IH'
V) =U@™)=U =12 ) I Wve VW ), 720,02 =u
T X, 2UW™") > T™X, -rnagkoe cedeHue

CymecTBytoT i1 \_/(v(f") cVoi(x, (‘7) =U )M Takas HEBBIPOXKICHHA  (PYHKIIHS
L:T"X, > 7"V—R" uro
o, (U)=¢€,(V).

Teopema 3. [Tycte L: T"X,, >R rnaakas QyHKIUs B TOUKE V) € T”Xm,L(x, x,...,x‘")j -
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(m)

JOKaJIbHAasl 3allUCh B CUCTeMe KoopauHar (x) B Oaze X, ,L(x, Xyeors xj - JIOKajbHas 3aIluCh B

CHUCTEME KOOPAUHAT (;c) .

)
0> L(x, x,..., X) 9°L(x,.. ,x)ax (x) 9x (x)
Torma —— 5 —r— = ZZ S gy (2)
a X a X i=l j=1 )C a X ax ax
. (n)
Jloka3aTejbCTBO. L(x )(Cn’)l » %) ZZBL(x(x),(t)I, x(x)) J x(n()lx)
8 X j=1 =0 Jx 0 x
PG t) D DN ) | D AL ()2 ¥ ()
Xy X,y X X, Xy, X x(x),..., x(x x(x
‘ mk ml <n>k( )l Y (ZZ 0J i )=
0 x0x 0 x 0 x 9 x = dx 0 x
0 LD (1), 0 2 (), AL k() D D3 (1)
2 - x(x),..., x(x x (x xx,,xx x (x
:Z ( @k( 0 ) ) )+ Y )k )l ) )=
I dJ x 0 x dJ x dx Jx
= o
d 8L(x(x) ,X(X) ax (x) OL(x(),.. ,x(x) d aX ). PLXxX,....X)
- (n)k o ! )+ ZZ oj <n)k( ! )= Wk ()l 3)
‘“:‘)a dx dx A0 Jx dx O0x dx0x

[Ipeobpaszyem sieByro yacTb B cymMMme (3):
(s)d _

J 8L(x()_c),...,(;c)(x) i "9 aL(x(x), G 9 ()

(n)k ( (¥ (s)d (1) j ) (! (4)
d x 0 x 15=09 x 0 x d x
m o n a a a(t)j _
[ToacraBum (4) BIeByto yacthb (3): ZZ W Al L(x(x)(,t)j, x(x)) x(n()lx) =
j=11t=0 a X a X a X
0 LG k() . D2 ()2 X ()
LRI ok x(x),..., x(x x(x)d x(x
= Z (Z wa ¢ % )) - )k ()l ®)
AL =0 d=1s=0 g J x 9 x 3 x

[ToacraBnsiem monydenHoe Boipakenue (5) B (3):

t)yj —
7S 0 aL(x(x), . x(x) 8 x (x) aL(x(x), . x(x) 0 0 x(x)
Z (n)k (0j (m)l )+ ZZ 0j (n)k( ()1 )=
7= X J x 8 X =0 J x 0 x 8 X

0 aL(x(x), ,x(x) 8 x (x) a x (x) OL(x(x),.. ,x(x) 0 8 x (x)
_ZZ( ZZ ¢ ) ) (k ! ZZ ) (n)k( Y )=
j=1 =0 dlszoax ax ax ax j=1 =0 ax ax ax
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(t)j —
LU R, aL(x(x), ,x(x) a x (x) 0 x(x) OL(x(x)... ,x(x) 0 0 x(x)
_ZZZZ wa ( 0 ) (mk i ZZ OF (n)k( (m )=
/—lt—Odlv—Oax ax ax ax j=1 t=0 ax ax ax
2 & 9> L(x(x),.. ,x(x) 8 x (x) 8 x (x) OL(x(),.. ,x(x) 0 8 x (x)
ZZ J (n_)k( ! )

_ZZZZ ®d_0j )k )l
dx dx = Jx ox OJdx

j=1 t=0 d=1 s=0 axax

(6)

l

@ L[ ox' (%) I
Wi C'-D"* Z1.C’ = =1 1k,12>
Tlo Teopeme 1 ox (x’(jf;""x) = ( o j LT s —)! krll Y oij=Tm
J x 0,[<s
Tak xak n=>t>0, T0O
)
() |G W(M")j Uﬂ(a’“(x)j—m,x), ,, —Ln'—Hkt n_y G
] ax ax ox ot (” n! o, BN
dx Or<n *
. (n)
Wiy ¥ y iy
3Haunt, ipy n>t>0, al (xzz[’"" x) _ o ax_(jc) (7)
) ;C 0x
5 _ L=k P
rge 9, = O,I;tk_cuMGOﬂ (ponexepa
IToacraBum (7) B HpaBon 4acTh (6)
_ (n) —
m 2 AL(x(x),.. ,x(x)) 0 8 x(x) 2 G OL(x(x),..., x(x)) 0 , ox’ (x)
zz ®J <n>k (m! )= Z ®)j <n>k( )=
o= dJ x dx Jdx 0 Jd x J x ox’
_ (n) — _
m 3 AL(x(X), ..., x(x)) 0 o' (). & IL(x(X),..., x(x)) 9 ox'(x)
ZZ OF S, (n)k( =)= Z i (Qk( =)
Jj= J x d x ox j=l 0 x d x dx

;=
x —
( 3aBUCUT TOJIBKO OT X M HC 3aBHUCHUT OT IMPOM3BOAHLIX HC HUKC

Tak kak n>1, 1O =
ox
9_ o' (x)) 0 3nauwmt(8) - mpaBas yacThb B (6)

(

IIEPBOro mopsakKa. CJ'IGI[OBaTeJ'II)HO, Ok
a X ax

m aL(x(x), ,x(x)) J ox' (X)) 0

Z () (mk ( O

a d x 0 x

3HauuT, BeIpakeHue (3) paBHOE BBIpaKeHUIO (6) ¢ yueToM (8) uMeeT BH

__* ®d _
O LX,X,000,X) _ RN L), . ,x(X) 0 X(X)a X(x) AL(x(x),.. ,X(x) ) X(x)
(n)k (ml ZZZZ (Y)d )j (mk (ml ZZ ®)j (n)k( (ml )
axax j=1 =0 d=1 s=0 xax ax ax j=l =0 ax ax ax
(s)d _ "Jj —
: 5 92 L(x(x),.., x(x) d x(x)0 xj(x) ©)

" _
Z ®d_0j mk i
0 x 0 x

j=l1=0d=1s=0 3 x 9 x
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Ha ocHoBanuu (7) uMEIOT MECTO PaBEHCTBA:

c W
O (x, X,..., X I (x Lt=n
n>t>0 ’ax (in))cl,..., X) =5 ax_(lx) ,Te 0, :{ —cumsonKporexkepa (10)
= dx 0,t<n
d x
() = di
’ s s =
n>s>0, (x(yjck, > %) =0 ax_(kx ) Jrae 0, = —cumsonKporwxkepa (11)
3 x ox 0,s<n

[Moacrasnsiem (10),(11) B (9) momyunm:
_ _ (n) _ t)yj —
O L(X, Xyery X) ot O2L(X(X),on, x(x)) 8 x (x) d x(x)
(mk  (n)l Z ;Z (d_ (D) (m)k ml

0 x0dx JE IR0 s =0 dx0dx dx dx
_$33% PLOG),. () 5 o’ (x) s axJ(x) i"ziiazux(x) e 5 8x"(x) g axJ(x)

- ()d_0j )d_0j (12)
I e e x x P e R x x
. |Ls=n
Tak xak O, = — cumsonKporexkepa, TO
0,s<n

O*L(x(x)... ,x(X) , 0x* (x) L2 L(x(x),.. ,x(x) , 0x* (x) O*L(x(x)... ,x(x) X7 (X)
Z (s)d ()] 5” Z (s)d (1)j 5 + (s)d=n _(1)j n —k
Jdxdx ax s=0 dxdx ax Jd x dx dx

s=0

_ (n) _ — — (n) — _
_OPL(X(X)seeey X(X) oy Ox7 () D7L(x(X), ..., X (x) Ox” (x)
- (s=m)yd _(1)j n —k (md (1)) —k

0 x 0x ox 0 x0x dx

[Toncrabmsiem (13) B (12)

Zzzza L(X(X) JC (X) @l o’ (X) 5; a’ (X) _Zz S z(za L(X(X) JC (X) S o (X) a’ 7(1)6)) _

(é)d ®Jj (é)d ®J n —k a
j=l =0 d=1 =0 dxdx x j= =0 d=l =0 xax X X

,Tak kak 0, =0, s<m; & "=1 (13)

> L(x(x),.. ,x(x) o’ (x) o’ (x) 9> L(x(x),.. ,x(x) o’ (x) 9x’ (x)
ZZZ (n)d (1)) 5:1 ZZZ (n)d 0)j 671 —k —1
Jj=1 =1 d=0 axax ax ax j=1 d=1 =0 xax ax ax

(14)

Tak kak 8 =0,7<n; 0, " =1, 10

FLC, . 1) gax" WA () _LFLO),.. 00 Prs () () FL(X),.. X o) A )
z (md (0] n md ()] n —1 + md  (=n)j n —k -1

= 9Jxdx ¥ ox dxdx o dxd x dr  ox

_ (n) _ _ _
9> L(x(x),..., x (x) 9x? (x) dx’ (x)
= md ) = = (15)
Jx 0 x ox ox

[Toncransiem (15) B (14), nonyuum:
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ii " 32L(x(X), .. x(x) 5 ox? (x) :ii(i 2 L(x(X),... x(x) 5 ox? (x))

(md ()] (md ()]

j=1 d=1 1=0 d x 0 x ax =l d=1 1=0 d x 0 x ax
_ __ . (n)
3 9 L(x(x),... x(x) ox* (x) ox’ (x) azL(x, Xyerey X)
ZZ md_(mj = mk
A Yy x dx  ox 3 x0x

Teopema3 nokasaHa.

Teopema 4. L:T"X, 6 —R HeBbIpoXkICHHAS (BBIpOXKIEHHAs1) QyHKIMA B Touke v € T"X | B
cucreMe KoopauHat (x) 6aze X, paccinoenus. Toraa B 1r000i qpyroit cucteMe KOOpAUHAT ()_c) B

Oaze X, dynkmuss  L:T"X,, >R  T1axke Oymer  COOTBETCTBEHHO  HEBBIPOXKICHHOM

(BBIPOKJICHHOM ), CIIEIOBATENIBHO, CBOMCTBA BBIPOKICHHOCTH M HEBBIPOKICHHOCTH HE 3aBUCHUT
OT BBIOOpA JIOKAIBbHOM CHCTEMBI KOOpAMHAT B 0a3e X, , TO €CTh SBISIETCS T€OMETPUUYECKUM

m?®
MHBApUAHTOM B paccioenuu 7"X

(n)
92 L(x,x, (n)lx) Zza L(x,... x) ox' (x) ox’ (x)

Hoxkazarenbcrso. Ilo Teopeme 3 ot T 7 — =

a X a X i=1 j=1 a x a ax ax
HeBbIpoKIEHHOCTB B CUCTEME KOOpAUHAT (x) B 6a3e X, MO ONpeIesIeHUI0
(n)
2
O3HayaeT det(%) #0 . [Toaromy mo Teopeme 3
Jdx0x
. (n)
92 L(x,X,..., X) 9*L(x,... x)ax (x) ox’ (x)
det——Cot i ) = det(zz <n), Ak )=
axax i=l j=1 Xax ax ax
2 J i J
 det(? L(Eff’"(';)f))d T (x))d (G (x 9, 20 rax xax det(C-) 5 0 ey X (x));to TaK
dx0 x ax ox ox ox

KaK 3aMeHa KOOpAuHAT x = x(x) B 6a3e B 0aze X, HEBBIPOXKICHHAS.

Amnanornuno, ecmu L:T"X, - R - BepoxkaeHHAs QYHKIHSA, TO

(n)
2
det(“éf—ﬁ) =0 . ITo Teopeme 3 umeemM
d0x0 x
PR
92 L(x,%,..., x) 9’ L(x,... x) ox' (x) Ox (x)
detC——r—r ) =de t(zz <n>: Lk )=
axax 75 a%ay ox o
2 J
= det(? L(,fff"'(';)f))d (@0, 4 P _ o200 4 @),
0x0 x X X ax x

Teopema nokaszaHa.
Onpenenenue 3. ['naaxoe orobpakenue f:T°X, —T'X, (0<k<l)
HAa3bIBACTCA CCYCHHUCM, CCJIM CIICAYIOIas JuarpaMmma KOMMYTaTUBHA:
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f

T X,
Onpenenenue 4. [ycts U(v;"™') — okpectHOCTh TOUKH v,"~' B paccioennn T2 X .
MoamuorooGpasue , o, < T*'X,,

T X, T X,

2 2 2 2n-1 2n-1 2n-1
o, =0, =P eT”X, 1 v = (2, v e U]
Ha3bIBaeTCs (TJIAJKUM) TIOAMHOT000pa3reM, MOPOKIEHHBIM CEYCHUEM
L 2n-1 2n-1 2
f:T7X, UV, )=>T"X,,.
2n—-1

o1y — okpectHOCTS TOUKH vi""! B paccimoennn 727X, .
X X

Jlemma 1. Ilycte U(v o

IToxmHOroo6pasue 6, cT”"X,,,
oy =0, W) =[2 e T, 142" = (2, P U],
3agaBaeMoe cedenueM f:T2"7'X, SUw3")— T?'X,, UMeeT pa3MepHOCTb 2mn .

Joxka3zareabcTBo. I1ycTh (x)- JOKaubHAas CHCTEMAa KOOpAMHAT B 0asze X, paccIOCHHUs
T7*'x, . Torga

Otobpaxkenue f:T*7'X, U™ )— T X, B NOKaIbHBIX KOOPJAUHAT UMEET BUJ :
. (2n-1) x B ,k=0,2n-1

(%, Xy X ) = e« (2n-1) i=lm
fi('x7 Kyeeny X ) 5 k = 2l’l

y(k)i

Paccmotpum 0TOOpaKeHHS

stk,iy=mek+i k=02n, pl,j)=mel+j, [=02n-1 i,j=1m

Otobpaxenue sk,i), k=02n,i=1,m OUEKTHBHO OTOOPAXKAET ABYMEPHYIO
LEJIOYUCIEHHYIO PEIIETKY pasMepoM [0;2n]x[1;m] B LETOUHUCICHHBIA OTHOMEPHYIO
PEUIETKY - OTPE30K [1;(2n+1) ® m]

CIOpbEeKTHBHOCTh OTOOpaKECHUST s(k,i)=mek+i CIEAYET U3 OUYEBUIHOTO TOXKIECTBA :

me[=]+s—me[--] ,mod(s,m)#0 = 0<k =[-]<2n, |<i=s—me[-]<m
m m

m m
s:

mo([i]_l).;.m ,c=0 :>0§k=[i]—132n, i=m
m m

I'me mod(s,m) - OCTATOK OT JIEJIEHHUS S HAa m

Jloxaxkem , 4TO s(k,i) UHBEKTUBHO : s(k,i)=mek +i,=m®k, +i, =>me(k, —k;)=i,—1i,
Tak xak 1<i,i; <m = 1-m<i|—i,<m—1 Tak kaKk me(k,—k ):m = i —i,=0 =k, —k; =0
NHBEKTUBHOCTE U CIOPBCKTHBHOCTbD, 4 ,3HAYUT, U OMEKTUBHOCTD s(k,i) TOKa3aHEL.
AHaJIOTUYHO JT0KAa3bIBACTCS OMEKTHBHOCTH OTOOpaXEHUS p(l, j)=mel+ j

PaccmoTpuM 3ameHy epeMEeHHBIX

Ys(k,i) =x(k)i L k=02n-1, l=1,_m - Yx(k,i) =Ymk+i =x(k)i — Xp(k,i) — X111k+i =X

. 2n—1
s(2n,i) _ _(2n)i _ 2r-D)
Y =x = fi(x, Xy, X )

xPED = xOF 1=020-1, j=Tm

o (2n-D)

1 2mn~ _
Mycrs E2mn -enunnunas matpuua pasmepa 2mn | FilX s XY = fi(6 %y x0)
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3HAYHT, paHT MaTpUIlbl SKoou
(2n-1) ¢  (2n-1) ¢  (2n-1

ayk(i) (X, Xyeey X ) Y D (x,x,, x ) XD (x x,y x )
rk - =rk i =rk : —
ax(l),l oX p.J) X p.j)

EZmn E2mn
=rk| OF, |>2mn A=| OF,

ox " . C 1pyroii CTOPOHBI , paHI MaTPHILBI dX") " pasmepom

(2mn + m)x2mn
EZmn

rkA < min(2mn + m,2mn) = 2mn = rkA=rk| oF, |=2mn
ox” 3HauMT, OTOOPAKEHUE
f:1*x, SUumd"— 1" X, 3anaeT noaMHOroobpasKe pazmMepHocTd 2mn . Jlemma 1

IOKa3aHa.

Onpenenenne S. [TonmHorooGpasue

2 2 2
e=e,(V)=Pp"evVaT”X, | €,,(@.0")=0eR" } |
Ine L:T"X, > x."V—>R" — HeBbIpokIeHHAsA QyHKIMS, L(X,X,...,x") JoKambHas
3aIUCh B CHCTEME KOOPHMHAT (X) , HA3bIBACTCS JIATPAHKEBBIM 10 JMHOT000pa3HeM HaJl

VT X

HA3BIBATh JIATPAHKEBBIM MOAMHOr000pasuem £, cT>"X, . 3nech

KOTOpPOE, KOT/1a 3TO He OyAeT MPUBOIUTDH K HEOPa3yMEHHUI0, MBI OyJ1eM

m?

£ . 9’{(2”4—1)’" ) ¢X (V CTZHX ) AN 9{(2}14—1)1‘)‘! _ KOOpHI/IHaTHBII\;I

oL ) >R (9 (VeT™X
muddeomopdusM B okanbHOM kapre (VCT>"X, ,¢.) paccioéunoro npoctpanctsa T2'X, )

- 1aaKas pyHKLUs, KOTOpasi B JIOKAJIbHOU
cucteMe KoopauHar (x) B 6asze X, paccioéHHoro mpoctpanctsa T'X, HMeeT B

m m

. (n)
e Om o oL(x,x,..., x . —
S(X)L(X,)C,..., X ): Z(_l)lDtl((a#)z)
=0 X

), i=1lm

Teopema 5. Omnpenenenre 5 KOPPEKTHO, TaK KaK OHO HE 3aBUCUT OT BBIOOPA JIOKATBHBIX

koopiuHaT (x) B 6ase X,  paccinoéHHoro mpoctpaHctsa T°"X, , TO €CTh HE3aBUCHMO OT
BbIOOpa JIOKAIBHBIX KoopauHaT (x) B Oaze X B OKpecTHOCTH Touku v"eV cT”X

m

paccioénnoro npoctpanctsa 7" X, ONpenesseT 0HO U TO e MOJAMHOrooopasue
— _ 4. 2n 2n 2n\y m
e=e,(V)=Pp"evVaT”X, | ,,@.0")=0eR" }
JI TOYHO: JU X = X(X - IIPOU3BOJIbHAA HEBBIPOXACHHASA MCHa B
Boree Touno: ec OHM3BOJIbHASI HEBBIPOXKICHHAsS 3aMeHa B 6aze X,

. 2n
paccinoénHoro npoctpadctBa 7" X, U QyHKIMM

. (n)
i e (@ U oL(x,x,..., x) . T
Elo (X X) = D (D' DI (o G5=0) o i=Lm
=0
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_*+ W
e @2

OL(x,X,..., X) —
_ l ) 9 Ngeeey .
1=0 0x
- KOOPAMHATHBIE 3aIMCH OTOOPaXKEHHIt
Eor: R @ (VeT?X,) - R” €y RS @ (VeT"X,) — R, T0 nmeer

MECTO, ClIcAyromec paBCHCTBO:
i (27!) m . (2n)

ox' (x
£ (X Xy X )= zg(x)L(xx x)- ;_(f) (16)

X
Jlokasareabcro. Ilo onpenenenno £, : R*™" 59 (WcT”X ) ->R”

)
; . (2n) n aL Xy Xyory X ; ; o (2n-0) )
EoL (X, X0y X ) = Z( D'D ((aT)i)) =py(n)=py, (X, x,..., x ), i=1lm.

JleiictButensho, Tak kak L:T"X, > 7" 'U—R" = p=n nu

) )
; ; 4 (p+min(n,p)—k) ; . (n+min(,n)—k) n—k a X,. n—k a Xy X
N I S L LX), > D X))
X 0 x
k=0,ni=1m
. (2n—-0) n=0 aL( (n)) 8L( : (n)) (2n)
i i " Kyeeey X ~ X, X, X * n
Preo (M) = pp, (X, %,e0, X )= Z( ' D) (W)=Z(—1)ID,I(T) €l (X X,y X)
0 x =0 dx
2n) - @ (2n-0)
-2 = 4 oL(x,x,..., x —i - == = .
AHAaJIOrn4HO, 8( (X, X ):Z(A)’Df(%):po(n)zpo,n(x,x,..., x ), i=lm,
HOCKOJIBKY
(p+mingr,p)k) (reeminGa,n)—k) @ - v
—i — - . prmin@, p)— — - . ntmin(,n n—k a X, n—k X
PTG 3 VPG x2Sy Dy ) Sy O ),
=0 1=0
0 x 0 x
k=0,n, i=1m
o) W ) o
- = = =5 oL(x,...,x oL(x, x,..., - =
pk ()(n) p()n(x Kyeers X ):Z(_I)ID;( ( (I+k)i )) Z( 1) Dl ( — )i _)) 8( )L(x,x,..., x)
1=0 a X =0
ITo Teopeme 2 st k =0,n i, j =1,m umeem:
— _s (@b m_o 2 Jx(x 2@ Iy (x o’ (x
G 3 =3P ) E D a( PR S I
1 X X x

gacTHOCTH At k =0 (uMmysbesl 0-ro mopsiaka — GyHKIMOHAJIbHBIE YaCTH B ypaBHEHUAX Diliepa

Jlarpanxa)

- _* (0 s @ mo e Ix(x N ;C

G %)= Gt )= 3 0 T e ) E D = a'("):
A x x
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S

o (2n— 0) aX (X) m _ . (2n) axi (;)
x S

= pg(n)(x, Xyeurs ZE(X)L(x,x,..., X)) Takum  oOpa3om, J10Ka3aHo,

J=1 ox’ 0x
_ (2n) m . (2n) axi ; ax X
9t €~ (X, X,..., X ) = 28 (x,x,..., x)- 4 det(———= ( ));tO MOATOMY
(L (0L o ar
. (2n) ) . (2n) J—
()L(xx > x)=0s &, (xx,..., x)=0 , i j=lLm.
. (n

Takum o6pazom, paseHCTBO 0 SX)L(X X,y X )=0,j=1,m B ogHON cUCTEME KOOpPJIUHAT
. (@

BJIG‘-IGTE( )L(x, X,..., x )=0 Bo Bcex cucremax koopauHaT. Takum oOpa3om, cooTHomieHue 1 u

HE3aBUCHMOCTb ONpEAETICHUs JIarpaH)keBa MOAMHOIroo0pa3us OT BbIOOpa JOKaJIbHOH CHCTEMbI
KOOPJIMHAT 3aMeHa B 06aze X, paccio€HHOrO MPOCTPaHCTBA T*'X . JOKa3zaHa.
Teopema 5 noka3ana.
N
Teopema 6. Ilyctb - f(x,X,..., X ) - IOKaNbHas 3anKCh rnagkor Gynkmuu f:7"X, - R

B noxanpHbIX KOOpAMHATAX B 6a3e X, paccnoenus 7"X, . Torna

o (b
(S m Af (X, X,..., x) K+ o (ktp-D
D! f(x,%,..., x) 22 f ’(k’)j’ - x +alx,x..., x ),p=1
J=1 0 x

Hoxa3zaTenbcTBo. [IpoBeneM HHAYKIHEN IO P .
baza unayknuu p =1

k-1 m ® c W

le(xx x) Df(x,x x) ZZ@[(XX x) (540 ZZ@F()@X »X) (540 Z@F( .y X) A4 Tp

(8)j (s)J (k)/
s=0 j=1 ax s=0 j=1 ox j= ox’
a . (k) a . (k)
Xy Xyeeuy X ; Xy Xyeeey X ;
s<k-1= s+1<k, mosromy M u x“*Y/ u nponssenenue f(’—’_’)x(”l”
ax(s)J ax(s)l
3aBUCAT OT MPOU3BOJIHBIX MOPSIKA HE BBIIIE k , 3HAYUT U BCA CyMMa
(k+1-1) k=1 “
. + m
af(-x’-x7"" -x) (s+1)j
a(x,X,..., x )= a(x X,- x) POy X TaKXe OT IPOU3BOJIHBIX
s=0 j=1 X
MopsiiKa He BbIIe kK 3HAYUT,
L (1) F(5%0) O ()
* X NN X LT * X LKD)
D,lf(x,x,. Z Ty +Z Y =X X>+Z Oy
s=0 j=1 Jj=l

baza unaykunu nposepeHa.
WNHIyKTUBHBIN IIEPEXOL. HYCTB YTBEPKIECHUE BEPHO U1l p ,TO €CTh

(k)

o (k) af(x X,. x) (k+p)j . (k+p=1)
D! f(x,x,...,x)= Z (k)] - x t+alx,x.., x )
J=l 0 x
Jlokaxxem, 4TO OHO BepHo s p +1, To €eCTh UMEET MECTO paBeHCTBO:
(k) (k)
(ktpthj  _ e (epHD)  m ktpthj e (kp)
4 o (x »X) o (x X, X)
D’ f(xx x) Z o X +a(x,x,..., X )—Z o X +a(x,x,..., x )
A dx Mo dx

[To mpennonoKeHn0 HHIYKIIMA UMEEM:
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. (k)
N . (k) . (k) m a X, X, .X) (k+p)Jj . (k+p-1)
D" f (X, Xy x) = D,(D? (X, X,..., X)) = D(zf(—

oY - x +alxx,.., x )=
J=1 0 x
) *+p)j 9 " (k+p) j (k+p=1)
f(x X x) +p J f(x Xyeery X) +p)J . +p-
(ZD (k) j (k)j Dt( X )) +Dt a(x9xa---a X ):
X 0 x
af © (k+p) af ® (k+p+)j (k+p-1)
(x X,. ) tp)j (X, X,y x) GFpHDJ . e
ZD (k), X ZT x +D, a(x,x,.., x ).
X J=1 0 x

MaKCHMaﬂBHBH/I HOpHHOK HpOI/I3BO,Z[HBIX B KaXXJIOM YJICHEC CyMMI‘;I
. (k)

iD af(x Xyeory X) (k+p)j

(k)/ - X paBeH
0 x
max(k+1,k+p)=k+p,TaKKaI< p=1.

ITo ,Z[OKaBaHHOMy YTBEPXKACHUIO ITpU p =1 MaKCUMaJIbHBIA OPSAAO0K IPOU3BOIHBIX
)
of (x Xyery X) .
BD, # paBeH k +1, a MaKCUMaJIbHBIA MOPSAIOK IPOU3BOIHBIX B
0 x

. (k+p-1)

D,a(x,x,.., x paseH k+p—-1+1=k+p
(k+p) ) “ (k+p) (k+p=1)
_ . +p f(x X,. x) +p)j . +p—
3vauur, a(x,x,..., x )= Z T- x +D a(x,x,.., x )
X

3aBHCHUT OT HpOI/I3BO,Z[HHX MOpsi/iKa He BhIlIe k + p

(k) (k)

af(x X,. x) (k+p)] m af(x X,. ) (k+p+1)j . (k+p-1)
Urax, ZD SR x . R x4 Da(xx,..., x )=
J=1 J x J=1 J x
a X, X, (k+p+D)j _ . (k+p)
z y( (k)/ ) x +a(xx.., x ) .Teopema 6 nokxasana.
.« en

Teopema 7 . S(ix) L X, X)) —(bYHKHI/II/I u3 ycioBus Teopemsbl 5. Toraa

) ° (2n) n a x x m iy (2n-1) . -
Eor (X X,y X ) = Z( D' D (—=57 K (Z)t ) D" Z (")’8 X x4 g (X, X,y X ), i=1,m.

I[ORafiaTe.JILCTBO. HpOBezneM WHAYKIUEU 110 7 .
baza ungykunu n =1

=) o ()
. ) .
i xaxa ax KXyeess X XHXoeoin X
€055 % )= (5= Z - p R 9 APy g L),
m 2 ° ‘
:aL(x;x) D! D] (aL(x x)) aL(xlx) el )zza L(x,).c)i. (1) _
ox dx ox p=0j=1 9xP)ig x

aL;xl )C) ( ) m azL(_x’_ic)ix(O_,_l)j-i_(_l) 8 L(X X? a+Dj _

=1 gx079 x i=1 oxMJ9 x
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aLéxlx) t (- 1)23 L(x, x) i l)za L(x x)" U 1)23 L(x x)"+ - x)

i ax’ax J= axax J= axax
* dL(x,x 0°L(x,x)*
I'me g,(x,x)= ( ) +(-1) Z ( ) baza unayknuu nokasana.
=t oy’ a X
NunyktuBHbli nepexon. Ilycts yrBepxkaeHue BepHo Ui 1 .JloKaxkeM, 4TO OHO BEPHO U1 711+ 1
. (n) (n+l)
' o Q@)  nHl AL(x, X,...,x, X ) ' o (QnH))
_ ! 20D —

& (XX, x )= (=1 Dl( a o )= Za;é**”a =X g (e, x )=

=0

. (n) (n+1)

2 .
— gzm: a L(xa KXyeersy Xy X )x(2n+2)j @n+h

DIy i + 8, (X, X,y X )

1=0 j=I

Jns n+1 umeer mecTo:

. a . (n) (n+l) a . (n) (n+l) a . (n) (n+l)
n+ n
1 OLX Xy X, X)) | 0L X, X, X)) o it OL(X, X, X, X )
2 Df TS S ) D R S+ D R )
ITo Teopeme 6:
a . (n) (n+l) a . (n) (n+l)
& L(x,X,..., X, X L(X,%,..., X, X
Z(_I)IDTZ( ( s Ny l’i s ))+(_1)n+lDrrL+l( ( 9Ny n_:_li’ )):
£ ox® oD
a : () ) (n+1+1) (n+1+1-1)
L(x Xyoots X, X ) n+l+l) j ] n+l+l—
= Z( ) (z T X T @@, )+
j=1
9’ Lo (n+l+n+l) j (n+14n+1-1)
L(x Xyeors X, X ) n+l+n+l) j ] n+l+n+l-
n+l ) —
+(=1) (z o (n+l)]ax(n+l)i - x +alxx,.., x )=
j=1
9’ v TN e (n+1)
L(X x x, X ) n+l+l) j . n+
=2, =D (Z ax<"+”~'ax<’>i X+ a (XX, x )+
=0 j=1
a . (n) (n+l) (2ns2) (2
L(x, x,...,x, x ) @2 * m
n+l
+(-1 (jZl ax("”)’ax("”)’ - x +alxx,..., x ).
[TockoJIbKy MaKCUMAJIBHBIN MOPSIIOK TPOU3BOIHBIX B

. (n) (n+1)

a L X, X, X, X (n+l+l) j . (n+l)
Z( 1)’ (z E(ﬁx(”“”a o )" +a,(x,X,..., X))

j=1
paBen max(n+1l,n+1+ln+l)=max(n+1+Il)=n+n+1=2n+1. IlosTomy
0<i<n 0<i<n
. (n) (n+l)
O’ L(X, X,..., X, x ) (14D © ) , o m) - e
Z( ' > i X+ (X X))+ (D" A Xy X ) =a(x, X,
J=1 x
" a . (n) (n+l) a . (n) (n+l) (2n42) (2nsD)
X L(X,X,..., X, X ) “ L(x,%,..,x, x ) @t - nt
(=1)'D!( ) =(=1)""'( Cox +a(xx,..., x ).
; t a (l)l ]Zl: ax(n+l)jax(n+l)z

WNHnykTuBHBIN nepexon Aoka3aH. Teopema 7 noka3aHa.

(2n+1)

, X ).
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Teopema 8. [lns n1Byx oTOoOpakeHM

g(x)L: g{(ZVH—l)m > ¢X (V CTZnXm) N g{m , m(2n+l)m 5 ﬂ(VCTan ) N 9{111

(x)L

PaccmoTpuM 2 KOMIO3UIIMK OTOOPAKEHUHA:
Eo 0P VT"X, - R" uo ;00 VcT"X, »R"  Torna MHOKecTBa
peleHuii ypaBHeruit €, o @, (v")=0e R" u £, ° P.(v")=0e R"

vVieWcT”"X, COBMANAOT, TO ecTh 3adaloT B T'X, ONHO M TO Ke TJaaKoe

noaMHoroo0pasue pasmepHoctd (2n+1)-m—m=2mn.
bone TouHO, NMEET MECTO PABEHCTBO:

,. B WG
e, @07 )= el (9,07 2 (17)
j=1 ox
N eT)) = @
JlokazareabctBo v'eVCTX, ,0.(v?")=(x,%,.., X ) - V") =x,%,.., X .
ITo TeopeMe 5 nUMeeT MECTO CIEAYIOLIEE PABEHCTBO:
. (2n) m.o . (2n) axz(})
(X)L(x Xyoor X )= zg(ﬂ()L(x,x,..., xX)- . [TosTomy
' ox
. o ax' (x)
i 2n 2n
., (@ (V") ==Y &l (@, (") —=- 10 ecTh
j=1 ox
L ox' (x)
2n
j=1 dx
CootHomenue (17) moka3aHo.
. @
ag(’x)L(xx ,X) .
B Matpurie SAxkoou o7 ,k=0,2n,i=1,m oroOpaxeHus
0 x
(X)L 9{(2”+1)ln3¢’(VCT2nX )%g{m
pazMepoM mX(2n+1)-m CylecTBYET HEBBIPOKICHHBI MUHOP MOPAIAKA M X m :
ITo Teopeme 7 nmeem
1 ¢ (2n) n ] aL(x X,. (;IC)) mn 62L 2n)j ¢ (2n-1) -
l — =(— n S — nJj . :
ElyL (K Xy X)) IZO( D' Df( S =D jzzlax(")fax("ﬁx +gi(x Xy X )i=lm.
oy n 3 c @ @n-)
i * " X, Xyorey X y ) —
e(X)L(x,x,...,x)ZZ(—l)ZDZ U (z)l )) D" Z (”)kax(”)’ XK 4 g (4%, X ) i=lm
=0
.@n
8()L(xx . x)_(_l)nazL(x x) ———
@n)j - wi_my
X 0xd x
s ( . (Zn)) o) o)
e (X, X,..., X 0> L(xx ,X) ° "
(x)L (2n)k _
G = (2n)](( D" Z T + g6 Xy X )=
X
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o« () o @m)
© ) L(x,x, x) (Zn)k)Lag(xw\% , X)) ! Z d 8 L(x,x, ,x) (Qn)k)Lagi(A%X,---, x)
B (2’1)J Qg (2n>j ki @j
0 x k=t 8 x 0 x
a L (n) . (n) 5 5 o« (2n-D)
= (1) Z (g,m (x X,. x))Ox(Z”)k + (x,x,..., X) R (x(z")k))+ g, (X, X,y X )

(n)kax(n)t ek ()i (2n)j (2n)j
0 x J x
5 o (n)
y 2n=D 92 L(x, ..., X) @2n)j
Tak kak gi(x,x,..., x ), - HE 3aBHUCHUT OT x SBHO , TO
ax(n)kax(n)l

o (n-D) )
d9g;(x,x,.., x ) O 9%L(x,x,..., X)

an; am; ¢ FROIENO] )=0.  ITockombky
0 x 0 x o
d @k _ Lj=k
—& =5 7= ) — cumeon Kponexkepa , TO IMECT PAaBEHCTBO:
N 0,j#k
a (n) 82 . (n) a a . (2n-1)
L(X Xyeoos X\ o 2m)k L(x, x,..., x) )k g (X, X,y X )
vl Z <2n)/ g O o i e & )T e
x x
(> . @) > . Q)
1y’ za L(xx (2 0g;(%,%,..., X ) 1y za L(xx : p 08X, x )
ax<">kax<">' <2n>1 @j ax(")"ax(")’ 5 @j
0 x X 0 x

(n) . (n)
82L(x Xy, X) ok W 02L(x, Xy, X)
= )Z gm0 = D e

>

rae 8¢ = Lj=k_ cumeon Kponexxepa
Tl0,j £k

Tak Kak 110 ycnoBuio GyHKIus L:T"X, S n2"W —R — HEBBIPOKIEHHAs, 110 Teopeme 4, B

) (n)
0°L(x,..., x)

THOOBIX KOOpAUHATAX det( Ry ) # 0.
0 x0d x
- (2_n>
o' e )L(x Xyeery X )
3HauuT, rank( oF y>m . C Apyroi CTOpPOHBI, paHT MaTpHIlLl IKoOu
J x
. (2_n>
o€! )L(x Xy X)) -
rank ( x oy )< min(m,2n+1)em)<m,k=0,2n,i=1,m).
J x
T ¢ )]
og' - (x,%,..., X ) o
3HAUMT, oy (— DL - )= m - CIIEIOBATENBHO, CUCTEMA YPABHEHUI
J
J x

e RO S @ (W T X,,) > R" 38/1A€T TIaIKOE IOAMHOr000pasie pasMepHOCTH

Q2n+1)-m—m=2mn .
Teopema 8 nokazana.
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PaccMOTpUM V  OKPECTHOCTH TOYKH v3" e T2"X,, Ha KOTOpPOHl ONIpejeieHa MpPOEKIHs

m?
mr T?X, »T?"7'X, (xaHoHM4eckas mnpoekuus). OKpecTHOCTh U(ud"™)=m3"_ 1(v<v3")) -~

O6p213 IIpHA KAHOHUYCCKOM IPOCKTUPOBAHUN OKPECTHOCTH V .

®dyukums  f:T>7x, oUW T?"X,, npeacraBnser coboil TNAAKOe CeYEHHE M

5 . 2n-1
HEBBIPOXKJIEHHYIO QyHKIMIO Jlarpanxka Bo Bcel oOnactu onpenenenust L:T"X,, o x," U —>R.
Teopema 9 (vHBapuaHTHBIA KpuTepuii pemenus 3anaun). [lycts 6, — mogmHoroo6pasue

CeUeHHUsd f , TO €CTh
o =0, ) ={v" eV X, | v¥" = f™ ), e U™,
a g; (V) — IarpamxkeBo MOAMHOroo0pasue B T>"X,, , TO €CTh
e, (V) ={v" eV CT?X, | £ 00" )=0eR" |.
J1Ba mogMHOT000pa3us o 7 U g COBIAJIAIOT

6,(U)= Gf(nz,, 1V)=¢eL(V),
TOTJa U TOJIBKO TOTJIa, €CIIH B JII000M JIOKAJIbHOM cucTeMe KOOpAUHAT (x) B 0aze X,

Loty o f T X, DUwG"™) —0e K™

HoxkazarenbcTBo. Ilo Teopeme 8 peruenue ypaBHeHus €, © @, (vV")=0eR”  He 3aBUCHT
0T BbIOOpa JIOKAJIbHBIX KOOpAMHAT (x) B 0aze X, . 3HAUUT, paBEHCTBO KOMIIO3ULIUU
E @0 f:T" "X, DU (u,"") =0€ R" He 3aBUCHT OT BBIGOPA JIOKAIBHBIX KOOPIUHAT
Tak kax f:T>"'X, DU(u,"")—> T*"X,, . -TIaaKoe ceyeHue, TO B JOKAIbHON CUCTEME
(2n)i . . (2n-1)

KoopauHaT (x) B 6a3e X, 9TO ceueHHe 3aJaeTcsd ypaBHEHHMEM x = f'(x,x,.., x ) (18)

&, (V) 3apaerca cucrtemon ypaBHeHI/Iﬁ Ditnepa-Jlarpanxa

; . (2n) n oLl X, .;C,. i : . (2n-1)
Eo (X, X,y X )= Z( ' D( (ax”)i )= Zax<">'a (n)l)c(2 It gl (x, %, x )=0,i=1Lm (19)

(2n)i . (2n-1)
Pasencreo o, (U) =0, (7r2n ,(V))=¢€, (V) o3HauaeT , 4To HAOOPBI x = f(x,X,.., X )

SBJISIFOTCSL PEIIEHUEM CHUCTEMBI ypaBHeHHﬁ (18) .10 3HAYMT, YTO
()

. . (2n) . (2n-1) azL(X X,. ) ) . 2n-1) ) . 2n-1)

E o1 (X, Xy X = f(X, X,y X )= Z w (")’8 o X X )+ (X, x ) =0, i=Lm  (20)
j=l
L3 (2n-1) (2n)
[Tycts cymectByeT Habop (X, X,..., X , X ) ABISIONIAiCcS pemenueM (19), Ho He
o (2n)j . (2n-1) m
yaoBIeTBOpstomnid ycnoBuio (18) , To ectb  x = fi(x Xy x )4d,,ld = z df 20
j=1

Torna

n aZL . (2n-1) . (2n-1) . (2n-1)

Za—a+g( =0=3 T e W g =

=) =) n 82

Z (n)jax(n)l(f(xx ,x)+g"(x,x,...,x)+z (n)jax(n)ld/ 0,i=Lm B cury pasenctea  (21)
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n aZL o (21 Lot (2n-1) n aZL
;W(fj(x,x,..., x )+g'(xx,..., x )=0, z—lm 3HauwurT, Zax<">fa il = Lm (22)
Tak kak L:T"X, > 7."'U—R — HeBbIpokaeHHas (yHKIHA, TO MO Teopeme 4 B 1060
(n)
d 9°L(x,..., x) 0. 3 5
CUCTEME KOOpPAHHAT et——r ;) *0 - HAu4WUT, CYIIECTBYEeT oOOpaTHas Marpuila
0x0d x
3L <n>)
Kyeoy X ) . T
( (mk  (n)i ) l’ k’l :1’
0 x0x
(n)
’L(x,....x)., 0L . [Lj=k
Z( Ok (n)l )lax(n)jax(n)i :5; , Tae 6 = 0. % k—cumeole{ponekepa
= dxdx »J
)
m aZl(x . al(x 4 m m aZMx aZL
Z( <n>k (n)z ) (Z (")’a )= Z( <n>k o ) 0=0= ZZ( <n)k o ) ENOYENEE d;=
x0x =4 9 xdx
3§ @) d.8=Xd & +d s, =d 0+d,& =d, k=Lm (23
Z (Z( (nk (n)z ) (n)jax(n)t) Z Z + Z + K ok=1Lm ( )
= dxdx Vi "
. S e . |LJj=k
B mpaBoii yactu (22) Zdj o= Zdj-O:O TaK KaK 0; = 0. iek — cumeon Kponexepa
= — , ] *

J#k J#k
Toects d =(d,,d,,....d

@2n)j . (2n-=1)

X :fj(x,x,..., X )+dj,|d|:

)=1(0,0,...,0) = 0. [Tonyunnu npoTUBOpEUHE C TEM, UTO

m

de #0. 3Hauut, permieHueM cuctemsl (19) ABISIOTCSA TOIBKO
j=l
Habops! Buga (18). Teopema 9 nokazana.

CaeacrBue U3 TeopeMbl 9 BHITEKAET, YTO JIATrPAHKEBOCTh CEUEHUS
f:T"'X oUW —T>X, KoTopoe B JOKANbHOM CHCTEME KOOPMHAT 3a1aeTcs

(2n) j . (2n-1)

cuctemoit OY x = f’/(x,x,.., x ),j=1,m B TOYHOCTH O3HAYAET CYIIECTBOOBAHNE
. (n) . (n)

HEBBIPOXKACHHON MAaTPULBL d ; (X, X,..., X ), det( al.j(x,x,..., x)) # 0 Takou 4ro

m « (1 (2mj e (2n-D)

Zaij(x,x,...,x)( x —fl(xx., x )= Zau(xx x) 0=0.

J=1

. (2n-1)

. (2n) n : i 1
1 OL(x, X,... x)) Za <n>/a x4 g (4, Xy x )=0,i=1m
x

€ (X, X,y X )= Z( ' Dl( G

Wrak, cq)opMyanOBaHHa;I BBIIIIE 337]a4a JIarPAH)KEBbIX CEUCHUU B PaCCIOCHHBIX
IIPOCTPAHCTBAX CKOPOCTEH B JIOKAJIIBHBIX KOOPAMHATAX O3HAYAET CYIIECTBOBAHUE
HEBBIPOXKJIEHHOM cHUCTEMBI ypaBHEHUN Diinepa-Jlarpanika,pa3pelias KOTOPyr0 OTHOCUTEIBHO
CTapUIMX MPOU3BOIHBIX MOKHO NoyuuTh OJIY ¢ 3aaHHOM MpaBOil 4aCThIO.

Bo3HUKaeT ecTeCTBEHHBIN BOIPOC: CYIIECTBYIOT JIM HE JarpaHkeBbl ceueHus. OKa3bIBaeTCs Npu
n>1 cyuiecTByeT Npo3payHblii HEOOXOIUMBI MPU3HAK.
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.
Teopema 10. L(x,x,...,x) -TokanpHas 3anuch GyHknun L:T"X, — R B JOKaIBHON cUCTEME

KOOpAWHAT (x)B 06aze X, paccioenus 7"X Torna

. (n)
DM L(x.x,. 2 ZZ 2 Zc,{;’z T e W R R ) k2] (24)
p=l r=1 ji,...j.=1 rH—lgcl
;k rtp

Joxa3zarenncTBo. [IpoBeneM nunayknuei no k.

ba3za uHaykuuu k =1:

) . () ksl p m DN Y (n)
D/ L(x,x,...,x) = Z Z ZC,(']"’ o X)X xS p(x,.L, x) =
p=1 r=1 j,..j.=1 n+1<k1
Zkl m+p
i=1
p=l  m S o iy (n)
= Z C,;’]';ff'k'"']*(x,..., xxEa xR p(x, x) = (25)
r=1 j,.., Jjr=ln+1<k, ..., k, '
Zkl m+p
i=1
Jased) (k) j (k.)j @
Tak kak r = p =1, TO BeIpaxeHue (25) mpuMeT BUJ Z 2 L ,x)x X (. X)) =
i
zk,frmp
N Iz SANRTRY k) i (D ™
=Dl (e xR (L x) Zc (X, V(X X) (26)
Ji=1 n+l<ky Ji=l
ky=n+1
e (n e e (n
DA : (")_D : (")_ oL, X,...X) (P aL(X,X, X) (P Lal(xaxa %) NG
L5 ) =DL . =3 Y Dy 518 i )=
ax(p)Jl ax(p)h ax(n)Jl
Ji= p0 J= 0
| a . (n) a 0 (n) a . (n) .
S OL(x,x,...,x L(x,x,...,X ; S OL(x,X,...,x ; "
=22 (8 o) i Z (8 ap L > (8 ™ Lo +h(,.... X)
ji=1p=0 X Ji=1 Ji=1 X
baza nnaykuum nokasasa.
NHAyKTUBHBIN NEPEXOI.
ITycts yTBEpKAEHUE BEpHO IS k . JlokakeM, 4TO OHO BEpHO s k +1:
, . n) kL p m e (n) . N (n)
D LX) =) " Y Zci (XXX X R, x) k21 27)
p=l =l e, 1"+1J<1
Zk rmep
i=l

IIo HpeﬂnonomeHmo I/IHI[yKI_II/II/I'

m

. (n) ) . (n)
DFL(x, X0 ) = ZZ Z Zc’lh“j’f ey XX B, x) k21

p=l r=1 ji,.., 1n+1<k1

Zk1 m+p
i=1

1~
YuuTteiBas, 4To D (H f)= z Y} “=—D. f,, OIy41M
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(n)

) . koo o w ) (n)
D L(x, x,...,x) =D,(D,kL(X,X,---,X))=D,(zz z ZC,!:I/(J (e XX L (L x) ) =

p=l r=l ji,..4.=1 n+l_k1 .k,

Zk‘ mtp
i=l

(n)

m (n) (n)

kP . .
= zz z ZD C"’f'z """ 7 (Kyewry )X xEOT D R(x,, x)
Zk1 m+p
i=1

+ZZ z ZCléllz :/r(x .,(;))l)t-x(kl)jl .. (k ), +Zz z ZCIQJZ ‘/’(_x .,(;))x(kl)jl ."'.l)tx(kr)jr _

p=l r=l ji,...j=1 n+]g<l p=l r=l .=l n+l_k]

Zk, m+p Zk, m+p
i=l i=l

(n)

k. p (n) . .
=2 Z ZDC,{’]‘,ff """ (X )0 XS 4 D R(x x)

+ii 2 ZCll 2 \/r ‘”’(;?)x(kﬁl)ﬁ (k )Jr +. +ZZ 2 ZC/I Jseeeiy (x ;)x(kl)ﬁx(kz*l)j: .....x(ky)jr +

p=l r=1 j,.. —1n+lJ{1 p=l r=1 jj... —ln+l<k1,,“ ,
ZA mip Sk men
a i=1
- NANTRY (k,+1)
Ji,Ja s j J P PR
+ZZ Z ZCkl ,,,,, S (X x)x Ok = (28)
=1 r=1 j .., —1n+1<k] ..... k,
zk/—m+]J
i=1

r r
VYcnoBue paBHOCHIIBHO Zki =m+p & Z(ki -n)=p
i=1 i=1
JiJ2seed ™
S OC 7 (%yen X)) ) )
25 ki, (u+1) Ji.Jasid (n+1) j JiJaseidr
DCM 7 (x.... x) Zz E xw x4 = ZB‘ T X X £ DI ()

j=1 u=0 j=1

To ectp HabOPY (kl,...,k,):Z(k,. —n)=p B CyMMe€
i=l
k (

Y Yy D,CI " (o Fxoh ko (29)

p=1l r=1 j;,.., Jr —1n+1<k1 .....
Zk_m+p
i=1

r+1

Gyzet cootBeTcTBOBaTh Hab0p (K ,....k, . k.., =n+1): Z(k —-n)= Z(k —n)+(n+l-n)=p+l1

BQ29) r<p<k=r+1<k+1,p+1<k+1,aTak kaKk B (27) r<p Sk+1 ,TO BCE cllaracMbIe
BHUJa(29) BoiayT B cymmy (27).

Kaxnomy Habopy (k,,.., k;,., k) :z (k;,—n)=p B cymme (28):

j=1

k p (n) i D) Y
..... R iy i,
DX D DO (R g

p=lr=l j,..j.=1 n+1<k1 ..... k

E kij= rn+p
i=1
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cooTBeTcTBYeT HAabop (k,,...k; +1,.,k,) :z (kj -n)=p+l1.
j=1
B@28) r<p<k=p+1<k+1l,atak xkak B (27) r < p <k+1 ,To Bce cnaraembie Buaa(28)
BOWIYT B cymMmy (27).Eme OILHO ciraraemoe B (28)

(n)
Do) = ZZah(xm,x) ) = ZB(x X 4 Dt )

Jj=lu=0

OdeBuHO, BXOAUT B cyMMy (27) ipu ¥ = p =1 u B CBOOOIHBIN UieH h(x,...,(x)) 27
Wrak, Bce ciaraemble CyMMBI (28) SBISAIOTCS WieHaMu CyMMBI (27) HAyKTHBHBIN nepexo]
nokasas. Teopema 10 noka3ana.
3ameuanue. Bce cnaraembie B cymme nipu [ > 1,/ <k

¢ m . , Q)
DL(x.x...0: ZZ z Zc,gh T @y W8T R, x) 121D <k (30)
p=l =l .=l n+]§<l
;k/ m+p

CTpyKTypHO BXOASAT B cyMMYy (24) ,tak kak [ < k , u Bce ycinoBus B cymme (30) BBIMOTHSAIOTCS 151
CYMMHI (24)

3ameuanme. k,—n=s,k,—n=s,,..k, —n=s,=s 21,5,21,....5, 21 k =s+n,...k =5 +n
(n)

. (ny L P m (n) ) ] .
D;L(X,X,...,x) = ZZ Z ZC{]‘,_’.?,;""* oo XXX R, x) 21
peiel
s

i=1

(2n)i . (2n-1) _
Teopema 11. Ilycte x = f;(x,x,..., x ),i=1,m - noKanbHas 3anuCh B cucreme (x) B Oase

X, rnagkoro ceuenus f:T>"'X U, )—TX, ,n>1, apisiomerocs TarpaHKeBbIM

), @,)
@, :U@u"™") — R*™ - koopuHaTHLIA 1UpPeoMopPusm
. (2n-1)
¢X(U(u2” 1)) W Zm/x(x)(x()’-x()’ (3] -x() )szmn
. (2n-1)
¢X(U(u2n ") =(x,x,...., x ) Torma

. (2n-1) n

(m) , .
filx, Xy x )= z z ZC”"’ """ (g 20 )X IO e

r=2 ji,..j,=1 1<s,.

2n-1 2n—1

ceueHueM B okpectHocTH U (u;" ) xaptsl (U (4,

L ; (n) , , (n)
DHID) R ) G31)
p=1 r=l ji,....j,=1 rH—1<kl

S

i=1

Joxa3zartenbcTBo. Ha ocHOBaHuu TeopeMbl 7 nosny4um

; . (2n) n aL Xy Xyeury X . . (2n-1)
€l (X, Xy x ) =D (=1 DJ( (a o )) zax““'a x4 g (%, X,y x )=0,i=1m.
=0
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Pa3pemas 3Ty cucteMy OTHOCUTEIBHO CTApUINX MIPOU3BOJIHBIX, YMHOKasl 00€ 4acTu Ha

(n)
aZL ZL cee
(W)_1 , B CHUTy HeBbIpokaeHHOCTH (yHKImu L:T"X, — R” (det(a(gf—’(;)f)) #0),
X" ox
0x0d x

. (2n-1) . (2n-1)

fix,.., x )= Z(a (”)’8 (n),) 1gj(x,x,..., x ), nomydum cuctemy O1Y

@i . @ _
x =f(xx.., x ),i=1lm.
(n)
. . R oL(x, X,...,x
Unen co crapiieil mpou3BOIHONW B CyMMeE (X)L(xx ,X)= Z( I)U(LM) (32)
N . o
XX, nX
paBeH D,’(L(a;i)i)) Ha ocHoBanuu Teopemsbl 10 nMeeT MeCTO paBEeHCTBO:
AL, x.. s (N B ) -
D (—=== 2 ZZ Z ZCZI "y X (., x) n2] (33)
ax p=l r=1 ji,. ,/,—1n+]§<1

Zk rtp
i=l

ITo 3ameuanuro k Teopeme 10 Bce wieHbl cymMmbl (34) ipu [ < n CTPYKTYpPHO BXOJST B CyMMY
(33)

aL(.x.x L& i Josedy (k) jr k) J @
D ) » Z ZCZ (x,... x)x e X (e x) 121 (34)
ax p=lr=l jj.. }]rfln+l<k|
;k rkp

[TosTomy Best cymma (32) Oynet CTpyKTypHO UMETh BU (33):
. <

n)
P (n) . . (n)
pp QB2 ), SIS S (X R () (02D (35)
k

(n)i
a w p=l r=l .=l nti<k,.  k,
D k= e
i=l
o az (n)
y " L(x,...,x)
j — 9 9
ITo Teopeme 7 C;,;(x,...,x)—TM1 (36)
d0x0 x

@2n)j;

CnaraembiM x|, j =1,m B (35) ¢ MakcUMaJIbHBIM MOPSIAKOM IIPOU3BOJHOM, PABHBIM
r=1

2n umeronM ko3 dummentst Buna (36) COOTBETCTBYET YCIOBUE Z(ki -n)=n=k, =2n 10
i=1

ectb r=1,p=n.

Bce ocranpubie cnaraembie B (35) 3aBUCAT OT MPOU3BOIHBIX

@n)ji S
ITopsinka He Bhiie 2n—1. IlosToMy BblneneHue B (35) cnaraeMbix  x , j, =1,m B

()
mo m @mi 92 (x,..., x) @i

OTACIBHYIO CYMMY ZC;’,‘[(x,...,x) x = W X O3HaYaeT MCKIIIoueHue u3 (35)
Ji=1 Ji=1 a X a X

crnaraeMbix ¢ r=lup=n.
Ompuuanue ycnosue (r =1) A(p =n) umeem 6uo

(r=1) A(p=n)=r=1lvp=n=(r#l)v(p#n)
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VYcnosue (r #1)A(p # n)BKiIoyaeTcs B yclioBue (p #n) ITO ClenyeT U3
(r#)=#DAl=#DA((p=n)v(p#En)=r#D)A(p=n) v (r#)A(p#n)
(r#D)vpEn)=((r#DaA(p=n) v (r#D)An(p#n)) v (p#n)=
(r#DA(p=n) v (r#)A(p#n) v (p#n) =(Tr=DA(p=n))v({(r£)A(p#n)) v (p#En)Al)=
((reD)A(p=n)v(r#)vDaA(pzEn)=(r+DA(p=n)) v (r#)vI)A(p#n)
Takkak (r#D)vD)=1u (r£#)vDA(p#En)=1A(p#n)=(p#n) 10,
(r£DA(p=n) v (r£DvDAa(pzn)=((rz)A(p=n)) v(p#n)
Hrak, (r#)v(pEn)=((r#DhAa(p=n)) v(pzEn)=(r22)A(p=n))v(p<n-1) (@37)
Ycnoseua ((r#1)A(p=n)) u (p<n-—1)ne nepecexaromcs.

. (n)

(n)

(8L(x )in), X)) ZZ Z ZC/ZIJZ J(x x)x(kl)ll..”.x(k,)j,_i_h[(x’”.’x) _

p=l r=l j,..j=1 n+l_kl

Zk m+p
i=l
m . (n) (2n)j, n )4 m i iy (n) k) k) (n)
—ZCI' " X) X +Z Z z ZCk‘ oy XX X 4 (e, )=
r= Jlseesdr 1n+1<k1
(==1)v(1== )
Zk m+p
(n) (2m)j, n (n)

noo ) . .
= Ch (X, x) X +Z Z Z ZC,;““ oo XX ST (L x) =
i=l

Jlseesdy 1n+l<k|

(( )A(] )) v(psn-1)
ki=
S
(n)
m a L(X x)(ZVl)I] n m 1 (n) ' '
i1, J2 (k) j, . . (k.)j,
Z K Z ch ) S S
a X iy 1n+l<k1
Zk;:rz+
i=1
n—1 p m (n) i Y (n)
L
+3 3> Zc,g' " o X O 4 (x,, x) (38)
p=lr=lj,..j. :ln+l<k1
Zk— n+p
i=1
(2n) a : «
; y " ~ L(x,X,..., X
Wrak, ypaBHeHHUs &, (X, X,..., X ) = Z(—I)ID,I (%) =0 CTPYKTYpHO OyAyT NUMETh BH]
X
(38):
(n)
m azL(x x)(zn)]l (n)
_ U, Jas (k])jl . . (k,)j, _
2o X Z Z ZCk oy X x
J=1 a xa x r= iy 1n+1<k1
zk;:mﬂl
i=1
n—1 p m (n) i .y (n)
I}
> z Zc,j' " o XX (. X)) (39)
p=1r=1 ji,...j, 1n+1<k|
Zk— 1+ p
i=1
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) (n)
0" L(x,..., x)
(mk_(mj,

Jd x 0 x

Tax xak ( )" 3aBHCHUT OT MPOU3BOAHBIX MOpsaKa 71 . [Ipy yMHOMKeHMH 00enX yacTeii

(n)
O’ L(x,..., x)_

(39) na o6parnyto matpuny ( )~ mpaBas gactb (39) COXPAHUT CBOH CTPYKTYPHBIH BH

(mk (n)],
0xd x
(2n)i . (2n-1) n m (n) ) Y
_ U1, J2 s 1, j Vr
= f.(x,x,..., x )—z z ZCk‘ !!!!! o (X XX +
r=2 ji ., —ln+l<k1 ..... k,
kj= m+n
>
n=1 _p (n) iy Ry (n)
01 Joseees .
+> > Z Zc,jl/_? D ey 20X BT (i, ) (40)
p=lr=1j,.., Jr —ln+l<k1 ..... k,
Zk—rru-p
i=1

[Ipu 3amene nepemeHHbIX B (40)
ki—n=s,k,—n=s,,..k —n=s =5 2 l,s2 21,...,s, 21 k =s,+n,..,k =s +nnorydnm:
(2n)i . (2n-1) n

(n) ) L
— f;»(.x,.x,..., X ) z Z ZCU] Jaseees iy - X).x(n-Hl)Jl .'“.x("“'ér)h +

r=2 ji,nj, =1 1<s),.,0 s

,

i=1
n-1 p m (n) . . (n)
U1 Josees , $ K
+ > 2c’{_{j T ey XTI XD (e, X)) (40)
p=lr=l ji,...j.=1 n+1<k1 ..... k,
w=p
>
Teopema 11 nokasana.
(2n)i D) (2n-1) _

Teopema 12. Ilyctp x = f (x,x,..., x ),i=1,m - moKanbHas 3alKCh B cucreme (x) B 0ase

X, TIagKoro cedeHus f : T lX >U (uz" Do TX . » 1 >1,4BIAIOIIErOCs JIarpaHKEBbIM
2n-1

ceueHueM B okpectHocTH U(u;" ) Torma
. (2n-1) m_m . (n) (n+)k (2n-1)j m . (n) (2n-1)j . (2n-2) -
fi(xx,.., x )ZZZakﬁ(x,x,...,x) X X +Zbﬂ(xx ,X) X + ¢(x,x,..., x )i=1lm

JoxkaszarenbcrBo. Crenyer u3 Teopembl 11 pasenctso (31):

. (2n-1) n (n) . .
i Josees Jr 3 .
[ Xy x )= Z DO (g )X T
r=2 ji,...j,=1 1<s;,..,5,
-1 p  m e (n) (nbs ) (n4s,)] ()
+OI Y Zc” ey XX (L, X) (41)
p=l r=1 ji,....j=1 n+]_kl
Yo

i=1
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; () . .
U1, J25eeesdr ) (n+s))jy _x(n+sr)<1,

Cnaraemblie cO cTapiieid mpou3BOJHOM B z z ZC MMEIOT

ZH

i=1
. (n) (n+n-1)(n+l)
BUI a(X,X,..,X) X X .OJTOCHENyeTIpu r =2 U3 s, +5, =n ,TO PEHICHUSIMHU SIBIISIFOTCS
Habopsl (s,,5,)=((n-11),(s,,s,) =(n—2,2),... Unen co crapueil npon3BOAHOM -
. (n) (2n-1) (n+1)
a(x,x,..., X) x X .
AHAJIOTUYHO CJlaraéMble CO CTapIlieil MPOU3BOIHOM BO BTOPO CyMME
(n)

) | -
ZZ Z z ch “ """ T (Xyory X)X DI x0T +h,(X,..., X) UMEKOT BU]I
S

i=1
. (n) (n+n-1)
b(x,x,...,x) x .Drocaenyernpu r=1,p=n-1u3 s, =p=n—1 ,T0 pelICHUIMHU SABIAIOTCS
. (n) (2n-1)
Habopsl (s,) =(n—1) YneH co crapuiei Npou3BOIHOMN - b(x, X,..., X) X

Teopemal2 nokazana.
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LAGRANGIAN SECTIONS
Y. PASTUKHOYV, D. PASTUKHOV
(POLOTSK STATE UNIVERSITY)

Annotation. The concept of Lagrangian sections in fibered velocity spaces of arbitrary
order is defined invariantly, their properties are formulated and proved, an invariant criterion for
solving the problem is given, a necessary condition for Lagrangian sections and ODE systems of
arbitrary even order is obtained.
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V]IK 514

CBOMCTBA ®YHKIIUM T'AMWJIHBTOHA
B BAPUAIIMOHHBIX 3AJAYAX CO CTAPIIUMMU ITPOU3BOJIHBIMHU

Kano. gus.-wam. nayk, ooy. 10.®@. IACTYXOB, kano. ¢pu3z.-mam. nayx, oouy. /1. @.
IHACTYXOB

(llonoykuit 2ocyoapcmeennslii ynugepcument)
Aunomayusi: B pabome paccmampusaemcs ceoiicmea @yukyuil I amuromona u Jlacpanoica 6
APOCMPAHCMBAX KOOPOUHAMHO UMNYIbCHOM U 6 PACCIOEHHOM HPOCMPAHCMEe CKOPOCMEll.
OCHOBHBIM NOYYEHHBIM DPe3VIbMAmoM SGNAeMCs Ymeepiucoenue — 6 cayuae JIOKATbHOU He
svipodcoennocmu mampuysl Iecce om Qynkyuu I amunbmona no umMnyibcam MakKCUMaibHO20
nopsaoka (mampuyel I'ecce om ¢ynxyuu Jlacpansica no cKopocmsam MaKcCuMaibHO20 NOPsOKa)
ykazannvie mampuysl I ecce 3aumno oopammsi. Ilonyuen pao 6cnomocamenbHbiX pe3yibmamos,
Hanpumep, 0 K8A3UIUHEUHOU (opme 8peMeHHOU NPOU380OHOU nopsaoka k om 0b60bwenHou
KOOpOUHAMbL NO CKOPOCMAM PACCIOEHHO20 NPOCMPAHCMEA NOPAOKA Kk 0/ He8blpO#COEeHHO
3ameHnvl  Koopounam. Ilomyyenvl uHmepecHvle MoNCOeCmed 6 KOOPOUHAMHO UMNYIbCHOM
npocmpaucmee q-p O 4ACMHOU HNPOU3BOOHOU MedHCOY KOOPOUHAMAMU PACCLOEHHO20
npocmpancmea  (KOOpoOuHama-KoopouHama, umnyibe — umnyasc). Ilonyuenvr gopmyie,
ceA3bIBaAIOWUEe YACTIHbIE NPOU3BOOHBIE 68 KOOPOUHAMHO UMNYIbCHOM NPOCMPAHCMEe q-p 074
@yurkyuil Jlacparnsica u I'amuremona no 0OHUM U MeM JHce NePeMEHHbLM.

Knroueevie cnosa: @ynxyusa [amunbmona, 6apuayuoHHas 3a0aud, paccloéHHoe
npocmpancmeo ckopocmetl, ypaenenus Jinepa-Jlacpanica, enaoxkue mMHo2000pasus, meH3op
0000WeHH020 UMNYTILCA, HEBLIPOINCOCHHDBLLL 2eCCUAH.

Beenenue.

amunbToH B 1835 romy mosydusn HOBYIO (OpMy YpaBHEHHM NBHIKCHHS MEXaHHMYECKHX
CHUCTEM KaHOHMYeCKHe ypaBHeHusa [amunbroHa. B 1848 romy M. B. Octporpaackuii
pacnpocTpaHui OpuHUUN ['aMuIbTOHA Ha ciay4ail CUCTeM C HECTAallMOHAPHBIMU TOJIOHOMHBIMH
CBSI35IMH, TOCJI€ YEro pacnpoCTPaHWIOCh HazBaHME MpHUHLMI [ammibToHa — OCTpPOrpacKoro.
[TomyuenHas cucteMa KaHOHMYECKUX YPaBHEHUHN CONIEPKUT BlIBOE OoJble TuddepeHInanibHbIX
ypaBHeHUH, yem y Jlarpanka, HO 3aTO BCe OHHM IepBoro mnopsiaka, (y Jlarpanxa — BTOpOTo).
Bricoko oto3Banics o paborax [amunpTOoHa TO AWMHAMUKE wWieH-KoppecnoHaeHT AH
CCCP JI. H. Cperenckuii, OTMETHBIINN: «IOTH paOOTHI JIETIM B OCHOBY BCETO pPa3BUTHS
aHamuTH4eckod MexaHnku B XIX Beke». AHAJIOTMYHOE MHEHHE BBIPA3WIl  aKaJIEMUK
PAH B. B. Pymsnnes: «OnTuko-mMexaHuueckas aHajorus ['aMuibToHa onpeiesiniia Ha CTOJIETHE
Mporpecc aHaJUTUYECKON MexaHuku». [lo muenuro mpodeccopa JI. C. Ilomaka, 3T0 ObLIA
«Teopus, MOYTH HE HMEIoIlas aHAJIOrOB B MEXaHHWKE MO OOIIHOCTH M abOCTPaKTHOCTH»,
OTKpBIBIIAs KOJIOCCAIbHbIE BO3MOXKHOCTH B MEXAHUKE U CMEKHBIX HayKax.

Axanemuk B. M. ApHonb  crieyromM — 00pa3oM  OXapakTepU30Bal — BO3MOXKHOCTH,
OTKpBIBIIMECS I10CJIE MOSIBICHHUS TIaMWIBTOHOBOM MEXaHMKM: ['aMHIBTOHOBA TOYKa 3pPEHUs
MO3BOJIIET MCCIIEI0BATh A0 KOHLA Psia 3a/1ady MEXAHUKH, HE MOAJMAIOIINXCS PELIEHUI0 WHBIMU
CpeAcTBaMU (HampuMep, 3a7a4y O MPUTSHKEHUH JBYMsI HETIOABMXKHBIMU LEHTPAMH M 3a/1a4M O

TCOAC3UYCCKHUX Ha TPEXOCHOM 3JIJII/IHCOI/I,Z[G). Eme OoJibllice 3HAYCHUE TaMHIILTOHOBA TOYKa
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3peHUs] UMEET ISl PUOIMKEHHBIX METOJOB TEOPHH BO3MYIICHHM (HeOecHass MEXaHWKa), JJIs
MOHUMAaHHUs OOIIEro XapaKTepa JBWKEHUS B CIOKHBIX MEXaHUYECKHX CHUCTEMaXx (dproaudeckas
TEOpHsl, CTATUCTUYECKAs] MEXaHWKA) U B CBSA3U C JPYTUMHU pa3eliaMi MaTeMaTHUUeCKOW (HU3UKH
(omrTHKa, KBAaHTOBAs MEXaHUKA M T.II.).

[Tonxon T'ammnbTOoHa oOKa3zaics BBICOKO AS()PEKTUBHBIM BO MHOTHMX MaTEMaTHUYECKHX
MOJCIIAX (DH3UKH. Ha 3TOM TJIOJOTBOPHOM IMOJIXOJIC OCHOBaH, Harpumep,
MHOTOTOMHBIN yueOHbIN Kypc «Teopernueckas ¢usuka» Jlannay u Jludmmuna. [lepBonayansHo
BapUAIlMOHHBIM TpHHIUN ['aMmiIbTOHAa OBUT CPOPMYIHMPOBAH IS 3aJady MEXaHUKH, HO IIpH
HEKOTOPBIX €CTECTBEHHBIX MIPEATMOIOKEHHSIX us3 HETO BBIBOJISITCSl yPABHCHHS
Makcpeia 3eKTpoMarHuTHOro noJist. C MmosiBJICHHEeM TEOPUH OTHOCUTEIBLHOCTH OKa3aJloCh, YTO
STOT MPHUHIUI CTPOTO BBITIONHACTCS M B PEIIATHBUCTCKON TUHAMHKE. ETo sBpucTHUEeCcKas cuia
CYIIIECTBEHHO TIOMOIJIa pPa3pabOTKe KBAHTOBOM MEXaHHWKH, a IPH CO3JIaHUM OOIICH Teopuu
oTHocuTenbHOCTH JlaBua ['miabOepT yCnenmHo MpUMEHU TaMUJIbTOHOB MPUHIMI I BBIBOJA
ypaBHeHUM rpaButarmonHoro mois (1915 rom).M3 ckazanHoro ciemyer, 4YTO IPUHIIMI
HAaWMEHBIIIETO ACHCTBUA [ aMUIbTOHA(M E€CTECTBEHHBIM OOpa30M CBs3aHHAs C HUM CHCTEMa
KaHOHUYECKHUX YPAaBHEHHI) 3aHUMAET MECTO CPEIU KOPEHHBIX, 0A30BBIX 3aKOHOB MPUPOIBI —
HapsAy C 3aKOHOM COXPAaHECHHS YHEPTUU U 3aKOHAMH TEPMOIMHAMUKH.

BapuarnmonHnoe ucuucieHue SBISETCS OJHUM U3 CTapeHIIUX W OOraThIX CONEp:KaHUEM U
MPUWIOKEHUSMH Pa3JIeJIOB MAaTeMaTHYECKOTO aHanmu3a. BapuanmoHHBIC 3amadd  (Hampumep,
M30MEPUMETPUYECKIE) PACCMATPUBAIIUCH U B IPEBHOCTH, HO MCCIIEIOBAIUCH T€OMETPUUECKUMU
Merogamu. [lodToMy HayajioM 3apOoXACHHUS BapUAIMOHHOTO WCYMCICHUS MOXHO CUYUTATh
pabotry @Pepma 1662 r., B KOTOpOH aHAIMUTUYECKUMHU METOJAMH UCCIIEIOBaHA 3aja4a o
pacrpoCTpaHeHUH CBETa W3 OJHOW ONMTHYECKOW Cpeibl B APYTYIO W O MPEIIOMJICHUU CBETa Ha
rpanune JByx cpea. [anee anamoruusHsle (HO Oonee oOmIMe) BapUallMOHHBIE 3aJa4ul
uccienoBaiuch HproToHOM (3a7a4a 0 HaWMEHBIIIEH MOBEPXHOCTH BpamieHus - B 1685 r.), JI.
Bepuynnu (3agaua o 6paxucToXpoHe) u Ap.

Teopetuko-rpynnoBas Touka 3peHud KineliHa, Wu3JI0KEeHHass B €ro «JOpJIAHT€HCKOU
nporpamme» (1872), To ecTh: reoMeTpHsi — yueHue 00 WHBapUaHTax IPYII NpeoOpa3oBaHUi, B
npuMeHeHnn K auddepeHnuanibHol reoMeTpun Oblia pa3BuTa KapraHoMm, KOTOpBIH MOCTPOWII
TEOPHIO MPOCTPAHCTB MPOESKTUBHON CBA3HOCTU U ah(PUHHON CBAZHOCTH.

OcHoBHas 3anaya nuddepeHnuanbHON T€OMETPUU COCTOUT B HAaXOXACHUM W OMHUCAHUU
Qg depeHMaIbHBIX HWHBAPUAHTOB T'€OMETPHUECKUX CTPYKTyp. HeoOxoaumeIM ammaparom
3/1€Ch SABIIIETCSI MCUUCIEHUE CTPYH. OTO TMOHATHE HMHTEHCHUBHO HCIOJIb30BAIOCH B TEOPUU
TEOMETPHUECKUX CTPYKTYp BBICHIEr0 mopsaka B padorax B.B.Barmepa, I'.®d.Jlanrtesa,
JLE.EBrymuka, M.O.Paxynel, a B TmOCjIeAHEe BpeMs B TEOPUU OCOOEHHOCTEH TIJIaJKuX
oroOpaxkennit M.I'onyOunkum,  B.['mileMuHBIM M TreoMeTpUYEecKOH TEOpUM HEJIMHEHHBIX
muddepeHnmanbabix  ypaBHeHU A.M.BunorpagoeiM, B.B.JIpraaruneim.  IlpencraBnennas
paboTa sBisieTcs mpooikeHneM pabot aBropos [9, 11,14,15,16,17,18].
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ITocTanoBKa 3a1a4M M OCHOBHbIE ONpeIeIeHHUs].

Beenem o6o3nauenus s 1uddepeHInanTbHO-TeOMETPHUECKUX CTPYKTYP, UCTIONb3YEMbBIX
B paborte: X,, — IIaJkoe MHOrooOpasue pazMepHocTu m; T" X, — TTIaJIKOe PacCIIOCHHOE
IPOCTPAHCTBO CKOPOCTEH mopsiika n ¢ 6a3oi paccmoenus X,,; L:T"X,, — R — HEBBIPOXKICHHAS
byHKIUA B TOUKe vie T"X,, .

Dynxyus I avunemona_H(q, p) ‘R SR 2mn HE3ABUCHMBIX
TIEPEMEHHBIX (¢, p)  jl=Lm, lI=Ln,2=Lm, 2=1n

p=p=p{" pi'secsp ) = (DI DL D DDA DS PP = (P} jl=Lm Nl=Ln

m

q=q=(q".q8 @} =G - 4] DGy e spnd) =gl j2=Lm 12=Ln

n—1 m o m ' aH ,
L(p.q)==H(p.)+ 2. > pigi,+) p; 2H(g.p)

. -¢ynknus Jlarpanka, qBOMCTBEHHAS
k=1 j=1 Jj=1 P

K ¢yHKIIMU ["aMunbTOHA.

Omnpenenenne 1. Cucrema QyHKIIUN P, = {p,i(n)}= {p,i,n}

(p)

: . = OL(x,..., X ) — .
pi(m) = piy =Y (D'DI(—TE"0) k=0,ni=1m
=0 J x

Ha3bIBaeTCsl 000OIICHHBIM UMITYJIbcOM paHran st Gyakuuu L:T"X, — R B

JOKAJIBHBIX KOOpauHaTax (X) 6a3er X, paccioenuss 77X, rnme

. (p)
L(x,x,..., X ) - TOKaJibHas 3anUCh QYHKIUK L Tpu BBIOOpPE JTOKATBHBIX KOOPAUHAT (X) B

p
6aze X, paccnoenus T'X, .
DOyHKIUA p,in YUTAETCS KAK k —as KOMIIOHEHTa 000OIIEHHOT0 UMITylbca P, paHra n 1o

i — Ol KOOPJAMHATE WJTM UMITYJIbC TTOpsiaKa k ( k -UMIyJIbC) IO i — Ol KOOpJIUHATE 0000IIEHHOTO
uMIlynbca P, paHra n.

ITocTanoBka 3agaun.

JuddepeHnnanbHO-reOMeTpUIecKre CTPYKTYPhI, HCIIOJIb3yeMbIe B paboTe: X, — ITajKoe
MHOrooOpasue pasmMepHoCTH m; T" X, — TAaJIKOe paccIOeHHOE MPOCTPAHCTBO CKOPOCTEH
nopsijka n ¢ 6a3oi paccinoenus X,,; L:T"X, — R — HEBBIPOXKICHHAs (YHKINS B TOUKE
vieT"X,, [9].

[ToctaBuM cienyroyro 3a1a4y,- KAKUMU CBOWCTBaMH obnanaer @yuxyus [ amuromona
H(q,p):R*™ >R 2mn HE3aBUCHMBIX NIEPEMEHHBIX (¢, p) jl=Lm, ll=Ln,j2=Lm, 2=Ln u GyHKIHs
Jlarpanxa, 1BOMCTBEHHAs K GyHKUIUU [ aMuIbTOHA

n=1 _m o m ) H
L(p,q)=—H(p,q)+ zz plai., +ij % U KaKHle CBSI3U MEXIY ABYMsI TaHHBIMU
k=1 j=1 j=1 n

byHKUMAMA H (g, p): R*™ =R, L(p.q).

Hwmeer mecto caenyromas
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Teopema 1. TTyctb x =S'(x.%....x,), 39€Ch S :(x) = (x) — [TAJKOE HEBBIPOKICHHOE

npeoOpa3oBaHKre KOOPAMHAT B 0a3e TJIaKoro MHOT000pa3us X,, PacclOeHUs CKOPOCTEH

m

nopsaka T”X,,, p>max(s,l), i =1,m, TOrAa

k) P
ax(x)x+f(xx Lx) k>1 (1)

Dkx’(x) x(k)’() Z
ox’
_s (kD

rae f(x,Xx,...,x ) - HEKOoTopas riajkas GyHKIus
e k) @ m (9))
X Xgooy X 5, X=(X,00e, X)), x—Dx s=0,k-1

Joka3aTejbCTBO MPOBEJEM METOIOM MareMaTuuecko nuaykuuu. baza unaykuuu k =1

_ = m i @DJ m
D/x'(x)=x""(x)=) ax_(j ad R =y — ox ( ) x mposepeHo. Ilposepum s k=2

X J=1 x
A e I e PRI e L
D} xi(x)=x" <x>:DJ<Z# x)=2 D —(j)> Db ZZ —I -
=1 0x j=1 dox ox’ xax
o o . m_m '_/_

zax (0" _zax (x) ( x . Ilposepeno. onsa k =2 nny

J=1 ax j=1 ax =1 j=1
KTUBHBIM [IEPEXOI.

B o m i (k) j . (k=1)
Hycts D' x'(x) = x“(x) =Za; () +f(x X,..., x ) . Torma
= ox’
ny l ax X k) j . (k=1) o' (x k) j . (k=1)
DX () = Dx (x) = D(Z O 4 fGrn xN=3D, a( ) 4D, (Gt % )=
x J=1

m (k) j k) j o (k=D
-Y'p, aa()) aa() (X )+ Dy(f (XX X)) 2)

j=1 X X

m o m ol ®)j (k4D
[Tockonmbky D, (ax (x)) Z J ax (x)) Z (x) u D(x)= x , To (2) paBHO
x =1
m i (D) QA (x k) e kD
3D, a_(j)) x + a_(j)D,( )+ D, (f( s X )=
j=1 X X
. (k 1)
20 <k>1 i )k m (s+D)j e A (9

_Z(za () a’f() +§§’MN” x za"_(]) X A Exx), 0+1<s+1<k—1+1=k (3)

== axox’ ox’ SOH 5 =1 0x

m i (k+1) j . (k)
B (3) crpynnupyem 4iieHsl Z ( ) x +f(x,x,,x), 0+1<s+1<k—-1+1=k, e

—J
=l Ox

. (k=1)

. k) m 2 i o (K)j k=1 m (s+D)j
f(x,x ,X)= Z(Za x() +Zzaf(x )fm x) x . Teopema 1 noka3zana.

]lll s=0 j=1
d x
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Teopema 2. Ilycts x' = S'(x1,%2,...,Xn) S :(x) = (x), - JIAJKOE HEBBIPOKIECHHOE
npeoOpa3oBaHue KOOPAMHAT B 0a3e IN1aJKoro MHOroodpasust X, paccioeHHsl CKOpOCTeH
nopsaka 77X, ,p2max(s,/) i=1,m,toroa

. )

0 p) k! k
(k)l(xx X) _ C:'Drk_p( ;(-]X)J’Ck ph(k - p)| :H kzp

(pJj X j=1
J x 0,k<p
JokaszareancTBo. [lpu k<p mo Teopeme 1 nmeem
LN (3 m 3y () X! s (k=D
i/ - i X (X)) — - -
x® (X, Xy000y X) = x® (x)zz _( ) x + f(x,x,.., x ) k=1 TlosTomy
= dx
= w k! (k-1)
(k)’(x Xpy X) 0 X' (x ) = =
d x ox T X
[Ipu k = p nokaszaTenbCTBO MPOBEAEM METOJIOM MaTeMaTUYECKOW MHAYKIMU. ba3a uuaykiuu
k=p
= w (k)1 (k-1)
ox® ' (x, %, x) O ox ( ) ==
[To Teopeme 1, umeem Y =~ (z - +f(x X,..., X ))=
d x 0 x x

(k)1 . (k=1)

_(zax(x)ax +8f(x,)_c,...,x) Zax(x)5, ax"(;}) 5,:{1,]':1

i —cumson Kponexepa

] <k>/ (k) j j —J i
k=1 Ox 3 x 9 x k=l OXx ox 0,j#1
baza nnnyknun nokazana. MHaykTuBHBIN nepexol. IlycTs yrBepxacHHE TEOPEMBI CIIPABENINBO
npu k= p
L) - 2 B ki F (s+Dl
i (i - k
Beenem pynkuun F, (x,x,...,x)=x"(x,x,....,x), x =D,x"")=DF = zz o
1=l s=0 a
i = (L) 1l i i i
X (x,x,nx) 9 NG OF Y & F Y oF oxtt
(P = <p_>j(ZZ o X )—ZZ< o ol Xt )=
0 x dx 79« =709 x 9 x 0x 0 x
m k 2 i (s+1)/ 2 (s+1)/ i
0" F - aFk s+l J Fk o oFy
‘ZZ( o o X T % 9 ZZ< o @ <) T o )
Fs=0 5 ¥ 9 x 0 x =505 %9 x 0 x

(k)

9k )
ITo npeanonoKeHUIO I/IH,Z[yKI_[I/II/I (x(pf’] nX) _ a(i =y Dt ,,(ax (x)). 3naunr, (4)
3 x J x ox’
paBHO
m k (J+l)l m (s)l
02F! oF; ox' ox'
ZZ( (s)1 IEP)] x )+ pkl)J = Zz (s)l\Dk p( - (X)))D )+Cp le v l)( - (X))_
=15=0 5 v 9 x J x I=1s=03 ox’ ox’
. k=p) ()
—CP(ZZ ),\Dk ,,(ax (x)x XX X )D, x)+CL7DI0" “(ax_(f‘)) (5)
=1 s= Oa x ox’
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k! k! K P (kD)

Tak kak ¢/ +C/7' = + = 1+ = =C/, n
plk—p)! (p-Dik—-(p-D)! plk=p)!  k-p+1  pllk—p+D)!
(6)
ax X . (k=p) m k=p g ) axi ;C . (k=p) (!
PTG SNSRI 3) SN T )
x I=1 s=0 v X
0 x
VYyuuteiBas (6) u (7) nomydum BeipaxeHue aisg (5):
m_k=p ax X . (k=p) ()1l ax X
P &S o OGS T, s @20,
=150 5 x’ ox’
= crp,(pF (R o' (x ))) cr 1Dk 1)(8x (x))_(cp rer YD p(a-x (x))_CkaDkH p(a-x (X))

ox’ ox’ ox’ ox’

Teopema 2 noka3ana.

IIycts * (byHKuH;I 2mn HE3aBUCUMBIX TNEePEMEHHBIX
(q,z,p“) l—lm ll—ln ]2—1m lZ—ln
(HMKHUE UHACKCHI MEHSIOTCS OT 1 10 n , BEpXHUE UHIEKCHI MEHAIOTCS OT 1 10 m)

p=p=p{" p s DI = (DI PL D PIDE DY e Paen P = (P jl=1lm 1=Ln

q=q=(q{".q3".q]) = (21a} a]" . D3G5 -5 seees e d)) = (a5 j2=Lm [2=1n
Teopema 3. Ilycts s,k=1,n, i,j=1,m . Torma

j A-8)8" 8  s=lLk=Ln, i j=1m _ _
D M e S EET-E) skl ijsle ®)
A, |(1-8)8, 8", 2<s<nk=Ln, i,j=Lm
J j _ -
2)%:?’? =0,s,k=Ln, i,j=1Lm ©)
qs qs
3) 31’1; 515" (10)
1,o=
T'ne 5[5 —{0 Oca ;tB[.’) — cumeon Kpomuexepa

Joka3aTesbcTBO. 1<k<n-1= 2<k+1<n, 1<s<n IlosTroMy mpu s=1

g

0,s#1 (0,522

Ilpu s=1 (bopMyna (7) noxazaHa.

(1,0
rae S’j _{Olz

Ls=k+1
— cumeon Kponexepa , TIIE 5k+l {0 kil cumson Kponexepa
s

npu  2<s<n aq}gﬂ={1’(i:j)A(S:k+1)=5i = § i i=Lm

- . _61_6k+1 1—51 i =1,
g, 0,G#j)v(szk+l) 77 0 (=0y)  inj

s

NI

i, |a-8)8;& s=Lk=Ln, i,j=Lm _ _
T la-8)8 84, 2<s<nk=1n, i j=lm

= &8 1-8)) L s,k=Ln, i,j=1,
oq.

Bropas u TpeTbs yacTu TEOpEeMbl OUEBUIHBI:

aqlg+1_0_1 I=1-8'= 1=8"1¢8". 8" i i=1m 1 |Ls=1 |Ls=1
— 5 =0=1-1=1-0,=(1-0)) jOs » Lj=Lmrne § = = — cumeon Kponexepa
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ap,‘z apr{ —
—+-=—2=0, Tak IepEeMEHHBbIC P ,  HE3aBUCUMHI , s,k =1,n, i,j=
dg,  9q;

dpl _[1.G=)atk=s)

opl  0.G# Hv(k#s)

YCHOBUA B IEPBOM: (i= j)A(k=s)=(=j) vk=s)=@Gi#j)Vv(k#s)
Teopema3 nokxa3ana.

3

= §/8% VcioBue BO BTOpPOU CTPOKE, OUEBHIHO, SBISETCS OTPUIIAHHEM

Teopema 4. TIycTh (g, p)- 2mn HE3ABUCHMBIX IIEPEMEHHBIX (¢/2, pll) jl=Lm,ll=Ln,2=Lm, 2=1n.

Tornma
npu s,k=1,n, i,j=1,m ¥ IIPOU3BOJIBHBIX p,{ € R BBIIIOJIHEHO COOTHOILIEHUE:
n—=1 m
D (pla-8)8 8 =q1- 6‘)2214 8,8 = pL(1-8)) (11)
k=1 j=1 k=1 j=1
e N Ls=1 |[ls=1 K
= = — CUMB0.]1 OHeKepa
*Tlos 1 |0s>2 ponerep
i l’l:J k+1 1s—k+1
,rae o i = —cwweozz Kponexepa, T11€ 5 —cumeon Kponexepa
0,i # 0,5 #k+1

I[OKa:;aTe.HLCTBo. Tak kak (1-5') He 3aBHCUT OT HHIEKCOB CyMMUPOBAHUS k, j , TO

i(pk(l 8,)8, 8 =(1- 51)22 ]88k

1 j=1 k=1 j=1

—_

n—

=~
Il

-1 m ) )
Hpu s=1 (1-8H=1-1=0= (1-8) zz (88 =0 pl (1-6,)=p.,-0=0mn
k=1 j=1

YTBEPKICHHUE TEOPEMBI BBINIOIHEHO. [Ipy n>s5>2 =s-121
8'=0,1-8! =1-0=1= p'_,(1-8')=p’_, - mpaBas 4acTs .
pi & 8 = Phmst = Pot (=0 S -8y, =1-0)p,=p, - NeBas yacTb
‘ 0 (j#EDV(k+1#5)

YTBEPXKJICHHUSL.
®opmyna (11) nposepena. Teopema 4 noxa3ana.

1

n

Pacemorpum Gyrkmmto L(p,q) =—H(p,q)+ Y. Y plq} 0H(q,p)

Pidin t pn
- KDk /Z; apn

R

n—

Teopema 5. Ilycte L(p,q)=—H(p.q) +

_M

LI oH
ZPZ D+ +Z pl- (q, P) . Torma uMerOT MecTo
Jj=

j=1

paBeHCTBa:
dL(g,p) _ OH(q,p) | i 1 I\ O°H
1. £ = ‘ (1-8)1-3, S - 12
aqlv aqi +ps—l( n)( 3)+gpn Bpéaq’v ( )
, OL(q.p) _ _9H(q,p) |
2. = +(1-0,)1-9))q,, +§° 13
o o +(1-8)1-8)q.,, an apn (13)
Ime 85 ={1)’ a(;eﬁﬁ — cumeon Kpomexxepa
IL(q, p) _ 8H(q AN qk+1 ap,, oH (q P, i 0°H
0Ka3aTeJbCTBO. -
I[ aqtY ;;(a i k+1 ) Z aqY P ap/a l)
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ol )

ITo Teopeme 3: Ewiniewy —2 =0, TaK IIEPEMEHHBIE P ,  HE3aBUCUMBI U BBINIOJHAIOTCS PABEHCTBA:
q;  9q,
P, 1-8)8. 8 | s=Lk=Ln,ij=Lm ‘ _ _
1) Mkt N _ o =88Ma-8))  sk=Ln, i,j=1m
dq (1-8,)8,8," , 2<s<mk=Ln, i, j=1lm
[TosTomy
AL(g,p) _ OH(q,p) X<~ ,0p] & oH(q.p) , ; O°H
) __ - +ZZ(_qk+1+ l+ Z Vlt +p] ). MHaue,
aq$ aQ5 k=1 j:1 aqa s =1 3 apn apnaQA
L(q, p) _ aH(q p) R SA N S ap aH(q p), j O°H
,~ +(1-38,) (—qk L+ j - +p; 0=
9 kz;jz; ’ as Z:' o4 9194,

I s It TH L) |15 S 0l 1-8)3 )+ Zv

w k== %s = % %3 k=1 = @I%
doH(q, p) S °H _ 0H(g.p) oO°H
=2 1 1-H1-5 55"+ = 4 (1-0)1-)p., +
5 Ao )ZZp an wod - ag T P an o
n-1 m n-1 m
o Teopeme 4: D (pla-8)8 8 =a-8)> > p{ 88 = pi_,(1-8}) Hosromy:
k=1 j=1 k=1 j=1
_0H(g,p) 1 R She Pakel N0 O°H oH(q,p) , i 1 LN 0°H
Sl 1-8Ha-8) pl &8+ pl S = S T (-8)(A-8) + Y pl
3! ZZ ¢ Z p]dq; 3! 1 Z ]!

®opwmyna (12) nposepena. IlepBas yactp TeopeMbl S nokasana.

n—1 m S 1 nl m a ,
L(p,q)——H(p,q)+zzpqu+l+zpn (q D H(p.g)+(1-3 DD P+ an a(qj Fep)

k=1 j=1 j=1 k=1 j=1 j=1

n=1 m 2
aL(Q? P) :_aH(% P) +(1 81 )z ( qk'+1 +pk Qk+1) Z(apn aH(q p) / 0°H
k=1 j=1

op! I, = = o, ) " opjopi”

Tak Kak i :{1 - =)A=, Sk:n i j=1Lm =8/8" m %:O,To
ol 0, (s#k)v(i#J), sk—l,n,zj—lm op;

) aHe;;aqup)+(l_82)::1J2(818k qk“Hz@an aHaZ{"p)wjajnga)_

- ——aHa(pqé’ Pl - 8l)-85)g0,, + 8 —aHa(;’{ a ﬁl P —al‘: -

®opmyna (13) npoepena. Teopema S ngokaszaHa.
e
Teopema 6. Ilycts - f(x,X,..., X ) - TOKanbHas 3anuch rmagkoi Gpynkmun f:T"X, — R

B noxanpHbIX KOOpAUHATaX B 6a3e X, paccnoenus 7"X, . Torna

. (k)
) O (xox x) KDV o kep)
D? f(x,x,..., x) = zf(+)/,) x +a(xx,.., x ),p=21

j=1 Jd x
JHoxa3zaTennbcTBo. [IpoBenem nHAyKIIUEH IO p
baza unaykuuu p =1
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(k) (k)
D f(x,x,..., ) Df (x X, x) ZZ@[();;), 2 X = ZZM ax(”’ X) x ZM ax(k)1 %) K&
s=0 j=1 s=0 j=1 Jj=
(k) . (k)

of (x,X,..., X e Of (X, X0y X) (5a1);
f( 57V " ) , X(H—l)] u HpOI/I3Bel[eHI/Ie f( sV '9 )x(ﬁ—l)]
ax(‘v)j ax(S)j

3aBUCAT OT IMMPOU3BOAHBIX ITOPAAKA HE BBIIIC k , 3HAYUT U BCA CyMMa:

03
. (k+1-1) a Xy Xyeury X
a(x,x,.... x )= a(x x,. x) ZZ f(a o ),5+DJ TaroKe OT NPOU3BOIHBIX OPSIKA HE BBIILE K .
24
s=0 j=1

IIpn s<k-1= s+1<k, nostomy

3HauuT,
1 : o @C(xx x) + o (x, x. (x) K+ of (x,x, (;{C)) )
D f(x,x,... x) Yoy T e x4 Z o R —a(xx x)+z . T
s=0 j=l j=l j=1
baza unayknuu nposepeHa.
NHnyKTUBHBIN nepexo/:[ HyCTB YTBEPKJECHHUE BEPHO ISl p ,TO €CTh

. (k) a Xy Xy X (k+p)j . (k+p-1)
PYITERSNR S QACS L) 5 DR e
j=1

Jloxaxkem, 9TO OHO BepHo ISl p+1, TO €CTh IMEET MECTO PABEHCTBO:

(k+pH)j _ e (k+p+1 1) (kt+pt)j _ e (k+p)

X, X, X, X,

Dp+1 X, X,. x E‘JY( ) x  alx,x,.. @f( ) x  +alxx,..., x
(k)/ (k)j

Jj=l a X Jj=l

[To mpenmnonoKeHn0 HHIYKIIMA UMEEM:

(k)
(k) . af(x X,. x) (k+p)j e (k+p-D)

DI (5o ) = D (D f (5 5 = D(Z (k)/ X4 X, x )=
j=1
) “ k+p)j 9 ® (k+p)j (k+p-1)
X, X, Xy Xyenns * -
=(2th((—k)])- X +f((—k)])D( x ) 4D a(x, %, x )=
j=1 J x J x
) Y e d ©F wrpen; (k+p=1)
m + m +p+ . +p-
f (x,x,..., x) & f(xx x) ?
=ZDT(—k)j- X Z(—k)j x +Da(x,x,.., x ).
J=1 0 x J=1 0 x

(k)

. L af(x,x , x) k+p)i
MakcuMaNbHbIH TOPSAOK MPOU3BOIHBIX B KaXKIOM WICHE CYMMBI ZD, == x paseH

Jj=1 0 x

max(k+1,k+ p)=k+ p, Tak KaKk p >1 . [lo JOKa3aHHOMY yTBEPKIECHUIO IPU p =1 MAKCUMAJIbHBIN

o (k)
of (x, x,..., X) o
MOPSAOK MPOU3BOIHBIX B D, — o paBeH k+1, a MAKCUMAIBHBIN MOPAIOK MPOU3BOIHBIX B
0 x
o (k+p-1)
D, a(x,x,..., x paBEcH k+p—1+1= k+p
(k)
— . (k+p) m a Xy Xyeeoy X (k+p)j . (k+p-1)
3Ha‘-II/IT, a(x,x,..., X f( ) +D, a(x,x,..., Xx 3aBHUCUT OT IIPOU3BOAHBIX
(k)J !
X
opsAAKa HE BBIIIC k+p .
) @ k+p)j I 9 @ (k+p+1)j (k+p-1)
f(x Xyerry X)) p)J )f (X, %,...s X) pPTIJ ° P
Hraxk, ZD (—k)]- X +Z(—k)1 x +D,a(x,x,., x )=
Jj=1 J x Jj=1 J x
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) (k+p+)j _ . (k+p)

Z o (x, fk)j x +a(xx... x ). Teopema 6 noxasana.

Teopema 7(uHEHHOCTH 000OIIEHHOTO UMITYJIBCA IO CTAPIIUM MTPOU3BOAHBIM). [1ycTh
= {p;( (n)}: {p,’;,n} - UMITyJIbC paHra n uid GyHkuuu L: 77X, — R B TOKaNIbHBIX KOOPIUHATAX
(x) 6a3p1 X, paccmoenust T7X

HyCTL b(n, p,k) = max(2min(p,n) -k, p) , max v =2min(n, p)—k, minv=min(n, p)
(p)

) ) . b(n,p,k) n—k aL(x -

p(M)=p. (X, %oy X )= Z( 1) D! (T) k=0,minv—1 ,i=1,m-KOMIIOHEHTBI
X
UMITyJIbCa paHTa n .
Tornma
52 (p) ¢ D
L(x ) (max v) j ° fmax = .7
pk( n) = Z NI (mmv)l X T+ gi(x, %, x ) i=lm (14)
Jloka3aTebCTBO.
ITo Teopeme 6 MakcuMaibHasl CTEIEHb KOOPIUHAT, IO ¢ ,KOTOPHIC BOMIYT B MHOTOWICH
(p)

; OL(x,..., x)

D (— %) 1O CTCNCHSM IPOM3BOAHBIX KOOP/MHAT 110 7 [PH BBIIOIHCHAN

0 x
nuddepeHnupoBanns paBHa max(l + k + 1 =21 + k) = max(2[ + k) IPH YCIOBHH, YTO
I<Sn—k,l+k<psl<p-k I<n-kl<p-koI<min(n-k,p—k)=min(n, p)—k

max (2[+k)=2(min(n, p)—k)+k =2min(n, p) —k =maxv .
[<min(n, p)—k

3HAUMT, 3HAUCHHE KOOPAMHATHI C HANOOJIbIIEH CTENEHBIO MPOU3BOIHOM 110 t ,KOTOpasi BOMET
(p)
n—k
oL(x,..., x
B BRIpKEHHE Y (~1)'Dj (%
=0 a X

) paBHO

max(p, max (2+k))=max(p,2min(n, p)—k))=>b(n, p,k)

I<min(n, p)—k

Teopema 7 nokaszana.

3ameuanue. JIcHO, YTO max = 2min(n, p) —k = min = min(n, p) npu k <min(n, p)

U max =2min(n, p)—k > min =min(n, p) IPA k < min(n, p) < k < min(n, p)

VYcnoBue k <n clienyer U3 ONPENCIICHUIO UMITYJIbCA paHran , a OpU k> p KOMIIOHEHTHI

(p)
; © bonpk) o nck L(x,...
umnynsca  p, (%, x,.., x )= Z( 0% D, (%) = (0 (TpuBHAIBHBI)

X
ITosTOoMy ycioBue k <min(n, p)  OIpPEHEIAET HETPUBUAIbHBIE KOMIIOHEHTHI UMITYJIbCA pAaHTa
n.

Pllenn) ™ e e

Teopema 8. Ilpu p=n pin)= Z x +gi(x,x,..., x ) Li=Lm, k=0n-1 (15)

ox (n)la (n)l
Joxa3aTenbcTBo. [lo Teopeme 7 max = 2min(n, p)—k =2min(n,n)—k =2n—k ,

min = min(n, p) = min(n,n) =n

b(n, p =n,k) =max(2min(p = n,n) —k, p) = max(2min(n,n) —k,n) =max(2n—k,n)=2n—k T.K

k <min(n, p) =min(n,n) =n
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"
aZMx ) (2n=k) j . (2n—k—1) L —
pi(n)= Za Wige o X t&ex.., x )i=Lm [pu 0<k<n-1 2n-k2n+l>nmu

BBIPAJKECHUE

a L (2n—k) j ° (2n—k-1)
(x,... x) . .

pi(n)= Z o X +g:/(X, X, x ), i=lm JMHEHHO 3aBUCHT OT CTAPIINX
X

(2n=k) j
IIPOU3BOJHBIX X
®opmyna (15) nokasana. Teopema 8 noxazaHa.

o oo (n)

92L(X" - _
O LXD) )0 BTOuKe X = X = (X, X0, X040 X)) s

Teopema 9. Ilycth det( PROYEWOY

- o e (2n—k) ) )
X" =Xy X0, X050y Xy ), 0<k<n—1, m"F:7*"7*X, —>T"X,, - KAHOHUYECKAS IPOCKIIHS.
Torna cymectByet

OKPECTHOCTh U (X" %) Toukm X3"*

dp; (n)(X>"™* O’L(X"
) det(%—m)) =det(W) #0 X"=7‘C,21"_k(X2"_k) (16)
3 x X"/ dx
' ‘ . Q@n—k-1)
2) x0T =X (i xy X, pr(0)) (17)
Jloka3aTebCTBO.
Ippm) 9 O’ L(x,.. W) e ¢ @k & a L(x ?) N < @nkD
<f'”")f= (2n- “’(Z Wiy i * 86K, X ))= Z( @y ¢ (n)j’mZn)i x )+ (2n—k)j(gi(x9x9"'9 x )=
ox'"™ ox — ox"’ ax
Jd x 0 =l 9 x 0 x
(n) (n)
u a azL(x,...,x) o E9PL(x,..,x) 9 *  (@nkD
=~ g ) ¥ +> =gy (X ) F Z oy (& (4 X,y X)) =
s:la X s=1 a X 5= la X
m 2 (m (2n—k)s 2 (n) P (n)
_z 8 L(x,..., x)) 97 L(x,..., X) 5 = 0°L(x,..., x)
=r 7 gy - Z‘ axMax™M T gxmigy i

i 1, §=]

rae 5j = . — cumson Kponexepa
0,s#]

Tak KaK IpH 0<k<n-1=2n—-k =2n+1>n , CIICIOBATEIILHO,

(n) )
0 0°L(x,.. x 0 0°L(x,....x)
(2n—k)j ( ( j )) =0= Z (2nk)j (
ax(n)Jax(n)t J ax(n)/ax(n)t
d x =9 x
HOCKOJIBKy 2n—k22n-k-1 T1pu JIIOOBIX IIEJIBIX N,K , CIIEA0BATENBLHO
Py o (2n—k-1)
—57(8i(x,x,.., x ) =0 .Ilepoe paBeHcTBO B popmyne (16) nokazaHa, mepBas 4acTh

0 x

Teopembl 9 noxazana.

Tak Kak I10 EpBOU YaCTU TeOpeMbl 9

opi (n) ’L(X )
@n=k)j ox (n)ta (n)j

J0 x

(2n—k)s

) x =0

ox (n)ta (n)J

det(E2=0) (X 27K = det( y=de t( y#0 ,TO
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U3 MIAAKOCTH QYHKIMA n2" % : 7> * X —T"X, , L:T"X, =R ¥ IIaJKOCTH KOMIIO3HIIUH
Lom™*:T**X, - R CHemyerT, 4TO CYIIECTBYET OKPECTHOCTh U (X" ), Toukn X", Takas
a L(ﬁin_k(X 2n—k )) _ L (2n—k)

2n—k 2n—k 2n—k __
qT0 det( WO )#0 VX eUXy"™), X =(X,X,Xyee, X )
ITo TeopeMe 0 HEABHOM QYHKIMU B OKPECTHOCTH U (X" ¥) Toukm X" *
b Ly
xPOT = xB (x x,, x, pr(n))

®opmyna (17) u Teopema 9 nokasana.

3ameuanmue. B ycioBuu Teopemsl 8 ycnoBue 0<k <n-1 ObUIO CYIIECTBEHHO, TaK KaK IpU

(n) (n)
o 0°L(x,..,x), _ 9 L. x)

a7 Mg )=0= Z w7 S o ax(n)lax(n)t
0 x =19 x

JUISL k =n 3TOTO YTBEP)KIAATh YK€ Helb3sl. TeM He MEeHee, OKa3bIBAaeTCsl aHAJIOTUYHOE
YTBEPKIECHUE CIIPABENIIUBO U I k =n .
Teopema 10. ITycts H :R*™ —R - QyHKUUA 2mn HE3ABUCUMBIX IIEPEMEHHBIX

(2n—k)s

) x =0

0<k<n-1=2n—-k=2n+1>n, CICOOBATCIHHO,

(gi2,pih  jl=Lm, ll=ﬁ ,j2=1m, [2=1,n W BBINOJHACTCS YCIOBHE

H(q,p)

det(
aPkaPk

)=0, z]—l m OKPECTHOCTH U(q,, py) TOUYKU (g, po)

Torna:

i, i _9H(.p)

1) 3aMeHa NepeMEHHBIX — IIEPEXOA OT p,, — W i=1,m SABIACTCS HEBBIPOKICHHON B
Dn

n

OKPECTHOCTH
ox™" _9’H(q,p)
i piop,

2) IOKAJIBHO CYIIECTBYET OOPATHAS 3aMEHA 1, =pl(d, ¢ Gy Prs P Ppps X ) (19)

(18)

TOYKHU (g, py) U

9’H(g,p) dp, L=
3 =9 = — cumeon Kpomuexepa 20
); piope a0, i% " Rponerep 20

Jloka3aTejibCTBO.
(i _OH(q.p) ™ _ 9 OH(q.p), 9’H(q.p)
I, dp] dp,  Ip, Ipop,
9°H(q.p)
Ipiiop,
Q> P1s Parees Py s X)) (19) wu mepBbic 2 YaCTH YTBEPKACHUS JOKA3aHbI.

Bripaxxenue (18) npoBepeHo.

Tak kak det( )#0, TO TI0 Teopeme 00 0OpaTHO# HYHKIIMU CYIIECTBYET 0OpaTHAs 3aMEHA

Pu = Pu(a1:92
[pomudpdeperuupyem cootnomenus x"(p! (x" ) =x"" i1, j=1,m . YuuTbiBas, 4To
ox\i B azH(q, )

o, pLp;

(20) u Teopema 10 goxazaHsbl.

" _ Zax"‘” &P, _Zm:azH (4.p) p,
n</> J apl ) aplapl  x"D
Teopema 11. [ycts H(g,p)- GyHkuust H:R*™ —R 2mn HE3aBUCHMBIX [IEPEMEHHBIX
(afopl)  jl=Lm, ll=ln,j2=1m, i2=1n

9°H(q,p)

1) det
R WEW

)#0, lJ—lm OKpECTHOCTH U(gqy, py) TOYKH (q,,Ppy)
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A . OH
2) L(p Q)— H(p q>+z pqu+1+z (q?p)

J
J= J=1 apn
Torga 1)) 3aMeHa IEPEMEHHBIX — IEPEXOJ] OT p' — x™i = aHa(q P ), i=1,m (21)
Dn
SIBJISIETCSI HEBBIPOKIEHHON B OKPECTHOCTH TOYKH (g, py) -
2)) IOKaJIbHO CYILECTBYET OOpATHAS 3aMEHA 1, =pl(Gis¢b. Gs Pis PPt X (22)
30 2T 1. Pr P2ves Prcts Pa (G122, s P P2 Prcto X)) = (23)

Joka3zareancTBo. [1o Teopemel( nepsrie 2 yacTu TeopemMbl 11 JIOKa3aHbl:
, PO
i _9H (@, p) __9 (9H(g,p) _0’H(q,p) Tak KaK det( H(q.p)
&P, apn o, P, p;lp, p;9p,
1o TeopeMe 00 0OpaTHOM PYHKIMH CYIIECTBYET OOpaTHas 3aMeHa

)#=0TO

Ph = Pu(@1:Gs, Qu> Pis Paseees Pt - X))
a . n-1 m m ) aH(q,p)
M), g Ll 0 P PPt PG, G P PP V=2 G5 (—H(q,p)+m0/k+1+§ Py
k=1 j=1 Jj=l n

n-1 m

aH(q, p) 0H(g,p) dq] OH(q,p) |
H(q, : 4
ax(n)t (q p )+Zza (n)i (p qu+1)+za (n)i by ) ;/Zl a%i ax(n)t ap]ﬁ ax(n)z +

=l =l
EKB, I 9 oH(q,p) = ;, 9 0H(q,p)
+ -pgl., + pl . 22+ p! ‘ - 25

;;(ax(n), Pi)din pk(ax(n), Qk+1)) Z((a i P n) ap;f p"(ax‘”)’ ap,f ) (25)
Tax xax B (24)-25): 20 k=T 2 p/ k=Tn=i. -2 g/ =0 mo>TOMY (24)-(25)MOKHO

(n)z dx (n)i 'k a (n)i Tk+1
TIE€PENUCATD:
BH(q p) 9] 3H(q.p) Il T

ZZ gl <rlf>z ;! <rlf>z Zz(a (mi PO+
k=1 j=1 k=1 j=1

U 0H(q, p) .0 O0H(q,p)
+Zzpz( (n)l qk+1) +z(( (n)l ”) aq]p +p’jl(a (n)i aq]p )):

k=1 j=1 P

L& 0H(q,p) 3pk BH (¢.p) | ;, 0 OH(q,p)
= - : + p’ 4 . 26

D3 W N Z((a D A MO W 20

. . )
j j ko — 1, k=
Tak Kak %:%é‘: = ox™i’ k=n , OF :{O . "o cumson Kponexepa 27
X X 0 k<n ,K#n

(IEPEMEHHBIE ¢1,qy s Pis Paseens Pyg- X - HE3ABHCUMBI), TO (26) MOXHO 3aIUCaTh B BHJIE:

" 9H(q,p) op} BH(q p), ;90 OH(gp) _
;; P/f ox (n)i Z((a (n)i " ) r{ +p”(ax(n)i ap,{ ))_

0H(q,p) Ip] o . 0H(q.p) ;. 90 O0H(q,p)
= - 0, _p’). i / . . =
;Zl opl ™ +Z:((a DR WIS (X W
& 0H(q.,p) Ip] 8H(q p) . ;. 0 O0H(q,p)
"L Z((a ) PGy

_~~ 0H(q,p) apn aH(q p) . d 0JH(q,p), _
_; op; " Z( X Pa) Z j( X" 9p! )=

) =
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&, 0H(q.p) op] . Ip] aH(q p) 0 aH(q p). & ;. 0 0H(q.p)
_z(_ op; 8x(")i+ax(”)’ )+ z ](8 (mi )_Z (3 ™t 9p!

%, 0H(q,p) op] 8pn aH(q,p) u 8H(q p) BH(q,p) ap) _
TaK Kak JZ_}(— o ax(”)i—i_ax(")i. 3 )= JZ_;( dp; op? )ax(n);—O

)(28)

=

IIpeoGpazyem (28) Zp,{( J_dH(g, Py _ Zp,{(
j=1 Jj=1 k=

< 0°H  dq) - 0°H  9p;
4 — + 29
ox ™ ap’{ Za jaCI/lc (i ZZ apna ox (n)t) ( )

11=1 k=1 I=1
o e _ P
Tak kak K_Ok Ln,il=1,m uno dpopmyne (27) RPN
L=
JTIeo, = — cumson Kponexepa
0,l#n

, TO mpaByro ¢opmynbi(29) mpeobpasyem naee:

S ’H dq, N\~ 0°H Ip; SN\ _0H apk—
;pn(;;apnaqk i ;; apna dx (n)z) Z n;;apnapk Qe (Mi

R /"”’aH 8pk k_”’ " 9*H 8pn
_Zp"zzapnapk ox" " ONE Zapnapn ox"! G0

j=l  k=11=1 j=1 1=l

| Li=j
ITo Teopemel0 n3 3) Za Hig.p) 31(?",;' =0; ={ l, ]' — cumeon Kpomexkepa wmeeMm:
= op.op; ox™ 0,i#]

m

2 I (1=
z o H Bpn' =8/ =1~ ]. l_ — cumeon Kponexepa . Iloatomy (30) paBHO:
= 9p;iop, ox"" 0, #i

0°H odp) & .. 0 0E R A A
. =) 06l = ) p6 +p; 67 =0+p,-1=p,
jZl ;apnapn a ™ ; j_12j¢i

Teopema 11 noka3zana.

Teopema 12. Ilycts H(q,p)- QyHKIUS H :R*™ —R 2mn HE3aBUCHMBIX IIEPEMEHHBIX
(g2, piy  jl=Lm,ll=Ln,j2=Lm, [2=1n

9’H(q, p)

det
¢ aka'

y#0, 1, ]—1 m OKPECTHOCTH U (q,, p,) TOUKU (qq, Py)

Tornma

)

0’H(q,p) O°L(x,...x) o |Li=]
1 L =0 =

) ; dplop:  ox"ox" ! {

(n)
0*H(q, p) 9’L(x,..., x)

PRER RN OIS

(n)
2
2) a H(Q7p)¢0<:>a L(.X, 7-x)

apiaps Mgy
n n
JMoxa3zaTteiabcTo. ITo Teopemel0 1.2 p=pG.¢ G P pore-Ppss ™)

" — cumeon Kpomnekepa (31)
0,i#]j

(Matpuusbl - B3aMMHO-OOpAaTHEIE. )

#0 (32)

a
ITo Teopeme 11 —o7 L1 o, Qs P> Pases Pucts Pu(@1 Q.. s Prs Paseess Do X)) = Py =
2 i
o°L ap,

0 o) R
a ) (a ()i L(QI’qZ ..... > P> P2se++s Py l’pn(ql’qZ ..... Ap> P> P2se-sPp—15 % )))_a (n)jax(n)i :8x(")j

(33)

PaBencTBO (33) MOXKET OBITH MTOJIYYEHO U MO-APYTOMY:

123



(n)

A N < IL(x,... —

PLM(xyey x ):p;,n=2(—1)105(%) k=0,ni=1m=
1=0 0 x
(2nen) ) aL( (n)) aL( (n))

. . . _ - Xyeeey X Xyeeey X

Pu() = Py My X )= P ()Xo, x) = (DD (50 = o
d x 0 x
. (n)

d, _ 0 0 OL(x,..,x) _ 9°L

™I gmi (ax“‘” W )T Mg mi
d x

ITo Teopeme 10 1.3

m aZH , a s A 1’ i=i

Z i(q {) ). %l) =0, = ) J_ — cumeon Kpomnexepa (34)

= op,dp,  ox"’ 0,i#]

op, 0°L 0°L

[ToncraBum 57 = PROIPMEOE = PROYENEOE (mpsimoe cneacteue us (33)) B (34):

% 9°H(q,p) 9py _&-9°H(qg,p) 9°L (1=

L. S — ~ 2 _=0' = — cumeon Kpomexepa (35)

SZ::‘ dpidp:  ox"’ ; dplop;  ox™ox™ T |0,i# ) P pa

22 PLltrnt
H(q,p) £0o L(x,..., x)

ap;ap; ax(n)sax(n)j

BTtopast yacts Teopembl # 0 cienyer u3 paBeHcTBa(3)5)

Teopema 12 noka3zana.
B pabore nosnydeHsl OCHOBHBIE pE3yJIbTaThI:

1) B Teopeme 1 nokaszano, uto onepatop k kparHoro auddepeHurpoBaHus paccaoeHus
CKOpOCTEM MO BpeMEHU (CTapbhIX KOOPAMHAT BHIPAXKEHHBIX Y€pE3 HOBBIC) KBA3WJIMHECH
OTHOCUTENBHO K —T0 nuddepeHpoBanus 0 BpeMEHH HOBBIX KOOPJMHAT U AKOOHaHy
nepexoa.

2) B teopeme 2 nonydeHa Gpopmyia 4aCTHOW MPOU3BOIHON PACCIOCHUS CKOPOCTEH B
CTapbIX KOOPAMHATAX U MPOU3BOAHOM 110 BpeMEHM NOopsiiKa K 110 HOBBIM KOOPJIUHATaM C
IIPOM3BOIHOMN 10 BpeMeHU nopsaka p. IlokazaHo, 4To oHa mponopLUuOHaAIbHA
MIPOU3BOHOM 110 BPEMEHU OT sIKOOMaHa mepexo/aa nmopsaka k-p.

3) B teopeme 3 mosyueHa CBsI3b YaCTHBIX MPOU3BOJHBIX 000OIIEHHBIX KOOPIMHAT C
IIPOM3BOJIHBIMU NOPsIKa K,S(HMKHUE HHIEKCHI) U IPOU3BOJIBHBIMU BEPXHUMU
uHAeKcaMu. [laHHYIO IPOU3BOAHYIO MOXKHO BBIPA3UTh Yepe3 PYHKLNH JIeTbTa
Kponekepa.

4) Teopema 4 — hopmyna CBEpTKH 0OOOILICHHBIX UMITYJILCOB B IBOWHON CyMMe 110
BEPXHEMY U HU)KHEMY UHJIEKCaM.

5) B Teopeme 5 mokaszaHo, 4YTO YaCTHbIE IPOU3BOAHBIE IO 00OOIIEHHBIM KOOPIUHATAM C
nHaekcami (1,s) B pyHkiusax ["amuibrona u Jlarpanka mponopiuroOHaIbHbl ¢ TOYHOCTHIO
JI0 CJIaraeMoro 10 COIPsKEHHOM KOOpAUHATE (U1 IIPOU3BOAHOMN 10 KOOpAUHATE
HIKHUI MHJEKC TOHMKaeTcs Ha 1, 711 MPOU3BOAHOMN 1O UMITYJILCY HUKHUM UHAECKC
MOBBIIIACTCS HAa 1)1 CyMMBI CO BTOPBIMU YaCTHBIMU MPOU3BOJHBIMU (PYHKITUH
["aMubTOHA M 000OIIEHHOTO UMITYJIbCA MAKCUMAJIBHOTO MOPSAIKA.

6) Teopema 6 mokasbIBaet, 4To (hopMysia BpEMEHHON IMPOU3BOAHOM MOPAIKA P OT IIIaJKOM
GYHKIMHA 1 apTyMEHTOM CTapIlie BpeMEHHOM MPOU3BOIHOM mopsika k mpencrapiser
KBa3WJIMHEHWHYIO 4aCTh OTHOCUTENIBHO CTApIINX BPEMEHHBIX TPOM3BOIHBIX Mopsiaka k+p.

7) Teopema 7- hopmyna cBsi3u 0000IICHHOTO UMITYJIbca ¢ HHAEKcaMHu(i,k) 1 BTOpbIX
YaCTHBIX MPOU3BOAHBIX (GyHKIMHU JlarpaHka o KOOpIUHATaM PaCCIIOCHHOTO
IIPOCTPAHCTBA CKOPOCTEH ¢ BPEMEHHBIMU NPOU3BOAHBIMA MUHUMAJIBHOTO TIOPSIIKA,
YMHOXEHHBIE HA BPEMEHHYIO IPOM3BOAHYI0 MAaKCHUMAaJIbHOTO MOPsIIKA OT KOOPIANHATHI
paccI0eHHOr0 IPOCTPAHCTBA (B IPOCTPAHCTBE UHAEKCOB — MOPSIIOK M paHr
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el

0000IICHHOTO UMITYJIbCA, TTOPSIIOK MPOU3BOIHOM IO BPEMEHH ).

8) Teopema 8 — yacTHbIH ciyyail TeopeMsl 7(IOPsAJOK BPEMEHHOM POU3BOAHON paBeH
paHry 0000IIIEHHOTO UMITYJIbca), (hOpMYyJia KOTOPOH HCIOJIB3YETCs B TAIbHEHUIIIEM.

9) B teopeme 9 nokxa3zaHa 3KBHBAJEHTHOCTh YaCTHOW BPEMEHHOW ITPOU3BOIHON MOPSIKA

2n-k 0T 0600IEHHOT0 UMITYJIbCa P, (1) IO KOOPJMHATE PACCIOEHHOTO MPOCTPAHCTRA

CKOpOCTei u reccuana ot pyHkuuu Jlarpanka no KoopJuHaTaM pacciliOeHHOTO
IIPOCTPAHCTBA C MAKCUMAJIbHBIM MOPSAIKOM IIPOU3BOIHBIX 110 BpEMEHU- N(JIOKAJIbHO
HEBBIPOXKJIECHHOTO). M B CHITy TEOpEMBI O HEIBHOUW (PYHKITUHA MOKHO BBIPA3UTh
KOOPAMHATY PACCIOCHHOTO MPOCTPAHCTBA CKOPOCTEN C BPEMEHHOM MTPOU3BOAHOMN
MaKCHUMaJIbHOTO TIOpsIKa yepe3 0000IIeHHBIA UMITYIThC.

10) B ciiyuae He BBIPOXKAEHHOCTHU T'eCCHaHa OT GYHKIUHU ["aMHIIbTOHA O UMITYJIbCAM
(cTapmiero mopsiika n) MOXHO BBIPa3UTh I€CCUAH YEPE3 YACTHYIO MPOU3BOIHYIO
KOOPJMHATHI PaCCIOEHHOTO MPOCTPAHCTBA CKOPOCTEH 10 000OIIEHHBIM UMITYIbCaM, B
KOTOPBIX MOPSAT0K BPEMEHHON MPOU3BOIHON PABEH MOPSIAKY UMITYJIbCa N(MAaKCUMAJIECH).

11)B ciyuae nokansHOW HE BBIPOKICHHOCTH T'eccana oT (yHKIMU ['aMuibToHa 1O
MMITYJIbCaM CTapIIEro MopsaKa n CynIeCTBYET paBEHCTBO YaCTHOM TPOU3BOAHOU
nepBoro nopsaka ot Jlarpankuana o CKOpOCTH MOPSAKA N PACCIOEHHOTO MPOCTPAHCTBA
0000IICHHOMY UMITYJIBCY TTOPSAKA N.

12) Marpuua ['ecce muisa ¢pyHkium ['aMuibToHa O UMITYIJIbCA CTAPILIETo MOPSIKA N U
matpuua ['ecce ot ¢pynkuuu Jlarpanxka no CKOpocTsIM MOPSAKA N SABISIOTCA B3aUMHO
00paTHBIMH, TO €CTh CBEPTKA 110 MHCKCY MPOCTPAHCTBEHHON MEPEMEHHOM JaéT CHMBOI
Kponekepa.
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PROPERTIES OF THE HAMILTON FUNCTION
IN VARIATION TASKS WITH HIGHER DERIVATIVES

Y. PASTUKHOV, D. PASTUKHOV

In this paper, we study the differential properties of the Hamilton function of independent
variables for a variational problem with higher derivatives and related Lagrange function

Keywords: Hamilton function, variation problem, fiber space of velocities,, Euler-Lagrange

equations, smooth manifolds, energy tensor, tensor of generalized momentum, non-degenerate
function.
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