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O KOHEYHBIX METOJAX PEHIEHUS YPABHEHUS ITYACCOHA HA TPAAMOI'OJIBHUKE C
KPAEBBIM YCJIOBHUEM JUPUXJIE
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H.K. Bonocosa (acnupaum MocKoeckozo zocydapcmeennozo mexnuueckozo ynueepcumema MI'TY um. H.5.
baymana);

K.A. Bonocos, npogpeccop, o.¢h. - m.n. (MHHUT), A.K. Bonocosa, k.¢p.- m.n. (000 "Tpamnaun), 2. Mockea

Ipeonooicen aneopumm npo2OHKU 6 MAMPUUHOU BOPME C UeCIbIM NOPSOKOM HOSPEUHOCMU OIS PeueHUs
ypasuenusi Ilyaccona na npsimoy2oivbHuKe 3a KOHEYHOe YUCIO apupmemuyeckux onepayuil. AHATUMUYECKUM
APUMEPOM U NPOSPAMMO, UCHONb3VIOWEl OAHHbII AN2OPUMM, HOOMEEPICOeH WeCmOol Rops0oK nozpewnocmu. B
meopeme | 0okazana MOHOMOHHOCHL MAMPUY ¢ OUAZOHATLHBIM NPe0ONIAOAHUEM, ¥ KOMOPbIX dNeMEHNbl 2IA6HOU
ouazonanu ompuyamenvuvl(noLoNHCUMenbHbl), a HeOUA2OHAbHbIE NONOACUMENbHbL(Ompuyamenvisl). B meopeme 2
NONYYeHA BepXHsisi OYEeHKA OECKOHEUHOU HOPMbl 0OpamHoll K MOHOMOHHOU mampuye. B meopeme 3  nonyuenvi
00Cmamoynvie YCio8us KOPPeKmMHOCmU npednodiceHnozo arcopumma. Iloxkaszano umo 6Gvicmpodeticmeue OaHHO20
aneopumma 6 Oecamku paz 6oavuie Ovicmpoolelicmsusi  areopumma  pewienuss ypaewenus Ilyaccoma na
NPSAMOY2ONbHUKE MEMOOOM RPOCMOU umepayuy ¢ mou e Qopmynol annpokcumMayuy ¢ wecmviM NopsioOKoM
NOZPEeUHOCIUL 1 OMHOCUMENbHOL MOYHOCHIbIO 8bruuctenuti 107 .

Knrouesvie cnosa: memoo npozonku 6 0104HOU hopme, OUA2OHAIbHbIE MAMPUYbl, MOHOMOHHbIE MAMPUYbL,
VPAGHEHUS MAMEMAMUYeCKoU Pu3uKu, Yuciennvle Memoosl, ypastenue Ilyaccona.

Brenenne. MaTpuilbl ¥ MaTpPUYHBIC YPaBHEHHS CICIMAIbHOIO THIA NPUMCHSIOTCS BO MHOTHX pasjeiax
MPUKIATHOW MaTeMaTWKA. B KBaHTOBOW MEXaHHWKE AWHAMEKA YacCTHI[ CO CIITHOM OIPENENIICTCS MAaTpHIIaMU
KBaTCpHUOHOB  (monykBatepHUOHOB)[1,2]. [Ims pemenuss ypaBHeHus IlyaccoHa Ha MpsSMOYTOJNBHUKE
(mapamrenenumnene) WCHOIB3yeTCsl MeToJ MporoHku[3,4,5,6,10,12,13,19]. AnreOpamueckuii MeTOH MPOTOHKH,
COBMECTHO ¢ (hopMyJol MpocToil urepanuu(S] sABiseTCS MPUOTIKEHHBIM METOAOM, TaK KaK YHCIIO UTepaIlid He
OTPaHUYEHO, HO MMesl (hOpMYITy aNmpoOKCUMAaNnK ypaBHeHHs [lyaccoHa ¢ MIECTHIM MOPSIKOM ITOTPEITHOCTH MOXKHO
3HAYUTEIbHO CHHU3WTH IOTPELIHOCTh M BpeMs BeIYHCICHHMH[S]. B maHHON paboTe paccMOTpeH MeTO]] IPOTOHKH B
MaTpUYHOW (popMe Ui YHCICHHOTO pelIeHHs ypaBHEeHHs IlyaccoHa 3a KOHEYHOE YHCIO apUPMETHUYESCKUX
oneparuii. aest paboTel yaCTUYHO OCHOBaHa Ha uiaee cTathk[10], a Taxke MoaMpHUKALMU KPAaeBBIX CTOJOIOB U
CTPOK B MaTpWile NMpPaBOH 4acTH ypaBHeHHs I[lyaccoHa ¢ 1mecTeiM mopsiakoM ammpokcumanuu[5]. TosmyueHst
JIOCTaTOYHBIE YCIOBUSI KOPPEKTHOCTH TPEUIOKEHHOTO alropuTMa, Teopemsl 1,2,3. MeToa MOKHO HCIONIB30BaTh B
YHCJIEHHBIX 3a/1a4ax MaremMaruueckoil Gpusukn[15,16,17], a Taxke B AByMEPHBIX 33]a4ax THIAPOJAUHAMHUKH, CHCTEMA
ypaBHEHHI KOTOPBIX Co/iepkuT ypaBHeHue [lyaccona ot QyHKIUK TOKa, I/ie npaBas yacth — QyHkuus Buxpsi[20].

IMocTanoBka 3agaun

PaccmoTrpum  kpaeByio 3amauy [dupuxie nns ypaBHeHust [lyaccoHa Ha NpsIMOYTOJIbBHHKE C HEWU3BECTHOM

bynkuuei u(x,y) ¢ HeomHOpoxHeIMH TpaHWuHbIMH  ycnoBuaMu @ (Y), @, (V). ¢;(X),@,(X), x €[a,b], y €[c,d]
Uy +u, =f(xy), (x,y)e D=(a,b)x(c,d)

u(a, y) = gl)l(y),U(b, y) = ¢2(y),U(X,C) = ¢3(X),U(X,d) = (04()()1 Xe [a’ b], ye [C’d]

HuddepennunansHoii 3agaue (1) comocTaBuM pa3HOCTHYIO 3a7a4y(2), B KOTOpoii ABa mapametpa hy,h, - maru
PaBHOMEPHOW CETKH MO KOOPAUHATHBIM OCAM X,y COOTBETCTBEHHO[4,cTp.102]
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Yn,=C+mh,,m=1n,-1

Lin, Un, = Fon, (Xh1 +Yh, )e Do, +%, =X, =a+nh,n=1n -1y,
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I, Unih, . =¢hlh2,(xhllyhz)erhlhz Xy, =X, =a+nh,n=0,n,y, =Yy, =c+mh,m=0,n,,h =

Unp -HEM3BECTHAs cCeTOdHas —(QyHKuus, peweHune 3agaun(2). OTMETHM, YTO MAKCUMAIbHBIA IOPAIOK

anmpoKCUMAIlUY pa3sHOCTHOU 3anadeii(2) nuddepennmanpaoii 3aaadn(1) 3aBUCUT OT BHIA Pa3HOCTHOTO OTepaTopa
Ly, » TO €CTh, IpPEKAE BCETO, OT YMCIA Y3JIOB B WAONOHE U cUMMETpuH wabnoHa. MOXKHO MONYYHTb LIECTOH
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nopsIoK annpokcuManuu 3axauu(l) 3amadeii(2)Ha AEBATUTOYCYHOM INAGIOHE C PaBHBIMH Liaramu ceTku[5,6]
h =h =h. Jlnx ynpowenus Oynem Taxke nonarate Ny=n,=N. Kpaesoii pasnocruelii oneparop |, =18 3anaue

Hupuxne(2) - eauuuunbiit. M3 pabotsi[S, ctp.73](bopmyna(32)) 3anuuieM pasHOCTHOE ypaBHEHHE(2) C IICCTBIM

TMOPAAKOM IOTPEITHOCTU MJIA AEBATUTOUYCTHOTO mabJioHa C LEHTPAIIBHBIM y3JIOM U, . -

1(-10 2 1 h?
h_z(Tum,n +§(um—1,n + um+1,n + um,n—l + um,n+1)+ E(um—l,n—l + uerl,n—l + um—l,n+1 + um+l,n+1 )] =f+ E(fxx + fyy )+
+ h{i(fx(“) +f (4))+i £l j+0(h6) n=1Ln-1m=1n,-1 (3)
360 Y 90 ¥

ITokaxkem, d9TO pa3HOCTHOE YypaBHEHHE(3) MOXXKHO TIONYYUTh M3 PEKYPPEHTHOTO BHAAa Pa3HOCTHOTO
MaTpUYHOTO YpaBHEHHMs BTOporo nopsiaka. Onpeaenanm Matpuust A,B

Sz 0 2 1, 0
3 3 3 6
. 121 4. o0
3 3 3 6 3 6
2 10 2 1 2 1
0 - -—= —=0. 0 0 - — =0.. 0
A=lan =l . 3 3 3 B=|p.q|=[. 6 3 6
o o. 2 0 2 00.+ 21
3 3 3 6 3 6
0 0... 0 E —E 0 0 0 l E
L 3 3] L 6 3]
—%,m:n;m:l,N—l,n:l,N—l %,m:n,m:l,N—l,n:l,N—l
2 1
Ann = g,m=n+1vm=n—1 , Do = g,m=n+1vm=n—1 (4)
Om>n+2vm<n-2 Om>n+2vm<n-2

I'me A,B - kBagpaTHBIE CHMMETpPHUYECKHE TpeXaAuaroHagbHble Marpuubl Terummma panra N-1. INepenumem
ypaBHeHne(3) B 9KBUBaJICHTHOM BUJIE

_ 4
ﬁum n + 3 (um—ln + L'Im-HLn + um n-1 + um n+1)+ l(um—l n-1 + um+l n-1 + um—1n+l + um+1 n+1): I:m n = fm nh2 + h_ (fxx + fyy)+
3 Mot noom mie | ~ ~ noom 12
wnel 2 (194 10)s L0 Jroh?) m=LN-Ln=IN_1 (5)
360 Y 90
Ecmu le_l, le y Um+1 BEKTOP — CTPOKU MaTpHLbl pCIICHNUA paHTa N-l, TO ypaBHCHI/Ie(S) 3KBUBAJICHTHO ypaBHCHI/IIO(6)

N-1 N-1 N-1 I
Bus +Aul +Bur, =F7 < > b U kma+ Y ag U km+ Y by U ma =F sm,s=2,N-2<
k=1

k=1 k=1
N-1 N-1 N-1
bs,kum—l,k + zas,kum,k + zbs,kumﬂ,k :Fm,s g bs,s—lum—l,s—l + bs,sum—l,s + bs,s+1um—1,s-+-1 +
k=1 k=1 k=1
+ as,s—lum,s—l + as,sum,s + as,s+lum,s+l + bs,s—lum+1,s—1 + bs,sum+l,s + bs,s+lum+l,s+l = Fm,s 1 S= 2’ N - 2 (6)

Yuureisasi(4) npu $=n, u3 (6)noaydaum



1 2 1 2 10
Eum—l,n—l + gum—l,n + Eum—l,ml + Eum,n—l _E

prHHI/[pyﬂ cJlaraCMbI€ C OAMHAKOBBIMU KO3(1)(1)I/IHI/I€HT8.MI/I B IMOCJICAHEM YpaBHCHUHU, UMCEM

+gu 1+1u _1+Eu +1u =F,,m=2,N-2n=1LN-1

m,n m,n+; m+1,n m+1,n m+1,n+1 m,n?
3 6 3 6

u

10 2
__um,n +§(um—1,n +u

3 —1+um+1,n+1): Fm,n!mzz;N -2

m+1,n m+1,n

1
+ um,n—l + um,n+l)+€(um—1,n—l + um—l,n-¢-l +u

h* 1 1
F,=th2e—(f, +f )J+ho —=—(f9+f®)+—=f" |+0(n?
TIe Py 12( Xx yy) (360( x y ) 90 W (

X=Xn,Y=Ym

[ocrnenHee ypaBHeHUE SKBHBAIEHTHO ypaBHenuio (5). Ypasuenue Bu! , +Au! +Bu!, =F npu n=1,N-1

MMeeT CcMbICH, ecnu monoxuth AU, +Buj =F",Buf ,+Au) ,=F,,. B pesyibrare s3anuiiem cHcTeMy

MaTPUYHBIX YPaBHCHHI, B KOTOPO# MaTpullbl A, B onpenenensl hopmynoii(4).

Au/ +Bu, =F'

Bu, ,+Aul +Bu :F_mT,m=2,N—2 )

m+1

Buj ,+Auy,=Fy,

Yepra B cucteme ypaBHeHuil (7) o3Ha4aeT, uTo mnpasas 4yacth GopMyJisi(7), BOOOIIE FOBOPs, HE COBMAIACT C
npaBoif yacTeio GopMynsi(5) B TpaHUYHBIX y31ax. B cucreme ypaBHeHmiA(7) KBagpaTHas MaTpHUIa PEMICHUH Upmnp
umeeT panr N-1,e€ MoxxHO pacmpuTh 10 panra N+1, ncronb3ys rpaHUYHBIE YCIOBHS U3 MOCTaHOBKH 3axa4n(1), To
ecTb

um,O :(pl,m'um,N :wz,m’uo,n :(p&n’uN,n :(p4,n!m :O' N’n :0'N (8)

C yueroM cucrembl ypaBHeHHH (7), KpaeBbIx ycnoBuii(8), ¢dopmyna(S) uMeer Tenepb CMBICI IPH

BcexM=1,N-1Ln=1 N -1. PaccmoTpum mepBoe ypaBHEHHE CHCTEMBI(7) B YTIIOBOM y3Ji¢ paBHOMEPHOW CETKH C
unaekcamu(m=s=1,n=1):
-10 2 2 1 -10

2 1 —
ai,lul,l + a1,2U1,2 + b1,1U2,1 + bl.2u2,2 = F1,1 S Tum + gul,z + §U2,1 + guz,z = TUM + g(uz,l + u1,2)"" guz,z = F1,1 (9)

B npaBoii wactu ypaBHeHMs(9) cTOMT dYepTa, Tak Kak IpaBag d4acTh(9) oTiaMuUaeTcs OT
ypaBHEHH(S):

-10 2 1 —_— 2 1
3 Uy +§<U2,1 +U, +Uy, +Uo,1)+g(u2,2 +Ug, Uy +uo,o)= Fii +§(U1,o +Uo,1)+g(uo,2 +Uyp +uo,o)E F.<

— 1
FL1 =F _§(u1,0 + Uo,l)_g(uo,z +U, o+ Uo,o) , @QHAJIOTUYHO, UIS TPEX OCTAJIBHBIX Y3JI0B UMEEM



-10 1
LN-1 T 5 \M2,N-1 1LN-2 1N oN-1/T <~ \M2,N-2 0,N-2 2,N oN/= N4
3 u +3(u +u +Upy +U )+6(u +u +U, \ +U ) F

2 1
Fl,N—l = Fl,N—l _E(ul,N +UO,N—1)_E<UO,N—2 +uz,N +uo,N)

-10 1
N-11 N-2,1 N-1,2 N-1,0 N1 N-2,2 N,2 N-2,0 N0/ T FN-11
Tu +§(u +Uu +u +u )+E(u +Uy,+U +u ) F

2 1
Fyas=Fyas _E(UN—LO +UN,1)_€(UN,2 +Un_20 +UN,0)

(10)
-10 2 ( ) 1 ( )
3 Uy +§ Un_zn-1 FUnan-2 TUnon HUN N +g Uy_an-z FUn oz HUnon HUn )= Fyoona
2 1
FN—l,N—l = FN—l,N—l _E(UN—LN +UN,N—1)_E(UN,N—2 +UN—2,N +UN,N )
-10 1
3 U, +§(U2,1 +U, +U + uo,l)+ g(uz,z FUgp +Uye+ U0,0)= Fia
—_— 2 1
Fa=F,- g(ul,o + Uo,l)_ 5 (Uo,z +Uz t uo,o)
h* 1 1
rae = 24 (fo+ £ )+ he) — (F@+ £@)+ = £ |+0(n"
12 360 90
X=Xy ,Y=Ypm
PaccmotpuMm niepBoe ypaBHeHHE cucTeMBbI(7) IS y37a ¢ KoopauHataMu (M= 2,n= s=1), u3(6) umeem:
bs,s—lum—l,s—l + bs,sum—l,s + bs,s+1um—1,s+1 + as,s—lum,s—l + as,sum,s + as,s+lum,s+1 + bs,s—lum+1,s—1 + bs,sum+1,s + bs,s+1um+1,s+1 = Fm,s

e 2 1 10 2 2 1 _—
bl,lul,l + b1,2u1,2 + a1,1u2.1 + a1,2u2,2 + b1,1u3,1 + b1,2u3,2 = I:2,1 = §u1‘1 +_u1,2 __uz‘l +_U2‘2 +§u3,1 +€u3,2 = FZ,l e

6 3 3
10 2 1 —
_?Uz,l +§(U1,1 +U2,z + U3,1)+E(u1,2 +u3,2): F2,1

I[O6aBJ'I$[H TOXIACCTBECHHO HECCKOJIBKO CJlIara€MbIX K JICBOH H npaBoﬁ YaCTu MNOCJCAHCIr0 YpaBHCHUA 10

MOJHOTBI GOPMYJIIBI(S), TTOTyIHM

10 2 1 —_— 2 1
_Euz,l +§(U1,1 +U;, +Ug, +u2,0)+g(u1,0 tUs, U, +U3,o)= Fo. +§u2,o +g(u1,o +U3,o)5 Fou (11)

Amnanornuno ¢opmyne(11) mis yzma(m=2,n=s=1) mnast Bcex rpanumunbix yszmoB(M=1,n=1,...,N-1), (m=N-
1,n=1,...,N-1), (m=1,...,N-1,n=1), (m=1,...,N-1,n=N-1) umeem



10 2 1 —
- ?ul‘n + E(ul,n—l +Uy tUy t uO,n)+ g(uz,n—l +Uy g tUg g+ Uo,n+1): Fl,n’ n=2,N-2

— 2 1
Fl,n = Fl,n _Euo,n _E(uo,n—l +u0,n+1)vn =2,N-2
10 1
_EUN—l,n +§(”N—l,n—1 +Un 20 FUnpns +uN,n)+€(uN—2,n—1 +Un 2,00 T Unna +uN,n+1): Fyonn=2,N-2

_— 2 1
Fyoin = Fyoin _EUN,n _E<UN,n—l +uN,n+1)vn =2,N-2

10 2 1
- ?um,l + g(um—l,l +Upo tUpg t |Jm,o)'i_ E(um—l,z +Upi2 tUpoet um+1,0): Fm,lv m=2,N-2 (12)
— 2 1
P = Fint = 5o —g(um,l,0 Py hM=2N =2
10 2 1
_Eum,N—l +§(um—1,N—1 + um,N—z + um+l,N*1 + um.N )+ E(um—l,N—Z + uerl,N—Z + um—l,N + um+1,N ): Fm,Nfla m= 2; N-2

2 1
Fm,N—l = Fm,N—l _Eum,N _E(um—l,N +UnanN )’m =2,N-2

Fon=Fan YMne2, N -2

m,n?

h* 1 1
F,=th2e—(f, +f )J+ho —=—(f9+f®)+—=f® |+0(n?
TIe Py 12( Xx yy) (360( x y ) 90 W (

X=Xn:Y=Ym

Takum oOpasoM, 3anuch ypaBHeHHH cucteMbl(7) ¢ marpuuniamu A,B, ompenenennsix ¢opmysoii(4) Bo
BHyTpeHHuX y3max(m=2,...,N-2,n=2,...,N-2), He omnmuaercs oT ¢Gopmynsi(5) — anmpOKCHMAlUK YpaBHCHHSI
[TyaccoHa Ha TPAMOYrOJILHHKE C IIECTBIM MOPSJIKOM TIOTPEITHOCTA. A BO BHYTPEHHHX Y3Jax CleayeT

ucronb3oBaTh (Gopmyinsl(10) B YeThIpeX YIIIOBBIX T'PaHUUYHBIX y3yax Wid (Gopmynei(12) B rpaHMYHBIX y37aX Ha
YeTBIPEX OTPE3Kax.

By/em nckath peleHne peKyppeHTHO 3aaHHON CHCTEeMBI MaTPHUUYHBIX ypaBHeHui (7) B Buae(13)

{u; =AUl v, m=LN—-2 13)

uj, =vy,m=N-1

Kak crefyer u3 Teopun pasmeprocteii[7], B dopmyne(7) Ul ,v, -Bextopsr parra N-1, a koddduiments:
nporoHku  A,,M=1, N —2npencrasnsor coboii kBaapatHyo wMarpuiy Toro ke panra N-1.I'me B(13)

U 0603HaUAET BEKTOP-CTONIGEI] — TPACTIOHUPOBAHHAS CTPOKA C MHIEKCOM M MaTPHIIBI PEIIEHHUS.

W3 nepBoro ypaBHeHHs cUCTEMBI(7) IMeeM

W =—A'BUl + ATF =4 =-A'By, = AR (14)

Ine F o6o3nauaer Bekrop-cTONGEl — TPACTIOHMPOBAHHASI CTPOKA ¢ MHIEKCOM M=1 MaTpuibl mpaBoif

wactu F ypaBuenms Ilyaccoma. Kak cmemyer m3 (13)u) , =4, ,u" +v, ,, mnpeoGpasyem BrOpoe ypaBHEHHE

cuctempi(13)

Bu, ,+Aul +Bu! = F_nf = B(ﬂmflu,ﬁ + VH)+ Aul +BuU/ = F_nf,(Bﬂmfl + Al =—Bu!

m+1 m+1

=T
+F, -By,, &

(B 1+ AN = (B4, 1+ A) BT, +(B2,+ A) (BT By, )

Ay =—(BAn, +A)'Bv, =(BA, , +A)* (F_mT -B vmfl) m=2,N-2 (15)



Hcnone3ys nocnennee ypasHeHue cucremsi(S), hopmy pemenusi(13), HaiiieM MOCIEAHIO CTPOKY MaTpPHILIBI

pemeHus Uy, , ,AMeeM

T T T T T T T T
Buy , + Auy , =Fy 1, Uy, =AUy VL, & B(ﬂpmu,H + VN—2)+ Auy, =R, <

(BAy,+ AL, =F, —Bvy, < ul, =(BAy, + A)*l(ﬁ - BvN_Z) (16)
B cuny BTOporo ypaBuenusi(13) nonyuaum

Vi = UL (17)
®opmyei(14),(15) Ha30BeM MaTpUYHBIMHU (POPMYIIaMH IIPOTOHKH BIEpen, a GOpMyIIbl

(17),(13) matpruHBIME (HOPMYJIAMH IPOTOHKH HA3a,l

T T
Uy, =AUp, +v,,m=N-21 (18)

Onwurem HOCTpO@HHLIﬁ HaMHU  aJITOPUTM  PCIHICHUA  YPaBHCHUA HyaCCOHa 3a KOHCYHOC YHCIIO
apI/Iq)MeTI/I‘IeCKI/IX onepaunﬁ MAaTpUiHbIM MCETOJAOM TIPOTrOHKHU (B MAaTeMAaTU4YCCKUX Tpaauloudgax MeXmara

MI'V[3,ctp.587-588]).

h* 1 1
1. Tlo dopmyne F'mn = fh? +E(fXx + fyy)+ he[%(fx(“) + fy(4))+% fx(fy)y)+0(h8* BBIYUCIIUTD
X=Xy Y=Y
IpaByl0 4acThb ypaBHeHHs Ilyaccoma BO BCeX BHYTPCHHHX y3lJaX pPaBHOMEPHOH  CeTKH

npsimoyroneauka(mM=1,...,N-1;n=1,...,N-1). Kpaesbie ycioBus 3amaun(l) 3a7ar0T TpaHHUYHBIC YCIOBHSI

MaTPUIbL PEUIEHUS Uy o = @) s Uy = P o Uon = PansUnp = Py M= 0,N,n=0,N (popmyua(8)).

2. TlompaBuTh MpaBble YaCTH CHCTEMbI ypaBHeHHH (7)(MOIU(MUIMPOBATh NPABBIC YACTH CUCTEMBI YPaBHEHHIH
(7)) no popmynam (10), (12) B y3max HpsSIMOYroOJILHOIO KOHTYpa COCEJHEr0 C rPaHUYHBIM KOHTYPOM, TO

ecTb Haiitu F, | mo BenuuuHam F, | myHkra 1.

3. Haiitu maTpuuHblie k03¢ duunenTs! nporouku Buepen no popmynam(14),(15) m=1L,N-2.
4. Haiitu BeKTOpP-cTpOKy Uy _, o popmyre(16).
5. Haiitu ocTanbHble CTPOKH MaTpHIIL! - pemenus U, 1o dpopmynam(18) m=N—-2,1.

Pemmm npuMep Ha Kiacce 31eMeHTapHbBIX (YHKIUH, METO/IbI pEIIeHUs] aHAJIOTHYHBIX ITPUMEPOB OIMCAHBI B
y4eOHUKE N0 YpaBHEHUsIM MaTeMaTindeckoi ¢pusuku[9]:

Uy +U,, =sin(2x)sin(3y), (x, y) € (0, 7) x (0, z)

u(0,y) =u(z,y) =sin(y),y €[0,7] (19)
u(x,0) =u(x, ) =sin(x),x €[0, ]

IIpoBenem nuHelHy 0 pexykumo npumepa(19), momoxus U(X, y) =u, (X, ¥) +U,(X, y) +Us(X, y) , Te
Uy (X, Y) + Uy, (X, y) =sin(2x) sin(3y), (x, y) € (0, ) x (0, z)

1)qu,(0,y) =uy(7,y) =0,y [0, 7]
u,(x,0) =u,(x,7)=0,x €[0, 7]



Pemrenne mocnengnedt cuctemsl mmeM B Bume U, (X,Y)= Asin@2x)sin@y). Ilpn sToM KpaeBble yCIOBHSA
BTOPOE W TPEThE YPaBHEHNE CHUCTEMBI 1) BBIMONHAIOTCS aBToMaTndeckd. [ToxcraBum U, (X, Y) B mepBoe ypaBHEHUS

CHUCTECMBI

Uy (X, Y) + Uy, (X, y) =sin(2x)sin(3y) < —A(4+9)sin(2x) sin(3y) = sin(2x)sin(3y) < A= —% ,

torma U, (X,y) = —%sin(zx)sin(Sy) .

Upy (X, ¥) +Usyy (%, Y) = 0,(x, y) € (0, 7) x (0, 7)

2)1U,(0,y) = u,(7z,y) =sin(y), y € [0, 7]
u,(x,0) =u,(x,7)=0,x€[0, 7]

Wmewm pemenne 2) B Buze U, (X, Y) = f(X)sin(y) , aBToMaTH4ecku yIOBICTBOPSIOICE KPAaCBOMY YCIOBHUIO-

TpEeTheMY ypaBHEHHIO B cucteMe 2). [TogcTaBum U, (X, Y) B IepBoe U BTOPOE yPAaBHEHHUS CUCTEMBI 2):

()= £ (x))sin(y) =0 LT -fe=0
U, (0,y) =u, (7, y) =sin(y) < f(0)sin(y) = f (z)sin(y) =sin(y) f0)=f(r)=1

OO1mee penieHre 0JHOPOIHOTO OOBIKHOBEHHOTO AN dEepeHIINATBHOTO YPaBHEHNUS B KPAEBOH 3a/1aue UIIEM B BHIIE!

f(x) = Ash(x) + Bch(x), f(0) =1<> A-0+B-1=1,B=1; f (7) =1< A-sh(z) +ch(r) =1, A:%ZT()”),
Fae:sh() = & =8 ch(x) = &8 vx  (coorto0) .
Tornau, (x,y) = f (x)sin(y) = (Ash(x) + Bch(x))sin(y) = [(1;?? (;r )jsmx) + ch(x)]sin( y).

T

u3xx (X’ y) + u3yy (X’ y) = 01 (X! y) € (0! 7[) X (O, 7[)

3)1Us(0,y) = Uy (7, y) =0,y €[0, 7]
U,(x,0) =u,(x, z) =sin(x), x €[0, 7]

Nimewm pemenne 3) B Buge Uy (X, Y) = f(y)Sin(x) , aBromaTidecku yqoBIeTBOPSIONIEe KPaeBOMY YCIOBHIO-

BTOpOMY ypaBHeHHIO B cucTeMe 3). [lonctaBum U, (X, ) B EpBOE M TPEThE ypaBHEHMS CUCTEMEI 3):

(")~ £ ())sin() =0 LT m-tm=o
U;(x,0) = uy (X, 7) =sin(x) < f(0)sin(x) = f () sin(x) =sin(x) f(0)=f(x)=1

Ho MOCJIeAHNUE JABC KPACBbIC 3ada4ur OTINYAOTCA APYT OT Apyra 3aMEHOM IIEPEMEHHBIX X <> Y, IO3TOMY U

peleHns 3aa4 2) 1 3) OTIIMYAIOTCS TOJIBKO 3aMEHOM IEPEMEHHBIX X <> Y !

1—ch(r)

s (x,y) = T (y)sin(x) = (Ash(y) + Bch(y))sin(x) = {( sh(z)

Jsh(y) + ch(y)Jsin(x)

Torna penrenue ucxoxnoro npumepa(19) nmeer Bua:

U(X, y) = —— sin(2x) sin(3y) + [(Mjsh(x) + ch(x)jsin(y) ; ((mjsh(y) ; ch(y)jsin(x) (20)
13 sh(r) sh(r)



IIporpamma,

HalnMCcaHHas
anroput™ma(8),(10),(12),(14),(15),(16),(18)

HaMH Ha

BO3BpaliacT

SI3BIKE FORTRAN][20]

YHUCJICHHOC  pCIICHUC

CpaBHHBAETCS C TOUHBIM pemeHneM U(X, y)(exact B tabmure 1.

Tabiuma 1.

CpaBHeHI/Ie YHCJICHHOT'O

peleHust

amroputMoM(8),(10),(12),(14),(15),(16),(18) ¢ Tounsim perernem U(X, y)(exact) .

Up,, (numerica)

C HCIIOJIb30BAHUECM

Un,(numerica), xoropoe

IMOJIY4YE€HHOT'O

x=a+h -n y=c+h,-m u(x, y)(exach Up,, (numerica)
0.0000000000000E+00 0.0000000000000E+00 0.0000000000000E+00 0.0000000000000E+00
0.0000000000000E+00 0.6251925678785 0.5852534275386 0.5852534275386
0.0000000000000E+00 1.250385135757 0.9491059908881 0.9491059908881
0.0000000000000E+00 1.875577703635 0.9539125808147 0.9539125808147
0.0000000000000E+00 2.500770271514 0.5978548685168 0.5978548685168
0.00000000000E+00 3.125962839392 1.5629177834008E-002 1.5629177834008E-002
0.3125962839392 0.3125962839392 0.4298367611771 0.4298367611768
0.312596283939283 0.937788851817849 0.7444673055753 0.7444673055750
0.3125962839392 1.562981419696 0.9254167044449 0.9254167044447
0.3125962839392 2.188173987574 0.7521360113376 0.7521360113373
0.3125962839392 2.813366555453 0.4368005919258 0.4368005919256
0.6251925678785 0.0000000000000E+000 0.5852534275386 0.5852534275386
0.6251925678785 0.6251925678785 0.6214178411922 0.6214178411915
0.6251925678785 1.250385135757 0.8474658053381 0.8474658053377
0.6251925678785 1.875577703635 0.8519051345223 0.8519051345220
0.6251925678785 2.500770271514 0.6260186899003 0.6260186898997
0.6251925678785 3.125962839392 0.5827403411184 0.5827403411184
0.9377888518178 0.3125962839392 0.6998189122712 0.6998189122707
0.9377888518178 0.9377888518178 0.7520977774909 0.7520977774901
0.9377888518178 1.562981419696 0.8757593852656 0.8757593852652
0.9377888518178 2.188173987574 0.7564317451038 0.7564317451031
0.9377888518178 2.813366555453 0.6969369315919 0.6969369315913
1.250385135757 0.0000000000000E+00 0.9491059908881 0.9491059908881
1.250385135757 0.6251925678785 0.7617986500527 0.7617986500519
1.250385135757 1.250385135757 0.8220025283977 0.8220025283969




1.250385135757 1.875577703635 0.8238773973409 0.8238773973402
1.250385135757 2.500770271514 0.7613824339813 0.7613824339806
1.250385135757 3.125962839392 0.9400116909346 0.9400116909346
1.562981419696 0.3125962839392 0.8794402700326 0.8794402700321
1.562981419696 0.9377888518178 0.8020140990407 0.8020140990399
1.562981419696 1.562981419696 0.7982755442353 0.7982755442344
1.562981419696 2.188173987574 0.8015605444869 0.8015605444862
1.562981419696 2.813366555453 0.8753373821018 0.8753373821015
1.875577703635 0.0000000000000E+00 0.9539125808147 0.9539125808147
1.875577703635 0.6251925678785 0.8493570136288 0.8493570136282
1.875577703635 1.250385135757 0.7705971253247 0.7705971253238
1.875577703635 1.875577703635 0.7690497990240 0.7690497990231
1.875577703635 2.500770271514 0.8475227879409 0.8475227879405
1.875577703635 3.125962839392 0.9489388475266 0.9489388475266
2.188173987574 0.3125962839392 0.8231857135174 0.8231857135171
2.188173987574 0.9377888518178 0.8002146678487 0.8002146678480
2.188173987574 1.562981419696 0.7292937122740 0.7292937122729
2.188173987574 2.188173987574 0.7979429719757 0.7979429719751
2.188173987574 2.813366555453 0.8240697223304 0.8240697223303
2.500770271514 0.0000000000000E+00 0.5978548685168 0.5978548685168
2.500770271514 0.6251925678785 0.7648903247927 0.7648903247924
2.500770271514 1.250385135757 0.7623457634354 0.7623457634346
2.500770271514 1.875577703635 0.7611809013935 0.7611809013928
2.500770271514 2.500770271514 0.7671035893595 0.7671035893594
2.500770271514 3.125962839392 0.6019353261623 0.6019353261623
2.813366555453 0.3125962839392 0.5121571388235 0.5121571388234
2.813366555453 0.9377888518178 0.7732016460277 0.7732016460274
2.813366555453 1.562981419696 0.8294049234647 0.8294049234642
2.813366555453 2.188173987574 0.7766042880892 0.7766042880889
2.813366555453 2.813366555453 0.5212933663769 0.5212933663769




3.125962839392 0.0000000000000E+00 1.5629177834008E-002 1.5629177834008E-002
3.125962839392 0.6251925678785 0.5884557904888 0.5884557904887
3.125962839392 1.250385135757 0.9407908682935 0.9407908682935
3.125962839392 1.875577703635 0.9454073276806 0.9454073276806
3.125962839392 2.500770271514 0.6007365029653 0.6007365029653
3.125962839392 3.125962839392 3.0926759592766E-002 3.0926759592766E-002

3ameuanne 1. CpaBHEHHE TpPEThETO M HYETBEPTOTO CTONOMOB TAaOMWIBI | TOKa3bIBaeT COBIAJICHUE
TouHOrO U(X, y)(exacl u umcnennoro pemenus U, (numerica) s 12 smavammx uugppax. Iporpamma BbIYHCISET

HOPMY YeOpImena pasHOCTH MEXITY TOYHBIM u YHCIIEHHBIM

NN,

peLICHUSIMU ||um,n (numerical ) — (u (exact ))m‘n c =107, ¢ mapamerpamu

= max_|u,,(numerical ) - (u(exact )),,,

m=0,n;;n=0,n,

n, =N, =200 (4McI0 MHTEPBAJOB AENEHUS CTOPOHBI KBaapata b—a=d —C =7 ) paBHOMepHOil ceTku. M3BecTHO

TaKKe, 4TO BCE Jpyrue (yHKIMOHAIBHBIE HOPMBI B UYHCICHHBIX METOAAX HE IPEBBIMIAIOT HOPMBI YeOblieBa B
MPOCTPAHCTBE PAaBHOMEPHO HeMpephIBHBIX (yHKIwmiA|3,4,8].

3ameuanmne 2. Marematuku HoBocuOupckoil MaTeMaTHUECKOW HIKOJBI MPUACP)KUBAIOTCS MHEHHUS, 4YTO
TECTOBBIC IPUMEPHl B  YHCIICHHBIX alrOPUTMax MOJDKHBI OBITh SKCTPEMANbHBIMH B HEKOTOPOM cMbicie [15].
[Moatomy B ipumepe (19) BeIOpaHa OBICTPO OCIMILTHPYIOLIAs MpaBast 4acth ypaBHeHust f (X, y) =sin2x)sin3y) .

3ameuanmne 3. Onpenenum mopsok morpemHoctH anmroputMa (8),(10),(12),(14),(15),(16),(18) coBmecTHO ¢

hopmyoi(5). [Iporpamma BO3BpaIiaer 3HauUEHUE HOPMBI UYeOnbimeBa
R n,=50,n,=50 _
"Um,n (numerical ) — (u (exact ))m‘n Cl 7 =1269-10°, a mupm umEcle  MHTEPBANOB  BABOE  OOJNbIIE
n, =100,n, =100

uMeeM "umn (numerical ) — (u (exact ))m’n . =1.969-10 "' ,Torna  MOPSANOK  MOTPEIHOCTH  ANTOPHTMA

paBeH p=6:
n,=50,n,=50
c

n,=100,n,=100

| (numerical ) - (u(exact ), Iu (numerical ) - (u(exact )| =1.269-10°/1.969 .10 ~

~64,45~2° < p=6. To ecTh NOPANOK NOIPENIHOCTH AITOPMTMA HE MOXKET IPEBBIIIATH TOPAIKA

MOTPENIHOCTH alllPOKCUMAI|K ypaBHeHus [Tyaccona ¢Gopmyoii(3) paBHOTO MIECTH.

3ameuanue 4. B pabote[5] MeTomaMu mpocTO HMTEpalMyl M CKAIAPHOM NMPOTOHKM C YHCIOM HTeparui
m=1800 (n,=n,=111) ¢ OsicTpo ocummmHpylomel mnpasoit wacteio f(X,Yy) =sin@2x)sin(3y) nporpamma
BO3BpalIaeT HOpMY YeOrinrena (c KPaeBBIMH YCIOBHSIMH
u(0, y) =u(r,y)=sin(y),y €[0, 7],u(x,0) =u(x, ) =sin(x),x €[0,7] ) mns ypaBueHnus Ilyaccona paBHOIi

n=111n,=111

"Um,n (numerical ) — (u(exact ))m,n c =2.428-10""3a Bpems At=58.2c. B To Bpems Kak B jaHHOI paboTe

n=111n,=111

mn|lc

=1.06-10"" At=0,826¢

HOpMa HEBS3KM W  BpeMs  PaBHBI "umm (numerical ) - (u(exact )

COOTBETCTBCHHO.

3ameuanmue 5. PaccmoTpum 3anauy Ilyaccona Ha MpsIMOYTOJIBHAKE

U, +U,, =sin(2x)sin(3y),(x,y) € (0,27) x (0, 7)

u(0,y)=u(z,y) =0,y €[0,7] U(x,y) = —%sin(Zx)sin(Sy) + ([
u(x,0) = u(x, ) =sin(x),x €[0,27]

1-ch(z)

() ]sh(y) + ch(y)jsin(x) 1)
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Pemenne  3amaun(21) ykasaHo cmpaBa  OT  YCJOBMS 33jadd W CIPaBe[UIMBO Ha  BCEM
npsimoyroneruke (X, Y) €[0,27] %[0, z]. Ans sroro pemmm 3agauy Ha monosuse (X, Y) €[0, 7] x[0, 7] . IIporpamma

n=111n,=111

BO3BPAIA€T  HEBA3KY ||um,n (numerical ) — (u(exact )) mall =1056199-10™. Ha BTOpoil  moJOBHMHE

n=111n,=111
mnifc

(X, Y) €[,27]x[0, 7] nporpamma BEIMHCIAET HEBA3KY "Um,n (numerical ) — (u(exact )) =1,056288 -10 .

OtMmeTHM, 9TO, KaK YacTHBIH cilydall, M3 MPELIOKESHHOTO HaAMU ajJrOpUTMa MOXKHO ITOJYYUTh MaTpUYHBIH
AITOPHTM, OTIMCAHHBIN B 00IIHX depTax B [3,cTp. 584-585],aBTops1 baxsamos H.C., Kunkos H.II., Ko6empkor I'.M.
IpUAYMaNIA CIIEIUATBHBIN TEPMUH ~“METOA NPOTroHKH B O1ouHO# (opme”. Tam ypasuenue [lyaccona pemaercs Ha
MPSAMOYTOJNBEHUKE C TSITUTOYCYHBIM MIAOJOHOM “KpecT’ CO BTOPBIM IOPSAKOM IIOTPEITHOCTH, a MaTpuisl A,B
MMEIOT BUJ

—4m=nm=LN-Ln=1L,N-1
a,,=1Lm=n+lvm=n-1 , b, =

mn (22)
0|m-n|>2

Im=nm=1,N-1,n=1,N-1
O,m=n

To ectp, MaTpuma B mpencraBmser coboif eauHumuHyro Matpuny panra N-1. Bmecro pasHocTHOTO
ypasuenusi(5) B[3] npuBoauTCs ypaBHeHHE

um—l,n + um+l,n + um,n—l + um,n+1 - 4um,n = Fm,n = fm,nhz (23)
Au/ +Bu] = F_lr
®opmyisi(7) To-TipexkHeMy ocTaroTcs B cune { Bu!  +Aul +Bu! | = F_nT m=2,N-2 (24)

Bu, ,+Au ,=F,

B (24) wmarpumsr AB  ompenemsttorcs  dopmynamu(22). I'panmunbie  mompaBku(10),(12)mepexomst B
Up g FUy oo HUy y HUg N — 4”1,N—1 =h? f1,N-1 = Fl,N—l

Fina =Fina _(ul,N + uO,N—l)

U oz +Uy-1z FUy o +Uyy =AUy =h*Fy = F,

I:N-1,1 = FN—l,l _(UN—l,O +UN,1)

25
uN*Z,Nfl+uNfl,N72+uNfl,N +uN,Nfl_4uNfl,N71=h2 fol,NflE FNfl,Nfl ( )
I:Nfl,Nfl = I:Nfl,Nfl _(uNfl,N +uN,N71)
u2,1 +u1,2 + ul,O +u0,1 _4u1,1 = hz fl,:l. = Fl,l
E =k, - (ul,o + uO,l)

Uppg + Uy +Uyp g +Ug, —4u, =h*f =F ,n=2N-2

F.,=F, —Ug,n=2N-2

Unang Uy g FUy g Uy —8Uy g =h?f o =F,,n=2,N-2

m: Fyoan —UynN=2,N-2

Upogg FUmo FUpugg +Ug o —4Up, = h? foi=Fnim=2,N-2 (26)

Foi=Fni—Upo.m=2,N-2

2 — _
Upoanag FUmneg FUmianog FUpy =B =0 f g =Fyam=2,N-2
Foni=Fani—Upn,M=2,N-2

Fon =Fun VMNne2,N-2

Dopmynei(14),(15),(16),(17),(18) no-npexxnemy ocratorcs B cuiie uist Matpull A,B, onpenenenHsix B(22):
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A=Aty =AFT A = A AV = (A + A)*l(FmT —vm,l) m=2,N-2 (27)

Ung = (A‘N—Z + A)_l(FNT—l _VN—Z)VN—l =Uy, (28)
ul =Aul  +v,,m=N-21 (29)

[Iporpamma ¢ ucrnosp3oBanueM anroput™a(22)-(29) u ycnosuii npumepa(19) Bo3Bpariaer HOpMY HEBS3KH

NI o 104 Bpems At =0,312 c.

mn|le

YeBbimea |u,, , (numerical ) - (u(exact ))

CpaBHHBas TOJNydEeHHBIE pe3yibTaThl mporpammoii (3ameuanme 3)) B amropurmax (22)-(29) u B
(8),(10),(12),(14),(15),(16),(18) mpu oxHux W Tex ke mapamerpax W pexumax mporpammei(Release), Bumno, uTo
ObIcTponeiicTBHE aidropuTMax comnocraBumo, Ho B anroputme(8),(10),(12),(14),(15),(16),(18) HOpMa HEBs3KH

menbire 8107 pas!

Onpenesenue 1. Bekroproii Hopmoii YeOblmena ||X||C = "X"w' x € R"" HaspIBaroT BemmuuHy ||X|| = n?% |Xi| .
i=LN=

Onpenenenue 2. beckoHe4yHOW HOpMOMH ||A||w KBaJ[PaTHON MaTpHIIBI "&1i j”eR(N’l)‘(N’l) Ha3bIBAaETCs

N

anco 4], = max Y|
]

i=1,N-14~

Omnpenenenne 3. ToBopsT, 4YTO MaTpUyHAs HOpMa ||A||X COINIacOBaHa C BEKTOPHOM HopMoﬁ"x"X,

conn Vx e R A4, <[[A], [,

Jlemma. MaTpuuHast HopMa "A"w corjacoBaHa C BEKTOPHOU HOpMOH ||X||oo .

N -

1 N-1
Hokasareaberso. |AX| = ig%§|aiijj|s i'jl]%—lgb‘i’j IKr:1}%|xk|:||A||w||x||30 Jlemma j0KkazaHa.

Onpenenenne 4. ToBopsaT, uro Matpuila A MOHOTOHHA, €CNM oOOpaTHas K HEW MaTpuila UMeeT
HETOJIOKUTEIbHBIC (HEOTPHIATEIbHBIE) dIIEMEHTHI [8].

Hanpumep, matpuria A, onpeneneHaas ¢GopMysoii(4), sBiseTcss MOHOTOHHOH, a MaTpuna B Her.
YuCIeHHBIN 3KCIIEPUMEHT MOKAa3hIBACT, YTO MaTpHila oOpaTHas K A,ompeaesieHHON (opmynoii(4) seisercs
MOHOTOHHO#T JUISl Pa3TMUYHBIX PAHTOB, TO €CTh BCE SIEMEHTHI MATPHIEI A~ HEMOIOKHUTeIbHbIC. OKa3bIBACTCS, UTO

BCE€ MaTpulbl C€ JUaroHaJbHbIM HpCO6J'Ia,HaHI/IeM DJICMCHTOB, Y KOTOPbLIX AHWArOHAJIbHBIC J3JIEMEHTBI U

HEIMAroHaJbHBIC UMCIOT MPOTHUBOIIOJIOKHBIC 3HaKI/I[8], ABJIIAOTCA MOHOTOHHBIMH.

TeopeMa 1. HeBBIpO)K,HGHHaSI Marpuia €O CTpOruM JuaroHalbHbIM npeo6nauaHHeM DJICMCHTOB, Yy KOTOpOﬁ
JAHUarOHaJIbHBIC DJICMCHTBI OTpI/ILIaTeJ'lBHI)I(HOJ'IO)KI/ITeJ'[BHBI) a HCIHUAaroHaJIbHBIC DJICMCHTHI

MOJIOKHUTEIbHBI(OTPHUIIATEIbHBI ), IBIISIETCSI MOHOTOHHOM.

IIOKaZ{aTeJILCTBO AJIA OIPEACICHHOCTU IIPOBEACM [JId MATpull € OTPULATCIbHBIMHU AHUArOHAJIbHBIMU

DJICMECHTAMM H IOJIOXKWUTCJIIBbHBIMU HEAUArOHAJIbHBIMHU DJICMCHTAMU.

Ba3za unaykunuu(n=2).
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A = {:ﬂ ZLZ} 4 < O’|al:1| > |a1,2|’ 8, < 0,|a2'1| < |az,2|’ A=2a,,8,-3,,3,; >0,A; =a,, <0,
2,1 2,1

Ay =a,,<0,A,=-a,,<0,A, =-a,, <0, Sigr(az,l + az,z): Sigr(az,z): -1 Sigr(an + al,Z): sigr(an): -1

sigr(An)= (_l)n = (_1)2 = Sigr(aZ,Zal,l _a1,2a2,1)=l’ar:11,n = A % <0,vmn=12
2

BupuM, 4uro A, MOHOTOHHas, TaK KaK BCE JJIEMEHTHl OOpaTHOM MaTpHLbl OoTpuiaTenbHsl. Kpome Toro,

anreOpandecKkue IOMOIHEHUS MPAMON MaTPHIBI- PAaBHOCWIBHO UArOHAIBHBIE 3JIEMEHTBI OOPAaTHOW MaTpHIIBI
Gosble o MOIYJIIO HelMaroHadbHbIX. baza MHAYKINUU IpOBepeHa.

o - -1
HUnpyxkruBnbiii nepexoa. Ilycte A - MOHOTOHHAs, 3HAK JAMaroHaJAbHOIO MHHOpA 5|gn(An_1):(—1)" BCE

JIMaroHaJbHBIE MHHOPBI TI0 MOJYJIO OOJIbIllE HEAMArOHAIBHBIX MHHOpPOB. Torma Juis Marpuilsl Hopsaka N
umeem[11,ctp.32]

Im=n
am,lAn,l + am,2 Am,2 + "'am,m Am,m +..+ am,n An,n = Ané‘m,n ! 5m,n = {O m=n

Ecin @, ;,A,; COOTBETCTBEHHO »3JIEMEHT MW €ro anreOpamyeckoe pomnojiHenue, To[ll,cTp.32]

{am,lp\n,l +am,2An,2 +"'am,mAm,m +"'+am,n Am,n = An

30
Ani A tan AL Tl nApn Tt an A, =0,V N (30)

Tak kak Sign(An ): Sign<am,lAm,1 + a'm,2 Am,z + "'am,m Am,m +o.t am,n Am,n ): Sign(am,m Am,m): (_1) (_1)n_1 = (_1)n
Beoipaxas u3 popmyisi(30) muaroHansHoe aaredpandeckoe JOTMOTHEHUE, TTIOTYIUM

sigr(am,lAm,l + am,ZAm,Z + "'am,mAm,m to.F am,nAn,n ): Sigr(am,mAn,m): Sigr(am,m)‘ Slgr(p\nm ): Sigr(An)©

< sign(A, ) =sign(a, signa, , )= (-1 (1) =(-1)"*a,, , <Ovm=1n,a;}, =

<

_ Aun
A

n

=N sign(a;fm ): sign[ A'A“'m J = sign(An'm )sign(An )=(=1)"*(-1)" =-1

n

n
M3 Broporo ypaBHenus(30) umeem Zam‘k Ay =an A tan A tedn Ayttt an A = O(m # s) =
k=L

am,mAs,m :_Zn:am,k As,k <:>Sigr(am,mAs,m):Sig _iam,kAs,k :_Sigr(am,sAs,s):_Sigr(As,s):(_l)n A

k=m k#m

= sign(an A, )= (-1)" < sign(a, , kign(A, )= (-1)" sign(A, ,)= (-1)"sign(ay, )= (-2) - (~1) = (-2

sign(a;?, )= Sign[%] =sign(A, , Jsign(a, ) = (-1 (-1)" =1

n

Kpome Toro aunaroHaibHbe MUHODBI 10 MOJYJIFO GOJIbIIIE HEAUATOHAIBHBIX, TAK KaK WX TJIABHAs HArOHAJb
COCTOMT M3 YHCEI, KXK/I0€ M3 KOTOPHIX HMEET JUaroHajbHOE peodiaganue B cBoeii crpoke. Teopema 1 qokazana.
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Teopema 2. HeBBIpOXKICHHAs MAaTpuila CO CTPOTHM JHATOHAIBHBIM MpeoOIagaHueM, Y KOTOPOH JAWaroHajgbHBIC
SJIEMEHTBI OTPHUIIATEIbHBI(TIONOKHUTEIBHBI) a HeJAWArOHAIbHBIE DJIEMEHTHI MOJO0KUTEIBHBI(OTPUIIATEIBHBI), HMEET
BEPXHIOIO OIIEHKY OECKOHEUHOM HOPMEI JJIs 00PaTHOM MaTPHIIBI
R= min | |a a min_ r.(A)>0[A* <1

= m,m z m,n nin_ 1, >, o E

m=1,N-1 1,N-

- *

N-1

— _ -1 _ A1 -1 )
€mn =Onn = D8y = An1d, + 8558, o+ Bny 48y =Op, YMN=LN-1&

[IpocymmupyeM KakIo€e cliaraeMoe B IOCIEAHeH CyMMe 10 UHIeKCy cTosbia n=1,N-1
N-1 N-1 N-1 4 N-1 . N-1 . N-1 . N-1
o =2 Omn=1= 2t DA =ai D a, +an, D 8, ety D 8y, =LVM=LN-1&
= n=1 n=1 n=1 n=1

n=1 n=1 k=1

Ilo YCJIOBHUIO TeOpeMbI 2 AWAaroHaJbHbIC W HEAUArOHAJbHBIC 3JICMCHTBI MATPHULIBI A nmeror Pa3HbIC 3HAKH

=1, (A) —alin(A)-an(A)-..—al rn.(A)=1al <0,vmnelN -1

N-1 N-1
Zam,n =7 |am,m|_ Z|am,n
n=1 n=1

n=m

<:>|aT;%1|I’1(A)+|ar#2|r2(A)+...+|a;]%N71|I’N71(A)=1,O6O3H8}II/IM UHJEKC CTPOKM MaTpuubel A, cymMma MoOIynel

3JI€MEHTOB KOTOPOH MakCHMaJIbHa i, ||/-\||w = a'l1 i;12| +... +|ai;1N 71| >0, HO U JUIsL CTPOKU C HOMEPOM i BEPHO

Qai;ll| +|ai;12| +... +|ai;,lN—l|)mgl1FNL_1rm(A)S |ai;11|r1(A)+|ai;,12|r2 (A)+... +|ai;,1N71|erl(A)=L min_r, (A)>0=

RAOE S

ol ot min e (A)= A7), m ETRA
Q|l| ih,2 ig, N-1 m wmlN nrm(A)

1
R .
Teopema 2 noka3zaHa.

Teopema 3(nocraTouHble yciaoBus yctoidunBocTr anropurma (8)-(18)). I[TycTs BHIIONHEHBI YCIOBUSL:

1)TpexanaroHanbHbIe MaTpUIbI Tennuna AB CUMMETPHUYECKHE panra N-1

an,n+l = a'n—l,n , bn,n+1 = bn—l,n vn= 2' N-2.

2)ManI/IHa A MOHOTOHHAasA C OTpHUIATCIbHBIMHA JAUaroHaJJbHBIMU DJICMCHTAMHU u ITOJIOXKHUTCIIbHBIMU

HeMaroHaIbHBIMY JIeMeHTaMHu ,B nonoxutensHas Matpuna a, , -a,, <0,b, . >0,vn=2,N - 2,V|n - m| <1.

N-1
) R= | oo~ 3o |= 100 (A)= |2 220EL o] > B | < 5 .
n<m
4)3mﬂJF_nT E‘F |f
n=1,N- © © n,m: 1Nl
Torpa:

1) A, <LYM=1N-1
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2)dopmyisr mporouku (14),(15),(16) xoppekTHBI, TO eCTh
=

|| ||no

F
ol <nt—t= "B" co,n=1,N -1,y ,| <(2N-3) <400

3ameuanmne 6. Hopmbr matpun A,B, onpenenennsix ¢opmynoii (4), ynosnerBopsitor ycioBusm 2) Teopembl 2 u

yCIoBHIO 3):
1010 2B
anl2 2181, (2225 o 2 22 e, =2

sl o220, 5525222

=1

@IH

Jloka3zaTejbCcTBO NpoBezieM o MHAYKImU. O603HaunM Matpuny panra N-1,00patHyio k marpuie A paHra
N-1 , 6yxsoit A'to ects A'A=I=AA™. Ecim matpuua A cumMerpuueckas, To obpaTHas matpuma A™ Takke
cuMMeTpHdeckas. K coxkaleHmio, MaTpuia oOpaTHas K TpeXIMaroHambHOM Matpume A - A™ He sBisercs

TpexauaroHaibHOH. MiMeeM onieHky cornacHo[4,cTp.57]

Il = -7l <[A7],Igl.

HaHOMHI/IM, 4TO O YCJIIOBHIO TeOpeMbl 3 A- TpexXauaroHajlibHass CHMMETpHUYCCKasA MaTprla Temmmma.

1)Anst 6a3bl unaykuuu npu k=1, ucrnonn3ys Teopemy 2, umeem

Bl olBl 1,
|a | 2|amm 1| 2"8" 2

AL, =|-~e], <A Jel. < —|| l..=

T

T

Il =[AF
0

H =28, el
baza nnaykuuu nposepeHa.

HWuaykruBHbIil nepexon. [Iycts BepHO ||/1k|| <1,vk =1,n—-1. Torma umMeem

B(A_ B)Z IE(Q(B/q“n—l + A)2 B(B + A)<:> an,n _bn,n - 2a'n,n—l bn n-1 (Bﬂn at A) nn| 2 an,n—l +bn,n—1 g
an,n + bn,n _ann,n—l bn n- 1) (Bﬂ’n at A) bn,n _ann,n—l + bn,n—l )
B B B
= @i ne] < B El R -
B/In -1 + A) a'n,n - bn,n _Z(Ian,n—l + bn,n—l) an,n _zan,n—l _"B"OO 2||B||oo _"B"co

TepBas uacts Teopemsl 1 nokaszana VK =1LnclLN-2.

2)O0603Ha4UM mﬂJ F_nT =
n=1,N-

= max |f
© n,m=1,N -1’

©
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T

T

0 0

R

Basa muaykuna: v, :HA’lF <A < < IpOBEpeHa.
bl v " "w -2, " |8,
HNupykruBublii nepexon. ITycts ||vk ||w <oo,Vk =1,n—1,rorna
_ - -] [ <leLied
-1 _1 » . 0 s
T N R e e T
= o o F o
2 ol ST Hvaal, <25 == HVao|, - (=17 4 vy, St < oo (31)
/RS R b - ERMEF
, _ Fus| +[BI Iu-el,
||u£—1||w = "VN—l"w = H(BﬂN—z + A)_l(FNT-l - BVN_Z)QC < “(B/’LN—Z + A)_luoo FNT-l -Bvy., Lo = "B"
Fr N Fr
= +|Vn-2|, S(N-1 E < 400, (32)
o, el 0
ITo popmyie(18) umeem
F F F
luta], =auts # v, <Bhcall ol +Ial, <o), + el =(N-2) Al = 1 (N-2) il = (2N -3) A = <4 (33)

Teopema 3 mokasaHna.

B nporpamme, Hanucannoi Ha FORTRAN, Bce mMaccuBbl M (DYyHKUUH 33/1aHbl C JIBOMHOW TOYHOCTEIO,
ucnons3oBad npumMep (19) ¢ u3BecTHbIM aHamuTH4YeckuM perneHnem(20). Ins BbruucieHus: oOpaTHBIX MaTPHIL C
JBO¥HOM TouHOCThIO B anroputMe(8),(10),(12),(14),(15),(16),(18) ucnonszosana 6ubauorexa Imsl [18] ¢ BezoBOM
noxnporpammst call dLinrg(n,bb,n,ainv,n) [18].

program puasson
integer(8),parameter::n1=201,n2=n1,n=n1-1;integer(8)::i,j,k,Kk;

real(8)::a,b,c,d,pi,h,h1,h2 x,y;real(8)::delta(0:n1,0:n1),max,res(0:n1,0:n1);real(8)::c1,c2,c3,c4,c5,c6,c7,c8;
real(8)::nu(n,n),lamda(n,n,n),u(0:n1,0:n1),ff(n,n),aal(n,n),bb(n,n),aa(n,n),cc(n,n),ul(n,n);
real(8)::cch,ssh,al,a2,b1,b2,ft1,t2,f1,f2,f3,hh2,hh3,hh4,bb1(n,n);
cch(x)=(dexp(x)+dexp(-x))/2d0;ssh(x)=(dexp(x)-dexp(-x))/2d0;
al(x,y)=dsin(y);a2(x,y)=dsin(y);b1(x,y)=dsin(x);b2(x,y)=dsin(x);f(x,y)=dsin(2d0*x)*dsin(3d0*y);
f1(x,y)=-13d0*dsin(2d0*x)*dsin(3d0*y)/12d0;f2(x,y)=97d0*dsin(2d0*x)*dsin(3d0*y)/360dO0;
f3(x,y)=4d-1*dsin(2d0*x)*dsin(3d0*y);max=-1000d0;pi=2d0*dasin(1d0);a=0d0;b=pi;c=0d0;d=pi;
h1=(b-a)/dfloat(nl);h2=(d-c)/dfloat(nl);call cpu_time(tl);print*,h1,h2;do i=1,n;do j=1,n;
if(j==i)then;aa(i,j)=-10d0/3d0;bb(i,j)=2d0/3d0;elseif(j==i+1.or. j==i-1)then;aa(i,j)=2d0/3d0;

bb(i,j)=1d0/6d0;else;aa(i,j)=0d0;bb(i,j)=0d0;endif;enddo;enddo;do i=0,n1,1;
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x=a+h1*dfloat(i);y=c+h2*dfloat(i);u(0,i)=b1(x,c);u(nl,i)=b2(x,d);u(i,0)=al(a,y);

u(i,n1)=a2(b,y);enddo;hh2=h1*h1;hh3=hh2*hh2;hh4=hh3*hh2;do i=2,n-
1,1;x=a+h1*dfloat(i);y=c+h2*dfloat(i);

Ff(L,1)=(F(x,c+h2)*hh2+f1(x,c+h2) *hh3+(f2(x,c+h2)+F3(x,c+h2)) *hh4)-(1d0/6d0)* (u(0,i-1)+u(0,i+1))-
(2d0/3d0)*u(0,);

f(n,1)=(f(x,d-h2)*hh2+f1(x,d-h2)*hh3+(f2(x,d-h2)+f3(x,d-h2)) *hh4)-(1d0/6d0)*(u(nl,i-1)+u(nl,i+1))-
(2d0/3d0)*u(n1,i);

f(i,1)=(f(a+h1,y)*hh2+f1(a+h1,y)*hh3+(f2(a+h1,y)+f3(a+h1,y))*hh4)-(1d0/6d0)*(u(i+1,0)+u(i-1,0))-
(2d0/3d0)*u(i,0);

f(i,n)=(f(b-h1,y)*hh2+f1(b-h1,y)*hh3+(f2(b-h1,y)+f3(b-h1,y))*hh4)-(1d0/6d0)*(u(i+1,n1)+u(i-1,n1))-
(2d0/3d0)*u(i,n1); enddo;

ff(1,1)=(f(a+h1,c+h1)*hh2+f1(a+h1,c+h1)*hh3+(f2(a+h1,c+h1)+f3(a+h1,c+h1))*hhd)-
(1d0/6d0)*(u(0,0)+u(2,0)+u(0,2))-(2d0/3d0)*(u(1,0)+u(0,1));

ff(n,1)=(f(a+h1,d-h1)*hh2+f1(a+h1,d-h1)*hh3+(f2(a+h1,d-h1)+f3(a+h1,d-h1))*hhd)-
(1d0/6d0)*(u(n1,0)+u(nl,2)+u(n1-2,0))-(2d0/3d0)*(u(n1-1,0)+u(nl,1));

ff(1,n)=(f(b-h1,c+h2)*hh2+f1(b-h1,c+h2)*hh3+(f2(b-h1,c+h2)+f3(b-h1,c+h2))*hh4)-
(1d0/6d0)*(u(0,n1)+u(2,n1)+u(0,n1-2))-(2d0/3d0)*(u(0,n1-1)+u(1,n1));

ff(n,n)=(f(b-h1,d-h2)*hh2+f1(b-h1,d-h2)*hh3+(f2(b-h1,d-h2)+f3(b-h1,d-h2))*hh4)-
(1d0/6d0)*(u(n1,n1)+u(nl1-2,n1)+u(nl,n1-2))-(2d0/3d0)*(u(n1,n1-1)+u(nl-1,n1));

do i=2,n1-2;do j=2,n1-
2;x=a+h1*dfloat(j);y=c+h2*dfloat(i);ff(i,))=(f(x,y) *hh2+f1(x,y) *hh3+(f2(x,y) +f3(X,y)) *hh4);

enddo;enddo;call obr(n,aa,aal);lamda(1,1:n,1:n)=-matmul(aal(1:n,1:n),bb(1:n,1:n));

nu(1,1:n)=matmul(aal(1:n,1:n),ff(1,1:n));do i=2,n-1;bb1(1:n,1:n)=matmul(bb(1:n,1:n),lamda(i-
1,1:n,1:n))+aa(1:n,1:n)

call obr(n,bbl,aal);lamda(i,1:n,1:n)=-matmul(aal(1:n,1:n),bb(1:n,1:n));
nu(i,1:n)=matmul(aal(l:n,1:n),(ff(i,1:n)-matmul(bb(1:n,1:n),nu(i-1,1:n))));enddo;
bb1(1:n,1:n)=matmul(bb(1:n,1:n),lamda(n-1,1:n,1:n))+aa(1:n,1:n);call obr(n,bb1,aal);
ul(n,1:n)=matmul(aal(1:n,1:n),(ff(n,1:n)-matmul(bb(1:n,1:n),nu(n-1,1:n))));do i=n-1,1,-1;

ul(i,2:n)=matmul(lamda(i,1:n,1:n),u1(i+1,1:n))+nu(i,1:n);enddo;do i=1,n;do
j=1,n;u(i,j)=ul(i,j);enddo;enddo;

max=-1d3;open(2, file="2.txt");do j=0,n1;do i=0,n1;x=a+h1*dfloat(j);y=c+h2*dfloat(i);

c1= dsin(y)*(cch(x)+ssh(x)*(1d0-cch(pi))/ssh(pi));c2= dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi));
€3= -dsin(2d0*x)*dsin(3d0*y)/13d0;res(i,j)=c1+c2+c3;delta(i,j)= u(i,j)- res(i,j);

if( delta(i,j)<=0d0)then;delta(i,j)=-delta(i,j);endif;if( delta(i,j)>max)then;max=delta(i,j);
endif;if(mod(i,20)==0.and.mod(j,20)==0)then;2 write(2,*) x,y,res(i,j),u(i,j);endif;enddo;enddo;
print*,"norma C =",max;call cpu_time(t2);print*,"t2-t1="t2-t1;

end program puasson;
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subroutine  obr(n,bb,aal); wuse msimsl; integer(8)::n,Lda,Ldainv;real(8)::ainv(n,n) ,bb(n,n),aal(n,n);

Lda=n;Ldainv=n;call dLinrg(n,bb,n,ainv,n);aal(;,:)=ainv(;,:);end subroutine;

B pabote nosry4deHs! pe3yabTaThl:

~

10.

11.

12.

13.

14.

1) TlpeanokeH anropuT™M MNPOTOHKH B MATPUYHOH (opMe C IIECTHIM TMOPSIKOM MOTPEIIHOCTH
dopmyisi(8),(10),(12),(14),(15),(16),(18) 3a koHEUHOE YUCITO aPUPMETHUSCKUX OMCPALIHA.

2) Tloka3aHo, YTO JAHHBI ANTOPUTM TEPEXOIMT, KAK YACTHBIH CIydai, B H3BECTHBINA alrOPUTM MPOrOHKU B
marpuutoit popme (baxsanos H.C., XKunkoe H.I1., KoGenbkoB .M.)co BTOPBIM MOPSAKOM MOTPELUIHOCTH
bopmynsi(22)-(29).

3) Ha npumepe(19) U TpPOrpamMMOH, HaIMCaHHOM Ha FORTRAN, MTOKa3aHo, 9TO
anmroput™(8),(10),(12),(14),(15),(16),(18) umeeT 1recToit MOPSIIOK MOTPEIIHOCTH ISl PEIICHUs YPaBHCHHS
[Tyaccona Ha IPsIMOYTOJIFHUKE U BBIITOTHACTCS 32 KOHEUYHOE YHCIIO SIIEMEHTApHbBIX ONEpanuii.

4) B teopeme 1 moka3aHa MOHOTOHHOCTh MATPHUII C JHATOHAIBHBIM MPEOOIaJaHUEM, Y KOTOPBIX 3JIEMEHTHI
[JaBHOW  [MAaroOHAJM  OTPULATENbHBI  (MOJIOXKUTENBHBI), a  HEAWATOHANBHBIC  MOJOKUTEIBHBI
(oTpHIIaTETIHHEL).

5) B Teopeme 2 mosyueHa BEPXHSISI OlCHKA OECKOHEYHOW HOPMBI 0OPATHOW K MOHOTOHHO# MaTpHIe.

6) B Teopeme 3 monydeHbI JOCTATOYHBIC YCIOBHs KoppekTHOCTH anropurma(8),(10),(12),(14),(15),(16),(18).

7) BeICTposeiicTBHEe MPHBEACHHOTO ANTOPUTMA B JCCATKH pa3 MPEBBIIIACT ObICTPOACHCTBIE aNropuT™Ma st
peuienust ypaBHeHusi [lyaccoHa Ha MPSIMOYTrOJILHUKE METOZOM HPOCTON UTEpalyH ¢ TOH ke (opMyJoi

aNNPOKCHMALMH C IIECTHIM MOPSIKOM TIOIPEIIHOCTH H OTHOCHTEIbHOI MOTPEIIHOCThIO BhauCIeH 10 2 .
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ON FINITE METHODS FOR SOLVING THE POISSON EQUATION ON A RECTANGLE WITH
THE DIRIHLET BOUNDARY CONDITIO
D. PASTUHQV, Y. PASTUHOV, N. VOLOSOVA, K. VOLOSOV, A. VOLOSOVA

The Offered algorithm chain in matrix form with sixth rather inaccuracy for decision of the equation of the
Poisson on rectangle for final number arithmetical operation. The Analytical example and program, using given
algorithm, is confirmed sixth order to inaccuracy. Monotonicity of the matrixes is proved In theorem 1 with
diagonal prevalence, beside which elements main diagonal negative(positive), but not diagonal positive(negative).
In theorem 2 are received upper estimation of the endless rate inverse to monotonous matrix. In theorem 3 are
received sufficient conditions to correctness of the offered algorithm. It Is Shown that speed given algorithm in
groups of ten times greater speeds of the algorithm for decision of the equation of the Poisson on rectangle by
method iteration idle time with the same formula of the aproximations to sixth rather inaccuracy and relative
inaccuracy of the calculations.

The Keywords: method chain in block form, diagonal matrixes, monotonous matrixes, equations
mathematical physicists, numerical methods.
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