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Bsenenue

[Tpennaraemplii COOPHHUK CTAaTEH MO YMCICHHBIM METOJAM BKJIIOYAET POACTBEHHBIC CTATbU
CBS3aHHBIC OJHON TEMAaTHKOM — amnmpoKCHUMAIUs YpaBHEHUH B YaCTHBIX IPOU3BOJIHBIX C
MIOMOIIIBI0 PAa3HOCTHBIX CXE€M OOJBIIOro anredpandeckoro MopsaKka M MX yCTOWYMBOCTH HA
OTpe3Ke, MPSMOYTOJbHUKE U Mapaiiienenumnese. B ocHOBe nexar craThu HalMCaHHbIE aBTOPaMU
st kypHana BectHuk Ilosounkoro yHuMBEpCHUTETa MO YHCIEHHBIM METOJaM B TEYEHHUE
HECKOJIbKUX JIET.

ABTOpBI, TPEXJE BCETO, BBIPAKAIOT TIYOOKYI0 NPU3HATENBHOCTh M 0JIArOAapHOCTD
KaHauaaty (u3MKO-MaTEeMaTHUECKUX HayK, 3aBeAyroleMy kadeapoil BbICIIEH MaTeMaTHKU U
g depeHnanbHbpIX ypaBHeHUH [loIONKOro rocynapcTBEHHOIO YHUBEpCUTETa AJEKCaHIPY
Anekcanaposuuy Kooy, HacToseMy yu€HOMY, IOCBSITUBIIEMY CBOIO JKU3Hb MaTeMaTHKe, 3a
00CyXJIeHHE U NPOUYTEHHE BCeX cTaTed. AJileKcaHIp AJIEKCaHIPOBHY CO3]al MaTEMAaTUYECKUI
cemunap B III'Y, mocBsieHHBI MeTomaMm pemnieHus TudQepeHIaIbHBIX YpaBHEHUH, TIE
aBTOPBI KIMEIOT BO3MOXHOCTH JJOKJIQJBIBATh CBOM HAy4YHBIE PAOOTHI 10 MaTEMaTHKE.

Haranbss KoucrantunoBHa BoiocoBa, corpynnuk MITY wum. baymana, BrepBbie
IpEUIOKUIA HCIOJIb30BaTh METOJbl PEUIEHHMs] YpPaBHEHUS B YACTHBIX IPOU3BOJHBIX B
creraHorpaduu JUisi KyCOYHO DPa3pbIBHOW mpaBoil yacTu. Eil Takke NpUHAUICKUT UIes He
TONBKO mH(poBaTh rpaduyeckue IByMEepHBIC (ailibl B JOCTATOYHO TJIAAKOE pEIIeHUe
ypaBHeHusa IlyaccoHa Ha mpsSMOYroibHHKE, HO U pemarh ypaBHeHue I[lyaccona Ha kiacce
OCTaTKOB [0 MOAYJIIO IPOCTOrO 4YHUCIA, TO €CTh HAIMIO CBS3b METOJOB pELICHUs
muddepeHIMaNbHBIX YPaBHEHUI U TEOPUH Yncen (MATas CTaThsi COOPHUKA).

HenocraTtounas TOUHOCTH B alpOKCUMAIMU PA3HOCTHOTO YPAaBHEHUS B YACTHBIX MOKET
MPUBECTH K KAYECTBEHHO HEBEPHOMY pelleHuio (pabora 6 cOopHuka). B coBpemeHnHoe Bpems
HAHO TEXHOJOTHWH CYHIECTBYET MHOTO OOJAacTei MPHKIAAHON HayKH, TIe TpeOyercss BBICOKAs
TOYHOCTb AMMPOKCHUMAIIMU U TIPU TOM YCTOMYHUBOCTH Pa3HOCTHBIX CXEM.

[lepBasi pabora cOOpHMKa IMOCBSIIEHA BOJIHOBOMY YPAaBHEHHIO Ha OTpE3Ke, MMEIoIIee
napaMeTp pPa3sHOCTHOW CXEeMbl TaKO#, YTO MOPSAOK AamMpOKCHUMAIMK paBeH OECKOHEYHOCTH.
Bropast paboTa /1151 HEOTHOPOIHBIX KPaeBbIX YCIOBUN CBOAMT PEILIEHUE BOJHOBOI'O YpaBHEHUS
Ha OTpEe3Ke peAyKIHEH K CIIydar0 OJHOPOAHBIX KpaeBbIX yciaoBHid. TpeThs u yeTBepTasi paboThI
annpoKCUMHUpPYIOT ypaBHeHHE [lyaccoHa Ha IpsIMOYroJIbHMKE M Mapajuienenunene ¢ 8 u ¢ 6
MOPSIIKaMHU IOTPEIHOCTA COOTBETCTBEHHO.

CenpMmasi paboTa KOCBEHHO CBsi3aHAa C YpPaBHEHUSMU MaTeMaTH4YecKOll (u3uKu, C
anmnpoKCUMalMel OJHOMEPHBIX, JBOWHBIX W TPOMHBIX MHTETPAJOB B JEKapTOBOM, MOJISAPHOM
(mumuHIpUYecKoi) WM CPEpUUSCKONM CHCTeMaxX KOOpPIWHAT C TOYHOCTBIO JO 16
anreOpanyecKoro Mopsiika TOUHOCTH BKJIIOUUTEIBHO.

BoceMmass u yerblpHaguaTas paboThl MOBELIEHBl THAPOJAWHAMUKE U METOJaM pEIlIeHUs
CHCTEM ypaBHEHMH B YAaCTHBIX NMPOM3BOAHBIX IS 3aJay MPHUKIAAHON MaTeMaTHKH — Iepecyer
TEMIIEPATypPHOTO MOJS Ha IOJE CKOpOoCTeH, a Jpyras pabora CBs3aHa C T'MIPOJMHAMHUYECKON
3aaueil Ha IpPSIMOYTOJIbHOM KaBepHe.

JleBsiTas cTaThs IMOCBSIEHA CKOpPEe METOAaM OINTUMHU3ALMK, YeM YpaBHEHHUSIM
MaTeMaTHYeCKOM (PU3MKH, HO COAEPKUT oOOpasel] TOYHOCTH — HUTEPAllMOHHYI (GOopMyIy
KacaTelbHbIX HbIOTOHA CO BTOPBIM MOPSAIKOM CKOPOCTH CXOIUMOCTHU. [lecsitast u TpuHaauaras
CTaTbW TOCBAILIEHBI aIlIpOKCUMalMM YypaBHeHMsI IlyaccoHa Ha HEOIHOPOAHOM CETKE C
YETBEPThIM ajredpanyeckuM MOpsAAKOM mnorpemHoctd. OauHHaALATas Mo cuery padorta o
MaTPUYHBIX YPAaBHEHUSX C TPEX - U NATHIUArOHaIbHBIMH MaTPULIAMH.

Ocoboe wmecTo B COOpHHKE 3aciay)KMBAIOT CTaThbU JBEHA/AIATAass W TPUHAJIIATAs,
CBSA3aHHBIMU C pelleHueM ypaBHeHMs IlyaccoHa Ha NpsAMOYTrOJIbHMKE Ha OAHOPOJHOW CETKE C
paBHBIMU U HEpPaBHBIMU IIaraMu METOJIOM NPOTOHKU B MaTpUUHOM (opme 3a KOHEUHOE YHCIIO
apupmeTHueckux onepauuii. Ha moucku AByX METOZ0B aBTOPHI MOTpATHIIU OoJiee roaa.

Asropsr: [Tactyxos I.®., [TactyxoB 10.®., Bonocosa H.K.,Bonocos K.A., Bosmocosa A K.
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ONTUMAJBbHBIA HAPAMETP AIIIPOKCUMAIIMA PASHOCTHOM CXEMBI
BOJIHOBOI'O YPABHEHUS HA OTPE3KE

A.D. IIACTYXOB, I0.®. ITACTYXOB
(ITonouykuii zocyoapcmeenuslii ynugepcunent);
H.K. BOJIOCOBA
(Mockoeéckuit zocyoapcmeennblii mexnuueckuii ynueepcumem um. H.3. baymana)

Tpeonooicen anzopumm peweHus HauaIbHO-Kpaesoll 3a0adi 05l HeOOHOPOOHO20 BOHOBO20 YPASHEHUS HA OMpe3Ke
C O6OUHOU MOYHOCMbIO, OCHOBAHHLIL HA GbIOOpE ONMUMATLHO20 Napamempd, 06ecneuusarwec0 OeckoHeuHblll
aneebpauyeckuii NOpAOOK annpoKCUMAayuy OOHOPOOHOMY ypaeHeHuro. s pewteHuss cucmemvl JTUHEUHbIX YPAGHEHUl
C CUMMEMPUYECKOU NAMUOUASOHATLHOL MAmpuyell ¢ Kpaesbim ycaoguem Jupuxie O00Kazanbl OOCMAMOUHbIE VCI0BUS
KOppeKmHocmu popmyn npo2oHKu eneped 6onee clabvle, uem YCIo6us OUAROHATLHO20 NPeoONA0aHUs ee eMEHINOB.
Ipumenenue aneopumma YKpynHenus sueek cemxu U UCNONb308anue Memooa npoussoosuux QyHkyul oaem O080UHYIO
TMOYHOCMb OMHOCUMETLHOU NOSPEUHOCIIU PeUeHUs 0adice Ha 2PYOOT cemKe ¢ YUCTOM Y3108 HECKOTLKO COMEH.

Knrouesvie cnosa: memoo npouszeo0suux QYHKYULl, UHUYUATUZAYUS 3A0adU, C1adble 00CMAmMOoYHble YCI08UsL
KOPPEKMHOCMU (YOPMYIL BPO2OHKU CUMMEMPUYHOL NAMUOUALOHATLHOT MAMPULbL.

BBenenne. 3amaun ¢ YHCIICHHBIM pEIICHHEM BOJHOBOTO YPaBHEHUS BCTPEYAIOTCS BO MHOTHX (PH3HKO-
TEXHUYECKAX TPWIOKEHUSAX, OONBIION KIacc KpaeBBIX 3aJad MaTeMaTHIeCKOH (H3UKM TakKe CBOAHUTCH K
HEOJJHOPOJHOMY BOJHOBOMY YPaBHEHHIO Ha OTpe3Ke, Ha IMPAMOYTOJIbHIKE, B apamienenunene [1-5]. B mocnennee
BpeMsl B YHCJCHHBIX METOJAX MOSIBIJIOCH HAMPaBJICHUE YCKOPEHHBIX PacyeToB [2], KOTOpOe JOCTUTaeTCs JHOo 3a
CYET YBEJHMYCHHUS TOPsAKA aNlPOKCHUMAIMU Pa3HOCTHBIX cxeM [2—4], 1100 yaadHbIM BHIOOPOM T'e€OMETPUH Y3IIOB
CeTKH. ABTOpBI paboThl [6, ¢. 23] B JydIIMX TPAIUIUAX MOCKOBCKOW MATEMAaTHYECKOM IIKOJIBI aHAIUTHYCCKU
pemmiM 3amady o Oerymieil BOJIHE KpydYeHHs Ha OTpe3Ke IKEJIEe3HOJOPOXKHOTO MOJIOTHA, MCHONB3Ysl ypaBHEHUE
rHIepOOIMYECKOT0 THUNA C HEOJHOPOJHOM NMpaBOil YacThl0 M C YYETOM CJIaraeMblX, OMKCBHIBAIOIIMX 3aTyXaHUE
MEXaHHYECKUX BOITH.

HanomanMm, 4to mopsiakoM anmpokcuManyu auddepeHnnansHoTro onepaTopa pa3sHOCTHEIM OIepaTopoMm [4,
c. 102] HazpIBaeTcss MaKCUMaIbHOE MOJIOKUTEIHFHOE YHCIO P, €CITH CYIIECTBYIOT MOJOXKHUTEIbHEIEC uiicna p,C >0,

He 3aBHCAINME OT Iara ceTkM h Takme, uTo HOpMa HeBaA3KH (pasHOCTH AU(PEPEHIUANBLHOIO U Pa3sHOCTHOIO
OIepaTopa) He MPEBhIAeT "( Lu), - Lhuh" <ChP.

B nmanHOlf pabote pemaercd OZHOMEPHOE HEOJHOPOAHOE YPaBHEHHE C YCKOPEHHEM pacdeTa IIyTeM
YBEJIMYEHUS TOPSIKAa alIPOKCUMAIIMH M BHIOOpA ONTHUMAJIBHOTO MapaMeTpa anmnpoKCHMAIMH Pa3sHOCTHOMN CXEMBI.
Haiinennas mapamerpmsamus  oOecreyMBaeT  OJHOPOJHOMY  Pa3HOCTHOMY  YPaBHEHHIO  OECKOHEYHBIH
anredpanvyeckuil MopsIOK anmpoKCUMAIWH, a JJIsl HEOJAHOPOAHOW HavyalbHO-KPAaeBOW 3a/laudl MO3BOJISIET BBIPA3UTh
HEBSI3KY YpPaBHEHHI TONBKO Yepe3 YacTHBIE IMPOM3BOJHBIC OT M3BECTHOM NpaBOW YAacTH BOJIHOBOTO YPaBHEHHS.
Bonee Toro, mpumeHeHue npousgooawux GYHKIMNA Kak (YHKIMH BPEMEHHOTO IIara 3aMEHSeT BBIYHCIICHHE
0GECKOHEUHOTO psijia claraeMbIX JJIsi HEBSI3KM B Pa3HOCTHBIX YPAaBHEHMSIX HAa KOHEYHOE YHCIIO apH(METHUECKHX
BBIYHCIIEHUH ¢ ABOMHON TOYHOCTBIO B HEOJTHOPOAHOM HayalbHO-KpaeBou 3a1aye.

Hamu nocTpoeH anropuT™M HMHUIMAIM3alMM 3aJadd, T.€. ANNpPOKCUMAIMs BTOPOrO BPEMEHHOIO CIIOS
pelIeHust 10 HadaJIbHBIM JaHHBIM 3aJaud. AJITOPUTM CBOJMTCS K IIPOTOHKE JINOO TPeXJHaroHaJbHOW CHCTEMBI
TUHEHHBIX anreOpamdecknx ypaBHeHHd (CJIAY), mubo K TpOroHKE CHavaja TPEXAWArOHANBHOH, a 3aTeM
natuanaronansHot CJIAY. HalimeHsl Takke JOCTATOUHBIE YCIOBHS KOPPEKTHOCTH (HOPMYN MPOTOHKH, Oosee
cnalble, YeM TMaroHajJbHOE MPeodJialaHke DJIEMEHTOB MATPUIIbl. AJNTOPUTM MHUIMAIU3AIMHU JaeT MPUOIIKEHUE

BTOPOTO CIIOS PENICHHs [0 HAYaIbHBIM YCIOBHSM C OTHOCHTEIBHOM MOrPENIHOCThI0 He Xyxke yeM 107'° mpu uncre
y3no0B 500. UmxeHepHbli amepukanckuii nponykt ANSYS Fluent 3aBepriaer penieHue 3aiad ¢ OTHOCHTENBHOI

Tounocteio 107, m ¢ Gomee rpyGoil TOYHOCTHIO HA MpPOLECCE HHUIMATM3ALMH 3a[aUd, T.6. C TOYHOCTBIO
10" —107. Bnaroxaps NPUMEHEHHIO CIIEKTPAIBHO YCTONYMBBIX PA3HOCTHBIX CXEM OTHOCHTENbHAS MOTPEIIHOCT

HAYATbHBIX JaHHBIX yMeHbpmaercs ot 3madenms 10° —107° 0 Benmmumupi10. B paGote Hamu mocTpoeH
ITOPUTM  YKPYNHEHHs sS4eeK CceTKH (MaciuTabupoBanusi) ¢  kod(d¢uuumentom Macmradbuposanus | >1,
MO3BOJIAIOIIMN COKPATUTh YUCIIO BHIYUCIEHUM B COTHU pa3 (|2 pa3). HeonnopoaHas HagampHO-KpaeBas 3a/1a4a Ipu
gucie y370B 300 Ha penKkod KOOPAMHATHO-BPEMEHHOM CETKe perraeTcs ¢ MOMOIIBI0 YKa3aHHBIX 3]IeCh METOJIOB C
nBO¥HOM TounocThio 107 (T.e. mepBble 15 JECATHUHBIX 3HAKOB AHAJTMTHYECKOTO M UHCIEHHOTO PElICHHs Ha
MOCJIeTHEM BPEMEHHOM CJIO€ BO BCEX KOOPAMHATHBIX y3JIaX COBIAAAIOT).



Hekortopble IBYXMEpHbIE U TpPEXMEpHbIC KOJieOaHHs B IMPUIOKECHUSX YaCTO CBOJSITCS K OJHOMEPHBIM
konebanusM [5, ¢. 181], Hampumep, B MPAMOYTOJILHOM KpHCTaJIe KoJaeOaH!sT aTOMHBIX TapalIebHBIX TNIOCKOCTEH
MOPOXKAAIOT OJHOMEpHbIE 3BYKOBBIE BOJIHBI, MOITOMY pelIaeMas HaMH 4YHCICHHO 3ajada Iojie3Ha H B
MHOTOMEPHBIX CITy4asiX.

IMocranoBka 3axaun. PaccMOTpyM Ha4yanbHO — KPaeBYIO 3aj1ady Ui HEOJHOPOJHOTO BOJIHOBOTO YpaBHEHHS HA
otpeske[a,b].

o , 02U
ro =a aX2+f(xt)a >0, (x,t)e(a,b)x(0,T)
u(x,0) = ¢(x), x €[a,b] @

u (x,0) =w(x), x e[a,b]
u(a,t) =u(b,t) =0, xela,b]
Fme u(xt)- Tounoe amamurmueckoe pemenue 3agadn(l). T(X,t), @(X),w(X)- oyHxkuun BHEHIHETO
HCTOYHHKA, HaYaJbHOE CMEIICHHE W HadajbHas CKOPOCTh TOYEK CTPYHBI C 3aKpEIUIEHHBIMH KOHI[AMH Ha OTpE3Ke
COOTBETCTBEHHO 3a1aHbl B ycnomu 3anaun V(X,t) e[a,b]x[0,T].

Ananmutnueckodt 3amade(l) comocTaBUM pPa3HOCTHYIO 3alady Ha paBHOMEPHOW CETKe, HCIOJb3Ys
MSATUTOYCYHBIN MIA0JIOH — KPECT

n+l n-1 n n n n
Up +Up —2Up _ g2 Umia Uy — 2uy

2 .~ + (X ty),
T
X, =a+mh,t =nz,[mn]le[l,M -1]x[1, N -1],
u(mh,0) = @(mh),m €[0,M], 2)

u(mh,7) = g, (mh), me[0,M1],0,(x) = F(@,(x), w(x)),
u(0,nz) =u(N,nz)=0,n [0, N].

b-a

T
Tne h= ,T= - BPEMEHHO# M KOOPIMHATHBIN IIATH CeTKH, a’ - KBagpaT (ha30Boil CKOPOCTH BOJHEL.

3ajanue HayalibHBIX ycloBui @(X),w(X) B JuHEWHON aHaauTHuecKod 3amade(l) SKBHUBAIEHTHO 3a/IaHUIO
3HAueHMil IBYX HAYATBHBIX BpeMeHHbIX c1oéB pemrenus U(M,0)=p(mh) =ul u(mh,z) =g (mh)=u’ ,me[O,M] B

pasHocTHOI 3amaue(2). IlockombKy WX 3ampaminBaeT y3JI0BOE 3HAUYCHHE UmB TIepBOH peKyppeHTHOH (opmyre

cucTeMbl(2) . 3aBHCHMOCTB BTOPOTO BPEMEHHOTO CIIOS (ol(x):F((ol(X), l//(X)) B cHcTeMe ypaBHeHHH (2) Kak

(yHKIMM HaYaJgbHBIX YCJIOBHHM OIpenenseTcs C MOMOIIBI0 TPEIBAapUTEIIFHOTO YHCIEHHOTO aJropuTMa

WHUIIUATIN3AUHU 3a/la4u METOIOM IMPOTOHKH.
2.2
T

O6o03HaunM mapameTp Z = W TepenuiieM pa3HOCTHOE ypaBHEHHE(2) B JKBHBAJICHTHOM BHIE

urt utt —2ul = z(u,ﬂ‘H1 +up - 2u;)+ f (X )" = z(um+1 +up 2ur”n)+ fonl’ ©))
IMoTpebyem, dYTOOBI pa3HOCTHOE YypaBHEHHE(3) ammpPOKCHMHUPOBAJO IEPBOE ypaBHEHHE CHUCTeMBI(l) ¢
n+l on-1 n

MakCHUMalbHbIM anrebpandeckuM TIOPSIKOM, Jalee  pasiokMM y3JIOBble 3HadeHms Up ™, Ur~ Ut .Ul B ps
Teitmopa B ieHTpaIbHOM y3i1e (M, N) <> (Xm s )c BEKTOpOM Irara cootBerctBeHHO (h, 7) :
. as n » (-1 S asun (s=2k)_» 2 azkun
up +ust —2un =-2u; +2u;, +z TS+Z( ) S = Y N T =
(sp ot ~ (s ot ~(2k) ot
az n © azk
= 2 Z e ™
i (2k)! ot

Mensist B mocieaneii popMyiie OyKBEHHBIE 0003HAYEHUST WHIEKCOB U MEPEMEHHBIX (m<—>n),(x<—>t)(h<—>r)

IMOJy4YnM:

azun © 2 aZkun
n no_ n 2 — 2 m |2k 2
z(umﬂ+umf1 2um)+ fon? z[h +k§(2k)! v h ]+ fon?

. o2 GRTM
[IpupaBHsieM TpaBble YacTH IMOCIEAHUX JIBYX BBIPAKEHUH, MCHOJIB3YS TOXKIECTBO m_g®? M4 fi,, uMeeMm:

ot? ox?
62 n 0 azk n 2k - 62ul’1 o0 2 82kun
o+ =’ f, P+ Y e =
é(m at2k xr M Z;(Zk)! o



62 n o 2 aZk n ) 2 aZk n ) 2 a?kuﬂ
ooy o L B SR il 1 4
- ( Zagar " SO Lay a T A o0 @
Hess3ka mepBoro ypaBHEHHs CHCTeMbI(2) paBHa HeBs3Ke ypaBHEHU:A(4), T.e. Pa3HOCTH JIeBOI U IpaBoil wacteil
ypaBHeHuUs (4):
0 2 (azk n o aZk

R =27

ot Tz 6X2km thJ Q)

a’z? 2y 0?

u
3ameuanue 1. Eciu mapametp Z = — — =1 1 BOJTHOBOE ypaBHEHHE —.- = a° — OJHOPOJIHOE, TO U3 €ro 3aIHCH
h? ot? ox’

2,.n 2,,n 2k, n 2k, n
o . 0

2 m m m
JUTS TIPOM3BOJIBHOTO Y3J1a CETKH —— - = a crenyer =
at* ox’ ot ox*

aZkun azk aZkun z_Zkazk aZkun
&ka T~ 6 ka h? = h% 6‘x2km . z |=h* —m(zk - Z): 0. Ipyrumu cioBamy,
X

ans  napamerpa Z =1loaHoponHoe  ofHOMepHOE BONHOBOE —YpaBHGHHE HMeET —OECKOHEUHBIH  MOpSIOK

, Toraa B popmyie(5)

anmpokcuManuu! B sTom ciydae pasHocTHast cxema(3) ¢ fm . =0,z =1 rouna a9 MHOrOYIEHOB IPOM3BOIBLHOM

cTeneHu. JpyruMu ciioBamu, paBHOMEpHas HOpMa IMOIPEIIHOCTH allpoOKCHMAlMU epBOro ypaBHeHus 3anadn(l)
NEepBBIM YpaBHEHHEM PA3HOCTHOH 3anaun(2) He 3aBUCMT OT Imara ceTkd N (ammpokcHManusi MpOMCXOIUT C
JIBOMHOW TOYHOCTBIO JTaXKe JIJIsl KPYITHOTO [Iara CEeTKH).

Jus ynipormenus popmyiisi(S) gokaxkeM

YrBep:xaenue 1. i1 HEOXHOPOAHOTO OAHOMEPHOTO BOJIHOBOTO YPAaBHEHUS

azun 62 n

atzm _ ™ o=+ f.. cupasemumBa Gpopmyna

2p,n 2p,,n p-1 aZ(P—l)f
0 2le _a2P ouy, a2 ,p=2 (6)
6t p aXZp — aleatZ(p | l)

Joxa3zareabcTBo. [Iposeném mo naaykun. (s 6a3el MHAYKINH eCIIi P = 2 IMEEM:

4. n 2 2,n 2 2,.n aZf 4 82f 62f
a =a_(azaum+fm,nJ=aza_(azaum+fm,nj+ mo _ g4 0 Un | 529 Tnn O Ton

at o’ ox? ox? ox? ot? ox’ ox? ot?
YTO BEPHO — noirydaeM Gopmymy (6) ecmm p=2.
aZ(p 1)un o) az(p 1)u p-2 " 62(p72)f
IIycts cnpaBennmBa Takxe GopMyna ———+ = L —— R —————— , TOTJa
atZ(P -1) axz(p 1) — 6X2|8t2(p | -2)
2 2 2(p-1 -2 2(p-2) 2(p-1 2 -2 2(p-1)
0fuy _ 0% 22D P Pup & 4 0 finn _ 2 O A +p a? O _
at2p atz aXZ(p 1) = 8X2|5’t2( p-1-2) axz( p-1) atZ e 6X2|at2(p7|71)
2(p-L 2 (p 1) 2 2(p-D) -2 2(p-1)
_az(p—l) a ¢y az a U Zazl fm‘n _Aa2p a pur?] _I_az(p—l) a fm,n § azl a fm,n _
- 2(p-1) 20 A 2(p-1-1) 2p 2(p-1) 2l A 2(p-1-1) T
oX o ox“ot oX oX o OXx“ot

2 1 2(p-1)
Zp 0 pu pz: 2l 0 fm,n
ox2ot2(e-1-D !

T.C. (bopMyﬂa(6)(yTBepszeHue 1) moxa3aHa aJIst MPON3BOJIBHOTO IEJIOT0 P> 2.

Hcnone3ys dpopmyny(6), mpeodpasyem HEBA3KY pa3sHOCTHOTO ypaBHeHus(3), moactaBus e€ B hopmymy(S):

o 2k, n k-1 aZ(k—l) f azk

0 2 azk n azkul‘l 2 a u
R un 2k —7 m th — & | L2k aZk m a2| m,n —7 m h2k _
( m) zz (2k)( 8t2k T axzk Z (Zk) r @(Zk Z 6X2|at2(k7|71) axzk

k=2 1=0

2 9 kz_2ka2k azkrl:1 kk—l | a(k D¢ 2 9 oo 82kU,T1 kk—l | 52(k-1)fmn (z21)
:Zm hz[ h =1 ox +7t ;az 6‘X2I 2(k|1) éj h* (Z _Z) % 7t Zaz ox? o2k =

(=) =, 2 IS D
é (Zk) ; 5X2'at2(k*'*1) ( )
BhINuIIeM HECKOJIBKO MEPBBIX cilaraeMbIX [uist HeBsi3ku R(Up ) 13 hopmystbi(7):
R(U") = 2_2-4 a2 o? fm,n L O fn o? fm,n 2,[ " ot fm,n L p fm‘n . o fm'n
m 4' axz atz 6' 6X4 aXZatz at4



a0 o ot T acatt ot
+ 21’-10 {as 68 fm,n 6 88 fm,n 4 68 fm,n 2 68 fm,n 68 fm,n J

8(  o°f o° f o° f o° f
+2L[ 67 mn g4 mn 2 _mn AL S

ox8 a oxbat? ta 8x46t4+a 6x26t6+ ott

10!
+ 2712 alO 610 fm,n + aS alO fm,n + ae 610 fm,n + a'4 alO fm,n +a2 alO fm,n + 610 fm,n (8)
121 ox™° oxot? oxot* ox*ot® ox*ot® oo
Omnpenenenne 1. OnHOMEPHOE YpaBHEHHE B YACTHBIX MTPOU3BOJHBIX
o*f 0% f
a’ = o =0,a°>0 )
o*f o

=0,a’>0

0 aHAJIOTHH C BOJTHOBBIM ypaBHEHUEM —-a
ot? ox’

Ha30BEéM BOJIHOBBIM ypaBHEHHEM KOMILIEKCHOTO apryMeHTa. PaccMoTpuM cBoiicTBa perneHui(9).

YTBep:kaenue 2(cBoiicTBa BOJHOBOI'O YPaBHEHUs KOMIIIEKCHOTO apryMEHTa).

1) Vpasuenus Xi+at=C, =const,xi —at = (TZ =Const ABIAIOTCA ypaBHEHUSMHU XapaKTepUCTHK J1(9).

JlerCcTBUTEILHO
2 2 a—+i—=0
a26:+62f=0<:> al il al it oge| X O
ox® ot ox ot ox ot aﬁ—iﬂ—o
ox ot
dx dt o
a i Xi—at=C, < x+iat=-iC, =C,
=S _
dx _dt |xi+at=C, < x—iat=-iC,=C,
a —i

2) PenrennieM BOJIHOBOTO YpaBHEHHMSI KOMIUIEKCHOTO apTyMEHTA SIBJISIETCS IMHEHHAsT KOMOHHAIHS
MPOU3BOJILHBIX BaXAbI AU depeHInpyeMbIX QyHKIUH Ha KOMIUIEKCHBIX XapaKTepHCTHKAX

f (x,t) = Cu(x +iat) + C,v(x —iat), u(w), v(w) € C*(2): (10)
a? Z—Z+§—I = a?(Cu’ (x +iat) + C,v (x—iat) )+ (ia)>C,u’ (x + iat) + (—ia)>C,v' (x —iat) = 0

3)Iycth  QyHKIWMA f(X + iat)z fl(x,t)+ if, (X,t) KOMIUTEKCHOTO ~ aprymenta  (Xzxiat)-  pemenue
ypaBHeHus1(9), Torna GpyHKuuK aeiicteutensHoro aprymenta fi (X,t), f,(X,t), T.e. meiicTBuTenpHAS N MHHMAs YacTH

f(X + iat) TaKXe ABJIAIOTCS pelieHuIMHU ypaBHeHus (9). JleficTBUTENbHO, IMEEM:

o o f(x+iat) . o f(x+iat) g’ *(f,(x,t) +if,(x,1)) . 2(f,(x,t) +if,(x,1)) 0o

ox? ot? ox? ot?
.2 %1, (x,t) . %1, (x,t) 0
2 LD +iG ) () +if(x0) Lo )T A o’
ox? ot? , 0% f,(x,t) 8%, (xt)
a o + e =0

To ecrtp mokazano, uro ¢yukuuu f,(X,t), f,(X,t) - pemenns ypasnenus(9). [locnenuss cucrema ypaBHEHHMI

CJIE/IyeT U3 OIpEe/ICTICHUS PABEHCTBA JIByX KOMIUIEKCHBIX YHCEN. YTBep:KAeHHe 2 J0Ka3aHo.
[MpuBeném GyHKIMKM M3 Kiacca PEUICHHH BOJHOBOTO ypaBHEHHsI KOMIUIEKCHOTO apryMEHTa, HCIIONb3Ys

YrBepxaenue 2. [Tpumep 1. fl(X,t) =Re (x+iat)? = x* —a’t’ . JleficTBUTENBHO,
2(y2 _ a242 2(y2 _ a242

2 0 (xa;za t )+ 0 (xat—za t )
Mpumep 2. f,(x,t) =Im (x+iat)* = 4x%at — 4xa’t . JlelictButensHo,

5 82(4x3at - 4xa3t3) az(4x3at - 4xa3t3)
a a 2 + 2

X

Tpumep3. fy(X,t) =Im (eXp(X + iat)) =exp (x)sin(at) . JleficTBUTENBHO,

2 az(expgxx)zsin(at)) . az(exp(axtzsin(at)) (a7 — a? o (x)sin(at) =0

=2a?-2a’=0

=24a%xt —24axt =0




3ameuanne 2. Ecmu mpasast wacts f(X,t) HEOZHOPOTHOTO BONHOBOTO ypaBHEHHS JACHCTBHUTEIBHOTO apryMEHTA
3amaun(l) yZOBIETBOPSET OMHOPOAHOMY BOJHOBOMY YPAaBHCHHIO MHHMOTO apryMEHTa, TO MOPSIOK HEBA3KU
Pa3HOCTHOI cxeMbl 3amaun(2) yBeIMYMBACTCS CO BTOPOrO MOpsaKa a0 4eTBEPTOro. bosee TOro, HEBS3KY B 3TOM
ciydae ynaéTcs BBIPA3HTh Yepe3 YaCTHBIC MPOM3BOAHBIC MO OJHON He3aBUCHMOI mepeMenHoit X . HyxHO ydecTs,
YTO HEBs3Ka ypaBHeHHs (3) Ha 2 mopsaka Ooibime HeBsi3ku ypaBHeHHs(2). [JleiictBurensHO, 3 (GopMymsi(8)
HOJTy9UM

ot f 2 o f o f
R( )_27: Y mn +a26_{a2 m,n + m,n +

6l | ot ox? ox? ot?

278 84 2 62 fITI n 62 fI'\'I n 4 64 2 az fm n az fm n
+—|—la T+ — |+at—|a T — ||+
8! | ot OX ot OX OX ot

N 270 ( 0%, + a2 0° [aZ 0 fn + o fm‘nJ+ a® i(az 0"ty + o fm'nJ +.=

0| at® acatt T axd ot x° o at?
_2t 3y, 200 Oy i AT 1)
e ot 100 At “ (4K +2) at“k

Kpome anmpokcumanuu BakeH BONIPOC 00 YCTOWYMBOCTH pPAa3HOCTHOrO ypaBHeHHS (3), Tak Kak
HEyCTOWYMBasi CXeMa HaKalUIMBaeT OIIMOKY OKPYIJIEHUs II0 T'€OMETPUYECKOH NpOrpeccuy, uTo BeA€T K
HEOTpaHMYEHHOMY YHCIIEHHOMY pelleHuo. B To BpeMs kak ycTol4MBas cxeMa CyMMHUPYET OIIHOKH OKPYTJICHHS 110
apu(pMETHYECKO MpPOrpecCHd W HOpPMa HEBS3KH NPOIMOPLMOHANIBHA  KOJIWYECTBY SJIEMEHTApHBIX OMNEpanuii.

-—n
IpoBepum pazHOCTHOE ypaBHeHHE(3) Ha CIIEKTPAIbHYIO YCTOHIUBOCTD. YUTEM, YTO YHCICHHOE pemieHne Um (X, 1)

YIOBJIETBOPSAET  TaKXe ypaBHeHmo(3) KaKk M TPOEKUMs AaHAIMTHYECKOTrO PpELICHUs Ha Y3Jbl CETKH
-n —n-1 —n —n+l —n-1 —n
UL =ul, &t =um —ul Un +Un —2Um = Z[um +Um — ZUm) + f,,7° . BbluuTas U3 NOCIIEHEr0 ypaBHEHHs

YpaBHCHHUE (3) TI0JIY9YM OJHOPOAHOC YPAaBHCHHUC OTHOCUTEIIBHO HEBA3OK B KAXKJIOM BHYTPCHHEM Y3JI€ CeTKI/I(m,n)
n+l n-1 n+l n—l n
En +En — 26 —Z(g Enm —ng)

TloxcTapisis B MOCIEHES ypaBHEHHE omMOKy okpyrierus Buga &h = A" (p)e™ , momyunm cnekrpanbHOe
ypaBuenne A +1/ 1 -2 = Z(ei‘” +ev - 2): —4ZSinz(%j Y 2[1— ZZSinZ(%Dl +1=0 (12)

|/1((0)| <1 V¢ €[0,27] (onpenenenue crnexTpaibHOil ycrounBocTH[4,cTp.125])

Hcnone3ys koa¢dunneHTs! kBagpaTHOro ypasHeHus(12), momyanm |/1l||ﬂ, |— =1/1=1.

Ecnu xopHH IeHCTBUTENBHEIE, TO IPH |/?1| <l=> |ﬂ,z| >1.

[MoaTOMy, BO3MOKEH €IWHCTBEHHBIH pe3yIbTaT |ﬂi|=|iz|:l V@ e[0,27], uro 3aBeIOMO HEBO3MOXKHO, T.K.

2
Ay = [1— ZZsinz(%D + [1— ZZsinz[%J] —1 3aBucutr orT¢@ . CrenoBareNbHO, HMEEM Mapy KOMILIEKCHO

2
COPSDKEHHBIX KOPHEH 4, , = (1— 2zsinz[%n +i,[1- [1— ZZSinZ(%D ,

R [1 2zsin (ZD +1- (1—225in2[%)] —1Vgpel0,27],

BBISICHUM YCJIOBHS, IIPU KOTOPBIX AUCKPUMUHAHT OTPULIATEIIbHBIN

2
[1— Zzsinz(%D -1<0 <:>1—4zsin2[%j + 4zzsin4(%] <le 4sin2(%jz(z -1)<0s

ze(01],z#0,Vpe[0,27], To ects ¢ napamerpoMm  Z=1pasHocTHOe ypaBHeHHE(3) ABISETCH CHEKTPAIBHO
YCTONUUBBIM.
TecToBblii npumep 1

Uy, = U, + sin(x)sin(t), xe (0, z),t >0

u(x,0) = sin(x), u, (x,0) = sin(2x), x € [0, 7]

u(0,t)=u(x,t)=0,t>0



Cseném ucxozHylo 3axaqy k 3 mpoctbiM U(X, t) = U, (X, T) + U, (X, t) + Uy (X, t) , tre u, (X, ), u, (X, 1), ug (X, t)

Uy, = Uy, +sin(x)sin(t), x e (0, 7z),t >0 Uy, = Uy, X€(0,7),t>0
u, (x,0)=0,u, (x,0)=0,x [0, 7] (@) qu,(x,0) =sin(x),u,,(x,0) =0, x [0, 7] (b)
u,(0,t) =u,(7,t)=0,t>0 u,(0,t)=u,(z,t)=0,t>0

Ugy, = Ugy, X€(0,7),t>0
U, (x,0) = 0,ug,(x,0) = sin(2x), x [0, 7] (c)
U;(0,t) =uy(7,t)=0,t20

Bribupaem pemrenne 3amaun (8) B Buae U (Xt) = f (t)sin(Xx), ymoBnerBOpsioliee TI'paHWYHBIM YCIOBHSIM

U, (0,t) =u, (7,t) =0, noacTaBiss B epBOe ypaBHEHHE CHCTEMBI, MOJIYIHM:
{fl" +f, = sint
f,(0)= f,(0)=0
oflee pelieHre OAHOPOJHOTO ypaBHeHust ecTh T, (f) = Asint+Bcost. YacTHoe pelieHHe HEOIHOPOIHOTO
ypaBuenus uimem B Buge Ty, (t) = (a+bt)cost, f 1, =bcost —(a+bt)sint, f 1, = —2bsint — (a + bt)cost

,;noncrasisieM 3Hauenns f, (t), f 1. B nepBoe ypaBHeHue cucremsr:

_2bsint=sint < b=-1/2,a=0, f,(t) = f,., (1) + f,, (t) = Asint + Bcos(t)—%, £00)=1,(0)=0
(sint —tcost) (sint —tcost )sin(x)

B=0,A-1/2=0, f/(t) = Uy (x,t) = f(t)sin(x) =

2

Pemenne 3amaun(b) umem B Buze U, (X,t) = f, (t)sin(x), KOTOpOE TOJICTaBUM B ypaBHEHHs cucteMbi(h)

f, +f,=0
{ f,(0)=1f,(0)=0
f,(t) = Asint+Bycost, f,(0)=1<> B, =1 f2(0)=0< A =0
[Mosyunm U, (X,t) = f, (t)sinx = cos(t)sin(x)
Peruenue 3anaun(C) uiem B Buze Uy (X, t) = f, (t)Sin(ZX) ,KOTOpOE TOJICTABMM B YPaBHEHHS CHCTEMBI(C)
f, +4f,=0
{f3(0) =0, f,(0) =1
f,(t) = Asin(2t)+ B,cos(2t), f,(0) =0 < B, =0, f 3(0) =1 2A, =1
U (x,t) = f, (t)sin(x): M . Penrenue MCX0MHOTO MpUMEPA €CThH
(sin(t)—tcos(t))sin(x)

2
HNuunuaan3anus 3aJauu

sin(2t)sin(2x)
2

(X, 1) = Uy (X, t) + Uy (X, 1) + Uy (X, 1) = +cos(t)sin(x)+

Wuannmanusanueit 3a1a4m Ha30BEM OIpeJICNICHHE BTOPOT0 BPEMEHHOTO CJIOS PEIICHNUS 110 HadyaJlbHBIM
JaHHBIM 33]1a4H, T.e. onpeneneHust GyHkmu ¢, (X) B 3amaue (2).

u(mh,7) = g (mh), m<[0,M], ¢, (x) = F(q)(x) = u(x0),p (0 = —a“gfo)j .

AnnpokcuMupyeM MepByIo MPOU3BOAHYIO PEIICHHS B HAYaIbHBI MOMEHT BPEMEHHU l//(X) . Pacemotpum 1Ba
cilydJasi HHAIIMAJIN3allui pa3HOCTHOH 3a1aun(2): 1)B 3amaue (2) nepBoe ypaBHEHHE OJTHOPOIHOE
o(X) #0,7(X) = 0,2) B3agaue (2) nepsoe ypasuenue neognopoauoe @(X) = 0,y7(x) = 0. B stux ayx ciaydasx
WHUIHAATA3ANUS 33/1a49H CYIICCTBEHHO OTIIMYaeTCs.

[octponm kBanparyphyto (opmyny st GyHKIuM y(X), CBA3BIBAIOIIYIO Y3JIOBBIE 3HAUEHHS (YHKIHU B

OOHOM Y3JIC B TpéX BPEMCHHBIX CJIOSIX, C MOMCHTa BpCMeHI/ItZOTOLIHy}O JJI1 MHOTOYJICHOB MaKCHMaJIbHOH
CTCIICHU

u_(0)= i(cou(O) +Cu(r)+C,u(2r)), u(t)=1:u,(0)=0= 1((:O +C,+C,)

W) =t:u,(0) =1=1(0C, + 1C, + 2¢C, ) u(t) =t* :u, (0) =0 =2 (0°C, + °C, + (20 ', )
T T

10



Pemraem cuctemy JTMHEWHBIX YPABHEHHM
C,+C, +C,=0 C,=-3/2
C,+C,2=1 <1C =2 u,(O):T[—gu°+2ul—%u2J
C,+C,4=0 C,=-1/2
OTKyzia u2r) =u® =-3u’ +4u' -2, (13)
Dopmymna(13) umeer Tpetuii anredpandeckuii MOPSIOK HOTPEMIHOCTH, T.€. TOTPEITHOCTh UMEET BUJL O(z-s)
[Mony4nm aHanorn4Hyo GopMyITy, CBS3bIBAIONIYIO YETHIPE BPEMEHHBIX CIIOS:

u.(0) = l(cou(O) +Cyu(zr) + C,u(2r) + Cou(3r)), u(t)=1:u_(0)=0= 1((:0 +C,+C,+C,)
T T
WO =t:U, (0) =1=1(C,0+1C, +21C, +3C, ) u(t) =t* 1u, (0) =0=2(0°C, +£7C, + (20 C, + (30 C, )
T T

u(t)=t*:u.(0)=0= l(03CO +7°C, +(2r)°C, +(37)3C3) PemaeM cucreMy TMHEHHBIX ypaBHEHHIA:
T

C,+C,+C,+(C, =0 C,=-11/6
C, +2C,+3C; =1 C =3
1 2 3 ol uT(O):l(_ll W +3ut — 3u2+lu3j
C,+4C,+9C, =0 C,=-3/2 T
C,+8C,+27C, =0 C,=1/3
11 9
otkyna U(3r) =u® =?u°—9u1+§u2 +3u, (14)
®opmymna(14) nmeer 4eTBEPTHII MOPSIOK MOTPEIIHOCTH, T.€. IIOTPEITHOCTh UMEET BUJL O(r“)
B niepBoit 3anaue MHMIMANH3aKMK C ucnonb3oBanueM popmyi (3),(13) f =011 Tpéx BpeMeHHBIX CI0EB
UMeeM:
um™ 4yt —2un = z(ur”n+1 +ul - 2u{,‘1)+ fon?’ U2 =-ud +2(1-z)u + z(uﬁ1+1 + u;_l):
:—3u0 +4u, 20, <
L =204zl +zul, =200 2 m=1M -1 (15)
CI/ICTeMa TMHEHHBIX ypaBHeHHH(15) nmpeacraBinseT TpEXANAroHAIBHYIO ManI/ILIy c Koa(b(bHuHeHTaMH
A, =2,C, =201+ Z), B, =2,F, =—2U2 — 27U, OTHOCHTEIbHO HEM3BECTHBIX Up, ;,U% UL . .
Pemmts cuctemy ypaBHeHHA (15) MOKHO METOIOM MPOTOHKH, HAIIpUMEp, ¢ ToMoIIbsio Gopmyn [3,cTp.44] ,

[7,cTp.68], nporoHku Briepén

An = By Vv ZA“mel_Fm, m=1LM -1, =0,v, =uj
m m 0 0
Cm - Aﬂﬂ’m—l Cm - An/lm—l

" (bopMyn MIPOTOHKH Ha3aj

m-1!

= AUs 1+, M=M -11 (16)
VenoBue KOPPeKTHOCTH (OPMyN MPOTOHKH (yCIoBHE aBCONIOTHOrO JMArOHANBHOTO TIPEObIIaiaHus)
BBITIOJTHEHO, TaK KaK |Cm| > |Aﬂ| + |Bm| >0< 2(1+ Z) > 22 >0[3,ctp.35]. Tockombky popmyna(l3) TouHa mis Beex
MHOTOYWICHOB BTOPOi CTEICHH, T.€. UMEET IOTPEIIHOCTh O(hs)c TPETHUM aNreOpandecKuM IOPSIAKOM, TO H

MOTPENIHOCTh PEIICHUS] CUCTEMBI ypaBHEeHHH(16) Takxke O(h3), T.e. QopmMyny(l5) MOXHO CUMTAaTh HaYaIbHBIM

3TanoM MHUIMATH3aIMK 3aa4n. Mcnomns3ys Gopmymst (3),(14) f =0, mocrponm BTopoii STan MHUIMATM3ALHH

n+1

sazaun(2) Ul —2u" = z(urn+1 +ul, —2un )+ foaz? U3 =—uh + 21— 23 + z( uz, +ufH)=

=1—21u0 —9uﬁn+%ué+3w&rc>8uin+( E—ZZJU +Z(um+1+um1) 121ur?1+3’ur?ﬂr:

8ut +(—g— 22)(—u3 +2(1-z )l + z(ulm+1 + uﬁH))Jr
+ z( ul, +20-z), + z( ul, +u ) ul, +20-z)k , + z(uﬁ1 Uk, ))<:>

+(22(1-2)- z(g+ 22j)ufn_1 +u§n[8—[g+ 22]2(1— 7)+ 222j+ (2z(1-2)- 2(2 + ZZJ)Urn+1 +220, =
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_ (% - szur% +3zur?” + Zug_l + Zur?1+l <

2, —(;z +4zz]ur1n_1 +uiﬂ(3+ 7+ 622)—[22 +422)u;+1 +2°u5,, = (3-22)ud +2u5, , +2U7,, +3S 17

s onrumansHOTO mapamerpa Z =1 gopmyna(l7) mepeinér B popmyiy

9 9
u _Eu#’l +10u}, _Eu’l““ +Up ., =Up +US, + Uy +3d (18)

m

OtmernyM, 4TOo TpéxamaroHambHass MaTpuma(l5) wm marnamaroHamsHas MaTpuna(l8) cucrem NHMHEHHBIX
yYpaBHEHHI B JJAHHOM CIlly4ae HCIOJIB3YeTCs Uil allpPOKCHMAIMKA BTOPOTO BPEMEHHOTO CJOSI, & HE JUIS PELICHUsI
OCHOBHOH1 3a/1a9H, KaK B paboTax[7,8].

Jlunefinast cuctemMa ypaBHeHHI(19) wnMeeT NATHAWATOHAIBHYIO MATPUILy IIPOTOHKH OTHOCHTEIBEHO
HEU3BECTHBIX

1 1 1

1 1 o
U U, U Uy, U, 0003HAUMM €€ KO3 GHUITMEHTHI

=1, =—g,C =-10,B =—g,B =1F, =u’ +u?+u’, +3u’
L 2 2 m ml 2 m2 m m-1 m m+1 mr

st permenuns cuctemsl ypaBHeHU#H(18) uecnonp3yeM GpopMyItsl mporoHku [7,ctp.70]:

/11 — Blm + AZmﬂ“Zm—l + Aimﬂ'lm—Zﬂ“Zm—l 112 — BZm
; Cm - Aim/llm—zﬂlm—l - Aim/lZm—Z - AZmA'lm—l " Cm - Aimﬂ’lm—z/llm—l - Aimﬂ'?m—z - AZmﬂ’lm—l

_ Aimﬂim—zvm—l + Aime—Z + Avam—l — I:m m
Cm - Aimﬂ’lm—zﬂ'lm—l - Aim;)“Zm—Z - AZmﬂ'lm—l

(popMyIBI IPOTOHKH BIIEPEN)

\4

1 1 1 IV

um = ﬂlmumﬂ + ﬂ?mum+2 Vi m=M - 2’2 (19)
1 1 1 1 1 1 1 1 1

Uy = Ayl + ApgUy + Vo, Uy = AUy + AyUs + vy, Uy, = Aol + Aow Uy + Vs

(popMyIBI MPOTOHKH Ha3zanm).

. 11
W3 mocnenuelt gopmynsr BUaHO, 4TO Uy,U;  NPUHMMAIOT (UKCHPOBAaHHBIE 3HAueHHs (KpaeBOe YCIOBHE

1,1 1 1
]II/IpI/Ixne - KpaeBble 3Ha4YeHwus Uy, Uy, Uy, 4,Uy SaﬂaHbI) npu JIIOOBIX COCETHHUX Y3J0BBIX 3HAYCHUSX, €CJIM IOJIOKHUTH
it — — it — —
Vo =Ug, Ayg = Ao =0,vy =Up, 4y =25, =0.

Koadpunmentsr mocnenHeid cucTteMbl ypaBHEHMH HE HMEIOT Jake HecTpororo (abcosoTHOrO)

JUaroHajJbHOIO  TpeoOnajaHusl, TaKk  Kak |Cm| =10< |Am1| + |An2| + |Bm1| + |Bm2| = 2(1+ %) =11. Ognaxo,

HeJMaroHalbHbIe SNeMeHTsl Matpumsl A, A, B, B, IBII0OTCS 3HaKOIIEpEMEHHBIMH U yIOBIETBOPSIOT

TpeOOBAHHUIO YCIOBHOTO IMAarOHAJIBHOTO IpeodIajanus:

IC,|=102|A, + A, +B, + Bm2|=2>1—g‘:7

Onpenesnenne 2. T'oBopsAT, 4TO KBajpaTHas Marpuua KOI(QQHUIMEHTOB &; j IMEET YCIOBHOE JMArOHalIbHOE

npeobaaganue, ecau I 000 e€ CTPOoKH
n P
| =| Xai=1n.
j=1, ji

OxkasbIBaeTcs, 4TO ISl KOPPEKTHOCTH (OpMyJT TporoHkH Buepén(19) npu pemennu cucremMsl ypaBHeHUiH(18)
JIOCTaTOYHO BBINIOJIHUTH YyCJIOBHE Ooisiee ciaboe, 4eM aOCONIIOTHOE AMAroHaJbHOE IpeoliafgaHue >IeMEHTOB

MaTpPHLBI |ai‘i| > Zn: ai,j| = |Cm| > 2(|A2m| + |A1m|)<:> |— 10| v 2(|— 9/ 2| +1): 11, Ho Oozee cumbHOE, 4eM YCIOBHOE

j=1, =
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JIMAaTOHAIBHOTO TIpeoOIalaHus dSJIEMEHTOB MaTpullbl (i1 KO3(PQUIIMEHTOB JIeBoM yacTh ypaBHeHus (18))

Za, = [Cal 2 2 A~ |An]) = |10/ 2(-9/2] +1)= 7

1, j#i

il =

amvento |-10|=[C_|>2A, |+|A,|=2-9/2+1=10.
YrBep:kaenue 3. [Iycts kBagpaTHas MATHAXATOHATIBHAS MaTpUIa KO3(PPHUINEHTOB TMHEHHOW CHCTEMBI ypaBHEHUH
AUk, +A, Uk —Cout +B, Uk +B, Uk, =F, ,m=2M -2 susercs:

l)cummerpuueckoit: A, = B,,,, Ay, =B;,, CO 3HaKoYepenyomuUMICcs HeIUAarOHAIBHBIMH KO3()(GHIHEHTAMH, I
ONpeneNEHHOCTH

A.,>0A, <0C, <0

2)yNOBJIETBOPAET YCIIOBHIO (YCIOBUIO TIOYHHEHUS KOO(DDUIIMEHTOB):

[Col 2 2JAsn | +[An| & Co < 20| = |An] [ Ay 2 2 A

Tora B kpaeBoii 3aaue Jupuxie: vy =Ug, Ay = Ay = 0,1, =U;, A, = 4y, =0
1) 0< A, <1, -1/2<4,, <0,m=0,n—2

2) popmyisl nporonku Brepén(19) st kospduunentoB A, A, ,V,, KOPPEKTHEL

Joka3aTejbCTBO yTBep:KAeHUs 3 TPOBEAEM 110 HHIYKIINH.

1)1 6a3bI HHAYKIUE M=2 UMeeM:

Ay = By, + Ap Ao + Apdipy :ﬁ 0 Azz |A22| |A22| <1
G = Avhut— Ak —Pon Co |G| A+ (AT 2R,
122 — Bzz _< M |A12| < |A12| £§<£
Cz - Aizﬂ'loﬂu - AiZZQO _Azzﬁ'n Cz |C | 2|A22|+|A12| 5/2|A12| S 2

i A
Sign(/y,) = sngn[ 2

2 2

] 1,sign(4,,) = Slgn( A, ] —1 .ba3a unaykuuu nposepena. [1ycts BepHO

|ﬂjk|<L|/12k|<— S|gn(ﬂik)—3|gn(A2kJ LS|gn(/12k)—S|gn(A&kj——ka:2,m—1

k

|Blm + A2m12m—1 + Aimﬂlm—zﬂ?m—1| — |A2m + AZmJQm—l + Aim/llm—ZJ“Zm—1|
|Cm - Aim/q'lm—zﬂ’lm—l - Aim;th—Z - A2mﬂ1m—1| |Cm - Aim/q'lm—zﬂ’lm—l - Aim;th—Z - A2mﬂ1m—1|

_1/2<2’2m -1 —01/2<ﬂ"2m 1+1<:L O<A’lm -1 <1"|A2m|< A2m 1+}“2m -1 ‘|A2m|/2’ _|Aim|/2S Aimﬂim—zﬂ’Zm—l <0
_|A2m|_|Aim|/2 < AZm(1+22m—1)+ Aimﬂ’lm—zﬂ?m—l = _|A2m|/2 <0 )

_|Aim| < _Aimﬂlm—zﬂim—l <0 ’ 0< _Aimﬂ’Zm—Z < |A1m|/2' 0< _AZmX’lm—l < |A2m|
Cm _|A&m| < Cm - Aimﬂim—zﬂim—l - A&mﬂ?m—z - AZmﬂim—l < Cm +|A1m|/ 2+|A2m| <0

Torna |/?1m| =

|A2m|/2 le | | A2m(1+j’2m 1)+ Almilm 272m-1 |S |A2m|+|A1m|/2 |A2m| |A1m|/2
|Cm|+|A1m|/2 " |C - Alm;!im Zﬂ"lm—l Alm 2m-2 AZmilm | C |_|A1m|/2_|A2m| |A2m| |A1m|/2
- Bl Al A 21

|C Aimﬂlm Zﬂlm—l Aim/12n 2 A2mﬂlm—1| |A2m| |Aim|/2 5/2|Aim| 5 2

U3 OpEeAbIAYIIUX OHEHOK CICAYET, YTO 3HAMCHATCIIb U YUCIIUTCIIN (bOpMyJ'I

Cm - Aimﬂ'lm—zj’lm—l - Aimﬂ’Zm—Z - AZmﬂ‘lm—l < Cm +|A1m|/2+|Azm| < _|A2m|_|A1m|/2 <0

A (l+ /12m_1)+ Ao Aomg < —|A2m|/ 2<0,B,, =A, >0c yuéroM npepAymIUX HEPABEHCIB CIEAYeT YTO
0<A4,<1-1/2<2,,<0
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2) Beuay nokazanHoi gactu 1) umeem

0<A, <1 -1/2<A, <0,m=0n—2

C:m _|A1m|/2 = Cm - Aimﬂlm—zﬂ‘lm—l - AimA’Zn—Z - AZmﬂ‘lm—l < C:m +|A1m|/2+|A2m| = _|A2m|_|A1m|/2 <0

TosToMy 3HaMeHaTenb BO BeeX TpEX popmyinax mporoku (20) Ay, A, ., V,, CTporo MeHslie Hyis, T.c. B HOIb He

oOpamtaercs, a GOpPMyYIIBI IPOTOHKH KOPPEKTHEL Y TBEp:KAeHHe 3 TOKa3aHo.

3ameuanme 3. B pabore[4] moka3aHO, YTO JOCTATOYHBIMH YCIOBUSIMH KOPPEKTHOCTH ()OPMYJN IIPOTOHKH
CUMMETPHYHOHM MSATHINArOHAJIbHOW MaTPHILBI SBISIETCS ITOJYyTOPHOE aOCOIOTHOE TUaroHaIbHOE Mpeobananue eé
37eMEeHTOB. B naHHOM ciyuae yTBepakaeHHe 3 yKa3blBaeT JOCTAaTOUHBIE YCJIOBHSI KOPPEKTHOCTU MPOTOHKH TOH XKe
MaTpHIbl, HO Gosiee ciabble, yeM aaxe abCONOTHOE JHaroHalbHOe peodiaganue e€ AIeMEeHTOB.

PaccmoTpuM paBHOMEpPHYIO HOpPMY MOTPELIHOCTH Ipoliecca MHULUAIN3ALUM, T.€. PA3HOCTH UYHUCICHHOTO

-1
peuienust Um, mosydenHoro no gopmynam(13),(15),(16) 1 TouHOTrO penieHUs] NepBOM YacTH TECTOBOIO Mpumepa |
sin(2z )sin(2hm — -1
%,mzo,M,Am =Um—Ut

m

(U1 OZTHOPOTHOTO yPABHEHUS ) urln =C0ST Sin(hm)+

—1
Um —U% |, IporpaMMa BO3BpAIaeT HOPMY

Hopma UYeOniieBa ompeaensercss Ghopmysoi A = ma7X|Am| = max
m=L,M m=1L,M
norpemHoctd norma C= 5.174140550234796E-006 mpu M =200 1 norma C= 6.465012549750071E-007

A(200)  5.174140550234796E - 006
A(400)  6.465012549750071E - 007

norpemnocty anroputma(13),(15),(16) paBen p = 3,T.e. noaTBepxkIaetT npudimkeHue Gopmyssi(13) 0(13).

npu M =400, Tor/a =8.003 ~ 2° anreGpanyeckuii HOPSIIOK

IMocnenoBaTenpHEIA adTOPUTM WHHUIHATH3ANNN CHadYaja Ha IepBoM dTare mo ¢opmynam(13),(15),(16), a
3areM o ¢opmynam (14),(18),(19) ¢ moMompio mporpaMMbl MaéT 3HAYCHHE PAaBHOMEPHOW HOpMBI  norma C=
8.299974534053955E-008 mpuM =200 wu norma C= 5.173976233563415E-009 M =400,torna

A(200)  8.299974534053955E - 008
A(400)  5.173976233563415E - 009

anroputMa(13),(15),(16) u (14),(18),(19) paBen p=4,4ro monTBepkaaeT npudImxKeHue popmyisi(14) 0(14) .

4 o
=16.04~2". To ecth anreOpaMyecKuii TOPSIOOK  IOTPEITHOCTH

[MocTponm SBHYIO pa3HOCTHYIO CXEMY ISl pEIICHUS OTHOPOIHOTO YpaBHEeHNUS, YUUTHIBas (3) st mapamerpa
z=1

U + z(un +u —2u:1)—u;‘1‘1 =ul +ut —urtn=2,N,m=LM-1 (20)

m+1 m

n+l _
m =

u

Otmernm, uto (opmyna(20) nmeer OECKOHEUHBIH MOPAJOK ANMNPOKCUMAIMH, T.€. HE BHOCHT JIONOJIHUTEIHHOU
MOTPENIHOCTH aNNPOKCUMAINK AU PEepeHIINANEHOTO YPaBHEHUS Pa3HOCTHBIM ypaBHEHHEM.

[Iporpamma c¢ y4yérom anropuTma MHHOUanu3amuu mo ¢opmynam (13),(15),(16), a 3arem mo ¢opmynam
(14),(18),(19), sBHOIT hopmyrae(201) amst mepBoii yacTu 3aaa4u (OJHOPOIHOTO YPABHEHHS) TECTOBOTO mpumMepa 1
ultl = ulxx’ Xe (01 ”)vt >0
u, (x,0) = sin(x), u,, (x,0) = sin(2x), x € [0, 7]
u,(0,t) =u,(7,t)=0,t =0

sin(2t)sin(2x)

¢ TouHbIM peruenueM U, (X,0) = cost sinx + ,Xe[0,7],t =37 ~9.42477796 Bo3BpaILAET PABHOMEPHYIO

HOPMY OTHOCHUTEJNIbHOM morpemHoctn  7.214666558239686E-016 mpu M =50u HOpMy 5.275261571720079E-015
npu M =100 t= 9.42477796076938. DTo 03HaYaeT 4TO, BO — MEPBHIX, HOPMa MOTPEIHOCTH 110 (popmyne(20) He
3aBHCHT OT LIara CeTKH npu Z =1, BO — BTOPBIX, C YBEINYEHHEM BBIYMCIICHHI [P MEHBIIIEM IIare HaKarjInBaeTCs
TOJIGKO OOJbINas a0CONMIOTHAs TOTPEmHOCTh. B mporpamme mpemycMoTpeH MacmTaOHerii mapamerp |=10(B

TpUBeIEHHOM TpuMepe). JlaHHbIH MapaMeTp Mo3BoJIsSeT YKOHOMHTH BpeMs cuérta B 1% =100 pas, a, raBHOE, YHCIO
L2

apupmernueckux oneparuii B1° =100, T.e. yMEHbIIUTH AGCOMIOTHYIO TOIPEIIHOCTD, PONOPLIHUOHAILHYIO UUCITY

apu(OMETHIECKIX OMEPaIHii.

CHavana WHHIMANTH3ALUS TPOBOAMTCS C maroMm 7 mo BpemeHu mo ¢opmynam (13),(15),(16), a 3atem mo
tdopmynam (14),(18),(19), manee mo sBHOH ¢opmyne(20) ¢ MHUHUMAIBHBIMH IIaraMu CeTKI/I(h,T) pemiaercs
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BOJHOBOE ypaBHeHHe U =uUj . +Ul  —urt n= 2,,m=1,M —1gro BpemenHoM mpomexytke [0,1-7] N € O_,|
Cpenu petenus B cioe U, (mh,l-7),m =0,Mu cpenu HavanbHOro ciost U (mh,0), m =0,M BBIOMPAIOTCS y3JIbI
Oonmee pexkoit cetkn X, =h-1-mL,ml= (m, ty=7-1-n,nl=01, u peuenue Ha peOKod ceTke
u,(mL-h-1,0),u,(mL-h-1,1-7),ml=0,M /1 .

Jlanee uctionmb3yetcs bopmyna(20) ¢ kpymabiv Bekropom mara (1-h,1-7)1=z=7%a’/h* < r=h/a

upet =gt s —ut =2, N/ l,ml=1,M /1 -1, (21)
PaCCMOTpI/IM BTOpyIO 3a;[aqy UHULHaIU3allui C MCIIOJIb30BAHUEM yCJ‘IOBI/Iﬁ Ha TpéX BpeMeHHLIX CJIIOAX
o(x) =0,x e[a,b],u,(x,0) =w(x,0) =0, f(x,t) =0,

Uy, = Uy, +sin(x)sin(t), x e (0,7),t>0
u,(x,0) =0,u,,(x,0)=0,x [0, 7] U, (X 1) =
u,(0,t) =u,(7z,t)=0,t>0
dhopmyna(13) mepernér B
u(2r) =u® =-3u° +4u' - 2u_ = 4u*, ¢ yuérom(3) momyumm
u;‘]*l =M+ 20—zl + z(u,’r‘]+1 +u,’r‘]71)+ for%, U2 =—ud + 20— z)ub + z( ul, +ul )+ f,.0° =4}, <
=20+ z)n 2o, =~ 2% Ul =—f 7 (22)
B TpEXUaroHaJIbHOI MaTpulie CUCTEMBI YPaBHEHHUN (22) K03(h(ULIMEHTBI
A,=2,C,=21+2)B, =2,F,=u} — f,z°

(sint —tcost )sin(x)
2

00€eCIeUnBAIOT YCIOBHUE KOPPEKTHO IPOTOHKH BIEPE, |Cm| > |A“| + |Bm| >0< 2(l+ Z) > 22 >0 [3,cTp45].

HporpaMMa C HCHOJIb30BAHUCM MCETOAAa IMPOTOHKH JI aJIrOpuTMa MHUIUATIN3alun (23) OTHOCUTCJIBPHO TOYHOTO

(sinz — 7 -cos(z))sin(x)
2

C= 1.291625408111898E-006 npu M =200 1 norma C=1.614815612291833E-007 nmpu M = 400 oTkyzna

A(200) ~ 1.291625408111898E - 006

A(400)  1.614815612291833E - 007

PaccmoTtpuM BTOpYIO 3a/1auy MHHUIHAIN3AIMH HAa YETHIPEX BPEMEHHBIX CIOsAX , ¢ yuérom ¢opmyn(14),(3)
MOTYYUM

peutenus U, (X, 7) =

JaéT paBHOMEPHYIO HOPMY IOTPELTHOCTH norma

=7.9986 ~ 2% anreGpanyeckuii MOPsI0K MOIPEUIHOCTH P = 3.

u@Br)=u’= %uo —ou' +%u2 +3w_ =-9u' +gu2 , OTKy/1a
urt =—urt 20—z ! +z( m+1+un”H)+ fon?? ©US =l +20-2)u3 +z( U2 )+ fo,t’ =

=-9u} + %u,f1 < 8ul, —G + ZZJU + Z(UM +u? 1) —f07” &

8u —(g+ 22](—ur?] +20-zk + z(u;+1 +u1m71)+ fmylr2)+
+z( ul, +201-z)u} +1+z( ul,, +u ) st —U0, +2(1- z)uﬁHH(uﬁ1 +uﬁ172)+ fmflvlrz):—fm‘zr2 =N
22u1m2—(;Z+4zzju;l+u1m(3+z+6zz)_(;z+4zzj n 2 unH2 [fm [§+22)fml+z(fm 1t fm+11)j 2 (23)

Just mapamerpa Z =1ypaBaenue(23) mepexoaut B ypaBHeHUE(24)

1

Uno _%ulm—l +10u1m _%umﬂ +Um+2 (fm,z _% fm,l + fm-1,1 + fm+1,1j72 (24)

OtmeTnM, 4TO KO3(QUIMEHTH! IS THIHArOHAIBHON MaTPHIBI cHcTeMbl ypaBHeHni(24) A, A.,,C., B, By
9 9 9
An=LA,;= _Eicm =-10,B,, = _Ev B, =1LF, = _( fm,z _E fm,l + fm—l,l + fm+1,1]7'-2

COBIANAIOT ¢ KodduimentamMu MaTpuipbl cuctemsbl(18) 3a mcrmouenuem F,. OgHako KoppekTHOCTH (OpMyI
MPOTOHKH ISl MATHAMATOHANBHON MaTpuipl(18)1oka3ana ¢ MOMOIIBIO YTBEpaKIEHHSI3, KOTOpas OIpeaesseTcs
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Tonpko koddpdummentamu A, A,,,C.,B.,,B,,, cienoBaTensHO, KOPPEKTHOCTH (GOPMYIT MIPOTOHKH JUISL CHCTEMBI

ypaBHeHHH (24) TaKke JoKa3aHa.

[Iporpamma c wucnonb3oBanueM ¢opmyn(16),(22), a 3arem(19),(24) B ABYXITalHOM  ajrOpPUTME
(sinz —z - cos(z))sin(x)
MHHUIUAIU3AIMH OTHOCHTENIBHO TOYHOTO pemeHus U,(X,7)= > BO3BpalllaeT PaBHOMEPHYIO

HOpMy norpenrHoctd norma C= 2.028797013322345E-008 npu M =200, a norma C= 1.268260177248376E-009
A(200)  2.028797013322345E - 008
A(400)  1.268260177248376E - 009

MOTPENIHOCTH JJIsl allTOPUTMa MHUIMAIN3AIMA METOIOM MPOroHKU no dopmynam(16),(22), a 3arem(19),(24) pasen
YeTBIpEM P =4 .

npu M =400, otkyna =15.997 ~2* =16 .1.e. anrebpanuecKuii MOPAIOK

Hakonen, Hy»HO HanmucaTh OCHOBHYIO PEKYPPEHTHYIO Pa3HOCTHYIO (OPMYITy ATl PEIICHHUS HEOJHOPOIHOTO
YpaBHEHHS C HyJIEBEIMH HadalbHBIMU YCIOBUAMH. [t mapameTpa Z =1umeem m3(3)

n+l n-1 n n n 2 n-1 n n 2 n
Ut =™t 4 21—zl + z(um+l +um71)+ fonr” =—unt+un, +ub, + o 22 +R(up) (25)

m

B ¢dopmyne (25)HeBsA3Ky ammpoKCHMAlMyd HEOJHOPOTHOTO BOJHOBOTO ypaBHEeHWsA(l) — pa3HOCTHBIM

ypaBHeHHeM(2) 3ammmieM coryiacHo Gopmyne(8) mitz =1 n= Z,_N, m=1M-1

n+l n n n-1 2 2T4 2 02 fm,n aZ fm,n 2T6 4 64 fm,n 2 64 fm,n 84 fm,n
Up =Upy+Upy —Up~+ 7% +——a Tt |t a Tt ot |t
4 oX ot o! OX ox“ot ot

278 686fmn 466fmn zasfmn aE‘,fmn
+—a 6' +a 7 '2+a > '4+ 6’ +
8! OoX ox"ot ox“ot ot

2T10 (aa 68 fm,n 6 68 fm,n 4 68 fm,n 2 68 fm,n 88 fm,n J +

+ +a +a + +
10! ox® oxbat? ox‘ot? ox*at®  ott
2'[12 alO fm n 610 1:m n 610 fm n 610 fm n 610 fm n 610 fm n
BT (am v U v U v o (@)

st mpumepa 1 T (X,t) = sin(X)sin(t),a =1 cornacuo popmyie(26) moxyduM SBHYIO Pa3HOCTHYIO CXEMY

2 2% 3% 42 5/ 6B
nn +..

n+l _

n n n-1
= U+ U =Un ™+ 2l S = e T o 12
2 4 6 2 4 6 8 10 12
IMockonbky 1—€0S(7) =L s zi(l—cos(r))zf——zL 4> &
21 4 6l 2dr 20 A 6! 8! 00 12
To up® =ul, +un, —ur* +zsin(r)f,, , =ub . +ul, —ul* +zsin(z)sin(mh)sin(nz) 27)

n=2,N,m=1M -1
B dopmyne(27) mis 6eckoHeuHOTO (HYHKIIMOHATIBHOTO Psijia MOIYUICHA NPOU3B00SUAsL (PYHKYUS zSin(r)fmyn .

AnanornyHo(21) MOXHO TIPOBECTH YKPYIHEHHE Iara B HEOJHOPOJIHOM ypaBHeHud. CHavana
WHHIMAIN3aHs] TPOBOAUTCSA C IIaroM 7 o BpemeHu no ¢opmynam (16),(22), a 3arem no dopmynam (19),(24),

mamee 1O sBHOW (opmyne(26) ¢ MHUHUMAIbHBIMH IIAraMH CETKH (h, r) pelaercs BOJIHOBOE YpaBHEHHE
upt =ul o +ul —ult 4 asin(z)sin(mh)sin(nz),n = 2,1,m =1, M —1Bo spemennom npomexyrke [0,1-7] N0, .
Cpenu pewienus B cioe U,(mh,l-7),m= O,_M U cpeu HavansHoro ciost U,(mh,0)=0,m = O,_I\/l BBIOUPAIOTCS Y3ITBI
Oonee peakoit cetkm X, =h-1-mL,ml= (m, ty,=7-1'n,nl=01, u peuenue Ha pEOKOM CceTKe

u,(mL-h-1,0) =0,u,(ml-h-1,1-7),mL=0,M /I

[Janee ucnonbzyercst popmyna(27) ¢ KpyInHBIM 1IaroMm (I -h,1 -r),l: z=7r%a’/h®* ©r=h/a

nl+l

upbt=ut o ut L —udst - 1-sin(z - 1sin(me-h-Dsin(nl- 7 1),nl=2,N/l,ml=1M /I -1 (28)
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IIporpamma c

¢ TouHbIM perienuem U, (X,t) =
HOPMY OTHOCHUTEJILHOM IMOTPENIHOCTH

9.42477796076938, nns CyMMBI

aropuT™Ma
Uy, =U,,, +sin(x)sin(t), xe (0,7),t >0
u,(x,0) =0,u,,(x,0)=0,x [0, 7]
u,(0,t) =u,(z,t)=0,t>0

(sint —tcost Jsin(x)

:Uz(xxt) =

YKpYIHEHHs  Imara Ui

TECTOBOI'O

(sint —tcost )sin(x)

pemennii  U(X,t) =

2
norma C=

(sint —tcost )sin(x)

2

npuMepa 1

,X€[0, z],t =37 = 9.42477796 Bo3BpaIacT PaBHOMEPHYIO

3.769546289141946E-015 mpu M =100,1=10, t=

+ cost sinx +

2

sin(2t)sin(2x)
2

nporpaMma

BO3BpalllaeT PAaBHOMEPHYIO HOPMY OTHOCHUTEIBbHOW morpemHocTy norma C= 7.578604648156152E-016. [TosTomy
MBI MOXEM CKa3aTh, YTO IMPUBEJICHHBIC HAMH AITOPHUTMBI YHCICHHOTO PEIICHHS BOJHOBOTO HEOJHOPOJHOTO
YpaBHEHUsI HE OTPE3KE UMEIOT BOIHYI0 TOYHOCTh OTHOCUTENbHON morpentHocTr( ~1e —16).

Tabnuma 1. (X — KoopuHaTa y3i1a, TOYHOe — eXact, uncienHnoe — numerical permerns st mpumepal )

X exact numerical
0.000000000000000E+000 0.000000000000000E+000 0.000000000000000E+000
0.314159265358979 1.14719128466915 1.14719128466915
0.628318530717959 2.18208749344321 2.18208749344321
0.942477796076938 3.00338577486150 3.00338577486150
1.25663706143592 3.53069173081718 3.53069173081718
1.57079632679490 3.71238898038469 3.71238898038469
1.88495559215388 3.53069173081718 3.53069173081718
2.19911485751286 3.00338577486150 3.00338577486150
2.51327412287183 2.18208749344321 2.18208749344321
2.82743338823081 1.14719128466915 1.14719128466915
3.14159265358979 4.546215133239269E-016 0.000000000000000E+000

TecToBblii MpuMep 2.
Uy, = U, +sin(x)t, xe (0,7),t >0
u(x,0) = sin(x), u, (x,0) = sin(2x), x € [0, ]
u(0,t)=u(x,t)=0,t>0

MoxHO MMPOBEPUTH, YTO PCIICHUEM HOCJ'IC,Z[HCﬁ 3aJa4u ABJIACTCA (1)yHKLII/I$I

sin(2t)sin(2x)
2

u(x,t) = cost sinx+ +sinx(t —sint)

[Mpumensis hopmyiny(27) nus meopsopoasoii yactu f (X,t) =sin(x)t,a =1, nony4yum

2 4 6 8 10 12
— T T T T T T

urt=ut Ul Ut 2 e e ——— | =
2t 4 e 8 100 12

N
=u m+1

n U —urt 20— cos(z))f,, = Ul +ub —ult +2(1—cos(z)sin(mh)(nz),m=LM -Ln=1LN -1

B nanHOM ciiydae MBI HCIIOJB30BAIM JPYTYIO Hpou3600suyylo  (QYHKIHIO 2(1—003(7))me”. IoBTopss

BBIYHCIIUTEIbHBIC aJITOPUTMBI JUTs TipuMepa | mosrydum, yro nporpamma npu M =100,1 =10,

1=9.42477796076938 nns mpumepa 2 BO3BpaIaeT IJIsl CYMMBI PEIICHUH

sin(2t)sin(2x)
2

u(x,t) = cost sinx + + sinx(t - Sint) pPaBHOMEPHYI0 HOPMY OTHOCHTEJBHOM NorpemHoctd norma C=

3.005569483512412E-015. OtHocuTeNnbHAs MOTPELIHOCTh ONpENeNseTCs Kak JApoOb, YUCIMTENh KOTOPOH eCTbh
paBHOMEpHasi HOpMa abCOTIOTHOM MOrPEIIHOCTH HA MOCICAHEM BPEMEHHOM CJIO€, @ 3HAMEHATEIIb PABEH CPEIHEMY
apu(METHIECKOMY IO BCEM y3JIaM OT MOAYJIS TOUHOTO pemieHus. IIpsMoe ucmons3oBanne psAaa B BuIE HOPMYIIBI
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T T T T T

2 4 6 8 10 _12
_ T . .
il — Upy +Up —Up 142 fi, n[— —_————— ] JaéT 3HAYEHWE OTHOCHTEIBLHON MOrpPENIHOCTH

m

u
20 4 e 8 100 12

norma C= 2.337665153842987E-015,r.e. He Xyxke, 4eM C IOMOIIbIO Mpou3BoAsAmied QyHKIMH. OYeBUAHO,
OpUMEHEHHE TMPOM3BOMIIIMX (QYHKIHHA DKOHOMHEE ISl DPEIICHHS BOJIHOBOTO YPAaBHCHUS B JBYXMEPHOM W

TPEXMEPHOM CITydasX.

Tabauma 2. (X — KOOpJKMHATA Y3718, TOYHOE — eXact, yncienHoe - humerical penenus s npumepa 2)

X exact numerical
0.000000000000000E+000 0.000000000000000E+000 0.000000000000000E+000
0.314159265358979 2.60339956371325 2.60339956371325
0.628318530717959 4.95196023917890 4.95196023917890
0.942477796076938 6.81578854409794 6.81578854409794
1.25663706143592 8.01243997792951 8.01243997792951
1.57079632679490 8.42477796076938 8.42477796076938
1.88495559215388 8.01243997792951 8.01243997792951
2.19911485751286 6.81578854409794 6.81578854409794
2.51327412287183 4.95196023917890 4.95196023917889
2.82743338823081 2.60339956371325 2.60339956371325
3.14159265358979 1.031703662030091E-015 0.000000000000000E+000

TecToBslii npumep 3.

U, = U, +sin(x)ch(t), x e (0,7),t >0
u(x,0) = sin(x), u, (x,0) = sin(2x), x € [0, ]
u0,t)=u(x,t)=0,t>0

TOYHBIM pellieHreM TOCIICAHEr0 IpuMepa sIBIseTCs (yHKIIHS

u(x,t) = cos(t)sin(x)+ sin(2t)sin(2x) , sin(x)ch(t)- cos(t))

, OTMCTHUM, YTO HCOAHOPOAHAA YaCTh YPABHCHUS

2 2
f(xt)= Sin(X)Ch(t), a=1 ynoBIETBOPSET OTHOPOIHOMY BOJHOBOMY YpaBHEHHIO(9) KOMILIEKCHOIO apryMeHTa
2 2
a’ ﬂ of =0,a® > 0. B sToM ciyuae cornacHo dpopmyse(11) 3ammimem HeBs3Ky

2 2
OX ot
4k
- 0 z_4k+2 a fm

u™=ut Ut —utt e f 2242 no_yn
m m+1 m-1 m m,n é (4k + 2) at4k m+1

n-1 2
R T

+Up, —U

2¢° 0*f,, 2c0 O°f,, 27M 0%,
o ot 10 o 14 ae

2 6 10 14
— T T T T
+...:u[?1+1+u;l—u,';1+2fmyn(—+—+—+—+...]:

21 6 100 14
Up, +ul —ur?t+ f (ch(z) —cos(r)), tax kax ch(z) — cos(z) = %(e’ +e” )— cos(z) =

4 2k

2 2 4 2k
=1(e’+e”)—cos(r)=g - ) =
2 207 2 a4 (2k) 2 4 (2k)

2'6 z_lO 2'14 2_2+4k
+2 —+—+—+...+ +...].
6 10! 14! (2+4k)
sin(2t)sin(2x) s sin(x)(ch(t)—cos(t))

Jlns Tounoro pemenus U(X,t) = cost sinx+ 5 5

nporpamma B mpumepe 3 mit M =100,1=10, t= 9.42477796076938 BO3BpamaeT HOPMY OTHOCHUTEILHOM
norpemnocty norma C= 2.557857845110683E-015. IIpouseooawan pyHKIMs paBHa fm’n(ch(r) - cos(r)) .
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Ta6umma 3.(X — KoopauHaTa y3ja, TOYHOe — exact, unciennoe — numerical pemenus s mpumepa 3)

X exact numerical
0.000000000000000E+000 0.000000000000000E+000 0.000000000000000E+000
0.314159265358979 957.152937976024 957.152937976022
0.628318530717959 1820.61307750630 1820.61307750629
0.942477796076938 2505.85892405305 2505.85892405305
1.25663706143592 2945.81383976773 2945.81383976773
1.57079632679490 3097.41197215405 3097.41197215405
1.88495559215388 2945.81383976773 2945.81383976773
2.19911485751286 2505.85892405305 2505.85892405305
2.51327412287183 1820.61307750630 1820.61307750630
2.82743338823081 957.152937976024 957.152937976023
3.14159265358979 3.793110381505353E-013 0.000000000000000E+000

B pabote noxydeHsI pe3yinbTaTh:

1) TlokazaHo, 4YTO sIBHAas pa3HOCTHAas cxeMa 3afa4du (2) aNMmpOKCHMHUPYET OJHOMEPHOE OIHOPOIHOE
BOJIHOBOC ypaBHCHHE Ha OTpe3ke 3amaun (1) ¢ ONTHManbHBIM MapaMeTpoM ceTku Z=1 ¢ OecKOHEYHBIM
anreOpandecKuM MOPSAKOM aIlIPOKCUMAIIHH, TP 3TOM SIBHAS PA3HOCTHAS CXeMa CIEKTPAIBHO YCTOHYHBA.

2) Jns HEOJHOPOJHOTO BOJHOBOTO YpaBHEHHS C mMapamMeTpoM Z =1 HeBs3Ka Pa3HOCTHON CXEMBI MOXKET
OBITh yYTeHa W SIBHO BBIp@KCHAa TOJBKO dYepe3 OBOWHYI0O CYMMYy OT YACTHBIX MpPOW3BONHBIX IPABOW HYaCTH
HEOJTHOPOAHOTO ypaBHeHus (7).

3) BBeleHO MOHATHE BOJHOBOIO YPaBHEHHS KOMIUIEKCHOTO apryMeHTa W PAcCMOTPEHBI CBOMCTBA €ro
pemienus. Eciam mpaBas 4acTh HEOJHOPOJHOTO BOJHOBOTO YPaBHEHHsS SIBISIETCS PEIICHHEM OJHOPOTHOTO
BOJIHOBOTO YpaBHEHHS KOMILIEKCHOTO apr'yMEHTa, TO HEBS3KA YIPOLIAeTCS OT CYMMBI 10 IBYM MHAEKCAM JI0 CYMMBI
1o ofHOMY MHAEKcy (11), 9To KaueCTBEHHO YMEHBIACT YHCIIO BEIYUCICHUH.

4) TlocTpoeH alropuT™M HMHUIMAIU3ANKU 33/1a4d, TO €CTh ANNPOKCHUMAIMS BTOPOrO BPEMEHHOIO CIIOSI
peIIeHHS TT0 N3BECTHBIM HAYaJbHBIM JaHHBIM (HaYaIbHBIM CMEIICHHUIO U CKOPOCTH TOYEK OTpPE3Ka).

5) Wuunmanuszauust cBoautcs Kk perreHnto CJIAY ¢ cHMMeETpHMYHON TpeXAHaroHAIbHONW MaTpHIei

C OrpeHIHOCThIO alIIPOKCUMAIUN O(‘ES) , 3aTEM K CPIMM@TpI/I‘IHOﬁ MIATHAHArOHAJIBHOM MaTpune € NnorpeuHOCTbIO

annpoKCUMAINN 0(1:4). Haiinensl ociabneHHBIE 1OCTATOYHBIE YCIOBHS KOPPEKTHOCTH (OPMYI IPOTOHKH JUIS

HﬂTHZ{HaFOHaHLHOﬁ MaTpulbl (YCJ'IOBI/IH Ooiee C.]'Ia6I>IC, 4YEeM JHUaroHaJlIbHOC r[peo6naz[aHHe 9JICMCHTOB ManI/I].[LI).

6) IlpennokeH anropuTM MacIITAOUPOBAHUS Y3JOBOH PEILETKH MO YHCIY y3JIOB B 12 pas, 4To COKpaIiaeT
YHCIIO BEIYMCIICHUI B COTHH pa3 MPH COXPAHESHUH BHIYHCICHUH C ABOHHON TOYHOCTEIO (15-16 MepBBIX JECATHUYIHBIX
3HAKOB Pe3yJIbTaTa).

7) IlporpamMma TeCTHPOBAJaCh TpPeMs I[IOCTPOCHHBIMH aHAIMTHYCCKUMHU mpuMepamu. [lokasaHo, dTO
B IIpHMepax OECKOHEUHBIH (DYHKIIMOHAIBHBIN PsiZi B pA3HOCTHON CXEMe OTHOCHTEIEHO BPEMEHHOTO IIara T MOKHO
3aMEHUTh NPOU3BOJSANICH (YHKIHEH OT T, YTO Ka4eCTBEHHO CHI)KAET BPEMs BBIYMCICHUH M yBEJIMYMBACT HX
ToYHOCTh. C MOMOIIBIO MPOrpaMMBI MTOKA3aHO, YTO IMOCTPOEHHBIIN aITOPUTM JaeT pelleHne 3 IpUMEepOB C ABOHHOMN
TOYHOCTBIO. B camom oOriem cirydae ¢ nomouibto Gopmysnsl (26) B BHIE ABOMHOIO psijia MOXKHO NOCTHYb 14-ro

MOpsAJIKa TOTPEIHOCTH (MPUOIIKEeHNe 0(114)), npuueM ¢opmyna (26) uUMeeT Ty XK€ OTHOCUTEIbHYIO

MOTPEIIHOCTh PEIeHNUs, KaK U C IPIMEHEHHEM IPOU3BOIIEH (yHKIHH, T.€. C ABOHHON TOYHOCTEHIO.
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OPTIMUM PARAMETER TO APROXIMATIONS RAZNOSTNOY SCHEMES
OF THE WAVE EQUATION ON LENGTH

D. PASTUKHOV, Y. PASTUKHOV, N.VOLOSOVA

The Offered algorithm of the decision initial- marginal problem for lumpy wave equation on length with
double accuracy. The Algorithm is founded on choice of the optimum parameter, providing endless algebraic order
to approximations to uniform equation. For decision of the system of the linear equations with five diagonal
matrixes with marginal condition Dirihle is proved sufficient conditions to correctness molded racing onward more
weak, than condition of the diagonal prevalence her(its) element. Using the algorithm of the integration cell nets
and use the method producing function gives double accuracy to relative inaccuracy of the decision even rough net
with number of the nodes equal 300.

Keywords: method producing function, initializing the problem, weak sufficient conditions to correctness
molded racing symmetrical five diagonal matrixes.
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MATEMATHKA

YAK 517.6: 517.958

K BOIIPOCY O PEJYKIIUUA HEOJJHOPOJHOI KPAEBOI 3AJJAYU JUPHUXJIE JJISI BOJIHOBOI'O
YPABHEHUS HA OTPE3KE

. @. ITacmyxoe, 10.®. Ilacmyxoe (Ilonoykuii 2ocyoapcmeenublil ynugepcumem),
H.K. Bonocosa (Mockoéckuii zocyoapcmeeHHblii mexHUueckuil ynueepcumem um. H.3. baymana)

IIpeonosicen anzopumm peuienusi 00wl HavanbHO-Kpaesou 3a0a4u HeOOHOPOOHO20 BOIHOB020 YPAGHEHUS HA
ompesKke ¢ HeOOHOPOOHbIMU Kpaesvimu ycaosuimu. Onpedeneno nouamue Kpaesol ¢yuxyuu. Hcxoonas 3aoaua c
HEOOHOPOOHBIMU KPAEBbIMU YCIOBUAMU PEOVYUPYEMCs K 08YM NPOCMbIM MOOUDUYUPOBAHHBIM 3A0a4dAM, M.e. K
3a0aue ¢ MOOUPUYUPOBAHHOIU NPABOLL YACMbIO U K 3a0aue ¢ MOOUDUUUPOBAHHBIMU HAUATLHBIMU YCA0BUAMU, HO C
O0OHOPOOHBIMU  2panuyHbiMu  ycaosuamu. Ilomyueno pasnosicenue He@A3KU 3a0auu 8 camom obwem sude O
ONMUMANbHO20 NAapamempa annpoKCUMayuy pasHocmuou cxemvl I=I1. Dopmyna HesAsKu onpeoeniemcs
NPOU3BOOHBIMU HEeMHO20 NOPAOKA NO 6peMeHu U KoopouHname Om Npagoll Yacmu YpasHeHus U Npou3800HbIMU
4émHno20 nopsAoKka no epemenu om Kpaesou @yuxyuu. Hanucana npospamma na ocnoge aneopumma pedykyuu,
peuienvl MOYHO U YUCTEHHO MPU MECMOBbIX Npumepa, NoKazwvlearoujue, Ymo HeoOHOPOOHble Kpaegvle YCA08Us.
Hupuxne coxpansiom ece ceolicmea 3a0auu ¢ OOHOPOOHBIMU KPAEBLIMU YCIOGUAMU HPU UCNOALIOBAHUU
MOOUDUYUPOBAHHBIX YCII08ULL U KPAEBOU (DYHKYUU.

Kniwouegvie cnosa: rkpaesas ¢hynkyus, moouduyuposannvle HA4AIbHbIE YCIOGUS U NPABAs HACMb YPAGHEHUS,
HeoOHOPOOHO-Kpaesas 3a0aua 80JIHOB020 YPAGHEHUS HA OMPe3Ke, CO2NACO8ANUEe HAYAIbHBIX U KPAEBbIX YCI0GUIL.
BBeaenue

PaccMoTpuM TpOM3BOIBHYIO HEOAHOPOAHYIO HadallbHO-KPAeBYIO 3a/ady Ui BOJHOBOTO YpPaBHEHHUs Ha
OTpe3Ke C KpaeBbIMH ycinoBuAMHU [upuxie. OObIYHO 3aqaydl MaTeMaTHuecKOi (DM3UKH PElIatoT IJisi OJHOPOIHBIX
TPaHUYHBIX YCJIOBMH, IMOJApa3yMeBas, 4YTO BO3MOXKHA  pEIyKUIUs 3aJauyd ¢ HEOJHOPOIHBIMH TPaHUYHBIMU
YCIOBHAMHU K 3a7iade C OJHOPOJIHBIMH TI'paHMYHBIMHU ycioBuaMu[l-4]. C npyroil cTOpoHBI, OTMETHM Ba)KHOCTh
0COOCHHOCTEW TPaHUYHBIX YCJIOBHH B 3ajayax MaTeMaTHYeCKOW (U3UKH, €CIM TpaHHWLbl HUMEIOT CIOXKHYIO
TCOMETPHIO WM TPaHWYHbIC (YHKIUH MPUHAIEKAT K Ooyiee crlaboMmy Kiaccy (GYHKIHH, HampuMmep, Kiaccy
KyCOYHO-HENpEepBIBHBIX (YHKIMI Ha oTpe3ke. HeoqHopoaHas kpaeBas 3ajaya SKBHBaJCHTHA MOJIU(PUIMPOBAHHOM
3ajade ¢ HEOJHOPOAHBIMH Ha4YaJIbHBIMH YCIOBHAMH U IIPABOH YacCThIO yPaBHEHHS B ClIydae KyCOYHO HEIIPEPhIBHBIX
KpaeBbIX (YHKIUH MOXKHO HCIIOJIB30BATh METOIBI yripaBisieMbix cucreM OJ[Y[9,10].

CoTpyaHUKHN ceMUHapa Bo0300HOBISIEMBIX HCTOYHHKOB 3Heprud B MI'Y, KOTOpHIi mpoBoawI Tpodeccop
B.B. Anekcees, n. ¢. M. H., akagemuk PAEH, cuutamy, 4to B 3amadax MaTeMaTHUECKOW (DU3UKU OMPEICISIONIYIO
POJIb MrparoT rpaHUYHbIEe YCIoBHs. JlaHHAS CTaThs, SBJISSCH IPOJOIDKEHHEM paboTh[1] Ha cirydall HEOJHOPOJHBIX
KPaeBbIX yCIIOBHH Ha OTPE3Ke, YHCIEHHO pelIaeT BOJIHOBOE YPAaBHEHHE B CAMOW 00IIIel ITOCTaHOBKE 3aJauH.

OTMeTHM, YTO YpaBHEHHsI MaTeMaTHICCKON (DU3MKHU, UCTIOIb30BAaHHBIC B JAHHOW padoTe u B padortax[1,5],
pelaemMble MPEUIOKEHHBIME B HUX AITOPUTMaMH C JIBOWHON TOYHOCTBIO, OTKPBIBAIOT MYTh Ul NPUMEHEHHUS
ypaBHEHHI MaTeMaTHuecKoil (PM3MKK B HOBOW 00JIACTH MaTeMAaTHKH - cTeraHorpaduu (METo/ BIEpBbIe MPEII0KeH
H.K. Bosocosoii, corpyauaukom MI'TY um. H.D. baymana)[6-8].

YpaBHeHUs] MaTeMaTHYeCKOW (DU3UKH, SBISIACH CJIEACTBHEM BapUAlMOHHBIX METOJIOB U METOJIOB PELICHUs
OZlY, MOTYT UCTIOTB30BaTh HOBBIE PE3yNbTATHI, MOTYYeHHBIC B padoTax[11,12,13].

ITocTanoBka 3agaun
PaccMoTpuMm HavanbHO-KpaeBylo 3a/1ady AJIsl HEOAHOPOAHOTO BOJHOBOTO yPaBHEHMS Ha OTPE3Ke:
2 2

ou_ a’ au, f(x,1), xe(a,b),te(0,T)

ot? ox?

u(x,0)=g(x), x e[a,b] 1)

u,(x,0)=y(x), xe[a,b]

U(a,t) = /ul(t)v U(b,t) = ﬂz(t)vt € [O,T]
B 3amaue(1) a’- kampar $ha3oBoii ckopocTH BOMHEL, T (X,t) - HEOXHOPOAHAS MPaBast YaCTh BOIHOBOTO yPABHEHHS
Ha otpeske[a,b], @(x), z,//(x)- HEOJHOPOAHBIE HAdalbHbIC YCHOBUS, 44 (t), 14, (t) - HEOAHOPOIHBIE TpaHUUYHBIC
ycmoBus, (X,t)- KoopauHaTa M BpeMsi COOTBETCTBEHHO.

IIpoBeném nuHelHyro peaykumio 3amaun(l). Iloctpomm  mpocTedimyro  JIHHEHHYIO  (YHKIHIO,
YIOBJIETBOPSIOMIYIO KPaeBbIM yCIOBUSAM:
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Omnpenenenue 1. ITycts Q2 — KycouHO Tankas TpaHuia odmactu () ,5 — KoOMMakT. J[Baxabl HEMPEPHIBHO
muddepeHIIpyeMyro  QYHKIIHIO V(Q,T) eC? (Q,T),V :QOxT —R'  HemnpepslBHYlO Ha rpaHuue oGIacTu
V(@Q) eC (6(2) U onpe/ienénuyio Bo Beeit obacTu 3amaun Q :

V0D = 222 )+ % ) @
Ha30BEM Kpaeeoil hynkyueil 1t ncxoqHoi 3amaqn(l), ecam

DV @)=V (0,1 = 0.t [0.T] V(@2 1) = 45, 1) i =11

To ecth rpanmuHas ¢yHkims V (€,t), Ha i-oif KoMmImoHeHTe OC); TpaHMIBI ¢ IepeMeHHBIMH I, paBHa | -oif
(GysKuuy rpanraEbx yeaosuit V (00, t) = 44 (l’i ,t),i =11, 1- HapaMeTp CBA3HOCTH.

2) V(x,t) sBIsIeTCs OMHEM M3 3 CIIATaeMBIX YHCIICHHOTO pernenus 3aaaun(1) B 3aMKHYTOM 061acTH C). .

, OV (x

N y t)
IMpenmyruecTBo nuHEHHOM KpaeBoil (GyHkuuuV (X,t) mo KoopanHATE X 3aKIIOYAeTCS B TOM 4TO, & pv =0

T.e. KpaeBas QyHKIHS JaET HyJIEBOH BKIIaJ B BOITHOBOE ypaBHeHHE 3aa4m(1).
3ameuanmne 1. 3amanue xpaeBoil pyHkuuU B BUAe(2) s 3agaun(l) He eIMHCTBEHHO, HamIpuMep, onpeneneHuro(1)

n m
X—a b-x
yaosnerBopsieT pyHkmmsV (X,t) = —— | 4, () +| —— | z4(t),n,meN.
b-a b-a
Vreep:xaenne 1. Ha rimankux snemenTax rpanuusl pasmepHoctd dimr >1cymecTByeT MpoM3BogHAS KpaeBon
¢yHKIMM 10 HOpManu N, U BIOJNb KacaTeJIbHOTO BEKTOpa K IpaHMIE 7 , KOTOpas paBHA COOTBETCTBYIOIIUM
MPOU3BOJHBIM OT IPAHUYHBIX YCIOBUH

a:ui(ri't) _ "mav(ri +‘9ni’t)’v ECTl(aQi), a/ui(ri!t) _ “mév(ri +5ni't)

ot 50 ot n, £-0 on

Ve or,)i=11

Joxka3aTteabcrBo. B cry nBaxkabl auddepenuupyemoctr kKpaeBoi GpyHkunu(onpenenenue 1) nmeem

2 A
V(r +en, +07,t)=V(r +mi’t)+5aV(ria+ ‘m"t)+%6 V(n6+;;3ni,t) =(%¢(0))
T
:>V(ri +en +76,t)-V(h+en,t) _av(y +mi,t)+§ oV(r. +g¢9ni,'[)3

o or 2 or’
= E| ||m V(rl +‘c’ni +T5’t)_v(ri +miit) — I|mav(rl +miyt) _ aﬂl(n,t)
£,6-0 o £-0 or or
TOYKa yJaléHHas OT TPAHUYHOM TOYKH I} 10 BHYTpEHHEH HOpMaiH N, (r|) Ha pacCTOSIHME & U BJIOJIb KacaTeJIbHOr'o

=V(0Q)eCH6), rmer +en +76-

Bekropa 7(I;) B rpaHMYHOM TOUKe Ha paccrostHue, 8,0, (1), Lz(r).
AHaNOrH4HO MOTY4UM
V(e t) 6% 0V +ent)

Vir, : LU)=VIr, ' 1
(r+en, +n,1)=V(r, +en, t)+ 5 o > o =(9€(0))
2
2V(ri +en + a0, t)-V(r +en,t) _ov(r +mi,t)+éa V(r, +&9n;,1) -
5 an, 2" on?
— 3 lim V(r +en; + 00, t) -V (5 +en; t) _ “m(?V(ri +mi’t)= aﬂi(ﬁat)jv(agi)ecnl(agi)
£,6-0 o -0 ani on.

B Toukax HapymeHus TIaiKocTH TpaHuibl Bektopbl N () wu 7(F) He omNpemeneHsl, He ONpeNETeHbl |
o (K, t) o (r.t)
on. ' or

V(0 t) =, (I’i ,t),V(@Q) € C(@Q). JlokasarenscTBo yrBepskaeHus 1 3aepuieHo.
Pemenne cuctems! ypaBHeHHH(1) ¢ kpaeBol (yHKIHEH(2) coraacHO onpeaeeHnIo 1, pa3oxuM B CyMMy
u(x,t) =V (x,t)+U(xt) 3)

Ioxcrasum dopmymy (3) B cucremy ypaBHeHuni(1):

U, +V, =a* (U, +V,, )+ f(x,t)=a’U,, + f(xt), xe(a,b),te(0,T)

V (x,0) +U (x,0) = p(x), x e[a,b]

V,(x,0) +U, (x,0) = w(x), xe[a,b]

V(a,t) = (t)U(at)=0,V(b,t) =, (t),U(b,t)=0,t[0,T]

, IOATOMY MO>KHO TpeOOBaTh TOJIBLKO OoJiee Ci1abbIX YCIOBUM IS KpaeBoW (GYHKIMU Ha I'paHUIIe
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Bripaxxass w3 mociemHedl  CHCTEMBI  ypaBHEHHWH  Hem3BecTHYIO  (yHkmuio U (x,t) momyanm  (4)
U,=a’U, -V, +f(xt)=a’U,, (b ju 2(t) - [b )/u(t)+f(xt) xe(a,b),te(0,T)
U (x,0) = o(x) -V (x,0) = p(x) - [ ]ﬂz 0)- ( jﬂl(O) xe[a,b]

U, (x,0) =y (x)-V, (x,0) =y (x) - [b ]u 0)- ( jul(o) xe[a,b]
U(a,)=0,U(b,t)=0,t[0,T] 4

Kak BumHO 3 cucrembl ypaBHeHHi(4), oHa nMHEHHO oTHOCcHTENbHOU (X,t), 9TO MaéT BO3MOXKHOCTH

IPOBECTH peayKuuto nuHenHo# 3agaun U (X,t) =U, (X, t) + U, (x,t) :
X—a

U, =a’U,, —(—)y'z (t) —(b;xjy”l(t) +f(x1), xe(a,b),te(0,T)
b-a b-a

U,(x,0)=0, xe[a,b]
U, (x,0)=0, xe[a,b]
U,(a,t)=0,U,(b,t)=0,t€[0,T]
()

U,,=a’U,,,, xe(a,b),te(0,T)

2xx1

U060 =000 {22 00~ 0. xelat

Uy (0) = x) [; jm()[ jmw)xe[ab]
U,(at)=0,U,(bt)=0,t[0,T] ©

HenocpencTBeHHo mHOOCTaHOBKOM ybOexmaemcst, ucmois3yst ¢opmyry U (X t) =U,(xt)+U,(x,t), uro

MOCTPOYHO CyMMa COOTBETCTBYIOIIMX ypaBHEeHHUI cucteM(5) u (6) AaéT Takoe ke COOTBETCTBYIOIEE YpaBHEHUE U3
cucteMsl ypaBHeHuii(4). To ecTs nuHeHHas pexykuus 3amaun(4) ceemach k pemeHuro 3amgad(5) u (6), a cymma
pemennii 3aga4(5) u (6) BBUAY IMHEHHOCTH(4) paBHA PELICHUIO CUCTEMBI ypaBHEHUI(4).

Takum oOpa3oM, ucxoaHas 3agada(l) ¢ HEOAHOPOTHBIMH TPAaHHUYHBIMH YCIOBHSIMH HMEET pelICHHE
u(x,t) =V (xt)+U,(x,t) +U,(X,t) , tne kpaeBas dpyukumsV (X,t) onpenencna Gpopmyiaoii(2) 1 Ha KOHIAX OTpE3Ka
paBHa rpaHnuHbM yeioBusam B(1), a U, (X,t),U, (X,t) - perierns muHeiHbIX cucTeM ypaBHeHHH(S) 1 (6).

Otmetnm, uto B pabore[l](dopmymsi(15)(16),(18),(19),(22),(24)) npeanoxkeH alrOpuTM HHUIHATN3A AN
3aJ]a4d Ha BTOPOM BPEMEHHOM CJIO€ IO HavaJ bHBIM yCIoBHsIM 3anaun(1). [Ipennoxker u anroput™ A YHCICHHOTO
pemenns 3ama4u(S),(6)[1](bopmynsi(20),(27))c OMHOPOIHBIME KpPACBBIMH YCJIOBHUSMH Ha OCHOBHOM BPEMEHHOM
OTpe3ke ¢ OCCKOHEYHBIM IOPSIKOM alMpPOKCUMAIMK MyTEM BHIOOpA ONTHMAJIBHOTO MapamMeTpa amnmpoKCHMAaIlHK
Pa3HOCTHON CXEMbI, a TaKKe aJfOPUTM MAaCHITA0OMPOBAHUS 3a7a4YHd, COKPAIIAIOUINA YHUCIO 3JIEMEHTAPHBIX

MaTeMaTHuecknx oneparmii B(21),(28) 12 pas.

3agaga(5) nmeeT 0HOPOHbBIE YCIOBHSA, HO BOJHOBOE YPABHEHHE COAEPKUT MOAN(PHUINPOBAHHYIO NPABYIO
4acTh, M3MEHEHHYIO KpaeBbIMH ycrnoBusimMu 3aaa4du(1). 1o cpaBueHuro ¢ 3anadeii(1), 3amaya(6) uMeeT oAHOPOTHOE
YpaBHEHHE W OJHOPOJHBIC KPaeBhIE YCIOBHS, HO HayalbHBIC YCIOBHS MOAWDUIIMPOBAHBI KPAE€BBHIMH YCIIOBHSIMHU
ucxonHo 3amaun(1). Taxum obpazom, MBI cBenn obuIyro 3amady(l) ¢ HEOAHOPOIHBIMU KPAeBBIMHU YCIOBUSMH K
JBYM wu3BecTHbIM 3amadam(5),(6) ¢ MoAudUIMPOBAaHHOW MpPaBOi 4YacTbiO BOJHOBOTO ypaBHEHHS U
MOJM(UIMPOBAHHBIME HAa4YaJIbHBIMU YCIIOBUSIMH COOTBeTCTBeHHO. Ho 3amaun(5),(6) pelueHbl ajiroputMam,
npenoxkeHHsIMU B pabore[l]. Tem He MeHee, HYKHO MOAPOOHEE PACCMOTPETh OCOOCHHOCTH Pa3HOCTHBIX
3anmad(8),(9).

Jns co3naHMs YMCICHHOTO alrOpUTMa HEOJHOPOJHOM KpaeBOW 3ajaud 1O aHaJloruu ¢ (opmynod (2)
MOCTPOUM JMCKPETHBIH aHAJIOT KpaeBoi (DyHKIIMHM HAa paBHOMEPHOH CeTKe AJIsl HEOAHOPOJHOM KpaeBoH 3a/1auu

b— _a—
"V (X, t) = [ ajy (tn)+[b_X;jul(tn):[b”ljuz(nr)+[b;‘_a”“‘ju1(nr),m=o, =0, )

b-
h:u, _l . =a+mht =nr
M N’

Wcnonp3ys BcnomoratensHyIO GyHKIHIO(7), aHaoruaHO 3aaa4aM (5),(6) moaydnM uX pa3sHOCTHBIM aHAIOT
€ MOIU(HUIIMPOBAHHBIMU HEOJHOPOIHBIMHU YCJIOBHSIMH (JUIsl 11a0JI0HA KPECT)
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UptsU -0 U0 +U -2 B
Im_TinTIm _ g2 A TInd TR f @+ mhong), m=LM -Ln=1N -1

T2 hZ
I mh ) . b-a-mh) . . (b-a) T
f(a+mhnr)= f(a+mhnr)-| — |u2(n7) - =fl h= T=—
s mane)= e[ M iaoo)-( 22 i« 11 God) 3 o
=0, Uy =0,m=0,M
U10 =0,U,, =0,n=0,N
n+l n-1 n n n n
U2m +U2;-| _2U1m=a2U2m+1+U2r2n—1_2U2m,hz(b_a)’z_zl’mzmlnzl,'\‘__l
T h M N

b-a-mh

u;:n=;(a+mh)=¢(a+mh)-(£jﬂz(o) ( -

jul(o) P, M=0,M

U, =0, p(a+mh) =w<a+mh)—[bm—:]nz(0>—(b‘;—‘"““]m(0) —y, m=OM
U =0U,l =0,n=0,N
nil  nd o n n o
Up +u"12 —-2u, azumﬁum;1 2u, fm",h—(b_a), _l,mzl—,M—l,nzl_,N—l
T h M
X, =a+mh, t =nr,f_n2= f(a+mh,nz)- m—hju"z(nr)— mjul(nr)
b-a b-a
- o = mh b-a-mh - —
u(@+mh,0)=u, =g(a+mh) :(p(a+mh)—(—}42(0)—[—jyi(O) =@, m=0,M (10)
b-a b-a
u(a+mh,7) —u_:m =g, (a+mh), m=0,M, ¢,(x) = F (p(X), (X))
u(anz)=u? =0,u(b,nz)=uf, =0,n=0,N
b-a-mh) . - — — —
y(a+mh) =y (a+mh)- ( J ( jﬂ1(0)=l//m,¢’1m(x)=F((/)m(X).Wm(X))
=Vr:+u =V, +U," +U2m,V u Ulm,U pemenuss  3amaua  (7),(10),(8),(9)cooTBeTcTBeHHO.  BTOpOoi

. . - 5 ——
BpEMEHHOM CIIOM um coriacHo(10) ¢ ucnonp3oBaHreM MOAUGHUIMPOBAHHBIX @,V | YCIOBUH 3alpaniuBaeTt um,ur?]

aHamorngHo Qopmymnam((15),(18)[1,ctp.175,176]),cBa3b1Bast Tpu (YETHIPE) MOCICAOBATEIBHBIX BPEMEHHBIX CIIOS,
JUIL OJIHOPOJHOTO BOJHOBOTO ypaBHEHHs()) MOMYYMM CHUCTEMY JIMHEHWHBIX YpaBHEHUN ¢ TPEXAMArOHAILHOMN
CHMMETPHYECKOW MaTpHIlei, pelaeMoll METOJOM IPOTOHKH C ONTHMAJIbHBIM I[1APAMETPOM AarlpOKCUMAIIUU

z=1[1,(15)ctp.175]:
UL, —4U, +U,} =—2p, —20y, =F, +O(c°) A, =1B, =1.C, =4m=1M —1U,} =0,U,}, =0
C dpopmynamu mporounku repén[l1,5]

A = B, Vi = Avma =P 1M ~1,2,=0,v, =U,; =0, 4, =0,v,, =U,,, =0
Cm _An/lm—l Cm _Anﬂ‘m—l

N ¢dopmynamu TpOTOHKH  Hazan U = A U,

2m-1

omey TV M=M =11 [1](dopmyna(16), ctp.175))

(11) . Mnst ontumManbHOTO mapamerpa z =21, CBA3bIBas MATH MOCIECIOBATEIBHBIX BPEMEHHBIX CIIOS, BBIpaXKas MX
IpyT Yepe3 JApyra, OCTaBIAs B 3alACH TOJNHKO 2 TEpBHIX cJiosA, noxydnM aHamorundHo(18)[1,ctp.176]
nsatuanaronansuyo CJIAY

Uy, — 2 oq 10U, —%Uzin+l+U2m+2 (pm+(pm_1+(pm+1+3ﬂ//m+0( ) Fm+O(r“),
An=LA, ———B 2 C,=-10,B,, =LF, =0, +@p 1+ @+ 300, M=2,M -2,

ITomyunm aHaOru4HO
(19[5,1,ctp.176]) dopMyIIBI TPOTOHKHU BIIEPEN
ﬂ’lm — Blm + A2m/12m—1 + Aimﬂim—Z/lZm—l lﬂzm — BZm
Cm - Aimﬂ'lm—z/llm—l - Alm/12m—2 - AZm/llm—l Cm - Aimﬂ’lm—zﬂ'lm—l - Aim/l”Zm—Z - AZmJ'lm—l
— Aimﬂlm—zvm—l + Almvm—z + AZme—l — Fm ,
" Cm - Aimﬂlm—zﬂlm—l - Aimﬂ‘Zm—Z - AZmﬂ'lm—l
12) ay (12) )

Ao =0,400 = 0,2 =0,2,, =0,vy =U,t =0y, =U 21 = U 2t,vyy =U,, =0,vyy; = U 2ms = U ams

m=2M-2
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(12) (11)
Ine 3amuch U 21 = U 21unTaeTcs Tak 3HAYCHHUIO U21B ¢dopmyne(12) npucBauBaercs crapoe 3HaquI/IeU2l u3

¢dopmyansi(11). Torga hopmyssl nporonku Hazazn anagorununo|1,(19 6) crp.176] umerot Bua
Aia =0, 21 =0 Ay =0,4, =0

=AU + ZonUomin + Vi M=M 2,2 (12)
[IpoBepuM, 4TO yKa3aHHBIC Koanq)HuneHTm Ha TpaHMI@ax Ial0T KpaeBble yciaoBus JJupuxie

; :ﬂlouzi"'ﬂzouzlz"'vo UZO’U 311U22+121U22+V1=U .
U2M 4= AU 2M +ﬂ2M—l 2M+1 VMo _UZM a U2M 2 =AwU 2M PR S 2M Vv
Ua = AUz + Uz Vi =Uay -
Koadppunmenter  marpuny  CJIAY B dopmynax  mporonku(11),(12) A, =1B, =1C =4,

Ay.=LA,= —2 B, = —%Cm =-10,B,, =1 yZ#OBIETBOPAIOT YCIOBHIO KOPPEKTHOCTH (HOpMyIT IPOrOHKU

(yTBepxmeHue 3[1,CTp.177]) 1 COBIIAIAOT C aHAJOTHIHBIME KOAPPHUIHEHTaMH, KOPPEKTHOCTh KOTOPHIX TOKa3aHa B
pabore[1].

3anumieM SBHYIO Pa3HOCTHYIO CXEMy IJISi pEIIeHHS OJHOPOTHOTO YpaBHEHUS, YUUTHIBas ONTHMANbHBINA
napametp z=1 (20)[1,(20)ctp.178] C OeCKOHEYHBIM MOPAIKOM AMMPOKCUMAIIHH.

-U," n=2, =1M -1 (13)

2m-1 2m

U n+1:U

2m

+U,"

2m+l
Bo3MokeH Takke anropuTM MacHITaOupoBaHUS (YKPYHHEHHS) sS4YeeK CeTKH C IapameTpoM z=1 u

Y
ko3 dureHTOM MaciuTabupoBanus | , COKpaIaloIMM YKCIIo U BpeMs BeraucieHuit B |° pas.

CHavaa WHHLOMAIM3alUs TPOBOJAWTCS C IIaroM 7 mo BpeMeHH 1o ¢(opmymam (11), a 3arem 1o
dopmynam(12), mamee mo sBHON (opmyine(13) ¢ MuanMansHBIME Tmaramu cetku (N, 7) pemaercs BOJNHOBOE

+U,"

ypaBHenue U, "oy, UZF, n=21,m=1M —1Bo BpementoM mnpomexyrke t=[27,1*7]. Cpean

2m+1 2m-1

penieHus B cnerZ(mh, I*7),m= OM u cpenn HavambHOTO ciost U,(mh,0),m=0,M BsOupatoTcst y3msl 6omee
penxoit ceTku Xy =a+h*1*mL,ml=0,M /I, u pelreHue Ha penxoit CeTKe

U,(a+ml*h*1,0),U,(a+ml*h*1,1%*z), ml=0,M /I .

[Hanee ucnonesyercs popmyna(13) ¢ kpymasv Bekropom mara (1 *h, 1 * 7)

l=z=7%’/M* ©r=h/a, U, =U,"  +U,%  -U,* nl=2,N/l,ml=LM/I-1 (14)
PaccMOTpMM BTOPYIO 3aady HMHHUMAIM3ALMUM Z=1 Uil cUCTeMbl ypaBHeHHH (8) C CBsKEM yciIoBUs Ha 3
spemennbix cnosx U (X,0)=¢(X) =0,U, (x,0) =w(X) =0, f(x,t) #0, Ha osrane uHHIMATU3AIUM 0O TPEM
(4eTbIpém) BpeMeHHbIM cinosim (hopmyna(22) B pabore[1,ctp.179])

Ul —4U} +UM =—f o2 +U° =—f, r% A =1B, =1C, =4,F, =—f, 7>, m=1M -1 (15)
BOCHOJ‘ILSyeMCi{ 3aTeM bopmymamu mporoHku(11) c yaérom(15) JUTS pemreHus

1 [ORYY o
1m ,m=1M -1 U =U,,, =0. Ilepeiiném ko BTOpOi 3a/1aue MHUIMATU3AINY HA 4 BPEMEHHBIX CIIOAX, AHAJIOTHYHO

hopmyne(24)([1 CTp.ISO]):

Ulinfz gulm -1 +10U %Uliml +Ul::n+2 = _( fm,z _Em + f a1t fm+11j7 +O( ) (16)
C koadduriuenramu
A, =1A, =—9|3 Z C,=-10,B,, =1F, =—(K2—%m+ fml‘Hijﬁ,m =2,M-2
(16) (15) (16) (15)
Ao =04, =0,4, =0,4,, =0,v, =U,, c=0y,=Uig=Un,, _UlM =0,vys =Uma=Uia UCIIONB3YS

(hopmynsl mporonkr(12), momydnM BTOpoil BpeMeHHOH cioi 3amaqn(8) Ulm, m=0,M.

HaKOHGH, HYXXHO HAlIMCATb OCHOBHYI PCKYPPECHTHYIO Pa3HOCTHYIO (bOpMyJ'Iy JJId peHIeHUsA HEOAHOPOJHOTO
YpaBHCHUSA C HYJICBbBIMHU MOZ[I/I(I)I/IIII/IPOBEIHHLIMI/I Ha4vaJIbHbIMU YCJIOBUSIMU. ):[J'IH napameTpa Z:]. HUMEEM
((25)[1,c1p.180])

U =Ul 400 -0 T 2 +RUS Jn=2,N,m=1M —1 @
oV,
fm,n = fm,n _(Vm,n )tt’ 67 =0
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YrBep:kaenue 2. OCTaTOYHBIA WieH MOTpemHOCTH B ¢dopmyne(17) 3aBHCHT OT MpaBOd YacTH BOJHOBOTO
ypaBHEHHS U KpaeBo# GYHKIMK U TPEICTABUM B BHIC

n o0 2 k-1 aZ(kfl) fmn e 2T2k aZkan
R(U1m>: Zm[fﬂ( ;am ox? oD j - Z (ZK) ot

k=2 k=1

Joka3zareabcTBo. Bocnons3yemcst  GopMyiioll HEBsI3KH B 00IEM BHAE JUIL OXHOMEPHOTO BOJIHOBOTO YpPaBHEHUS
Ha OTpe3Ke, moydeHHo# B padote[ 1,ctp.180](popmyna(26)), ¢ yaérom popmynsi(17), momydnm

S| — of ot ot ) 28 ot otf.. ot
Ulnntlzun +U1nm1_U1nm1+fm,nT2+2L[az m,n + m‘n]+2L[a4 m,n +a2 m,n + m,n +

i 4 ox? ot? 6! o xt: ot

+

20°( 0 Oy 0% O
—|a Al s tat o ——— |+
8l OX ox"ot ox“ot ot

27" sagm easm 488K,n 288K,n 58K,n
" 10! a ox® " oxeot? a oxtott ra ox2ot® " ot®

21_12 o 810Tvn . alom ] alom , alom , alom amm
T | e T e T aeat Y e Y ada e |

4 a: ot | e ot att
s (aﬁ aﬁfm'”+a4 °fny aﬁfm,n]

of Lo f o f 6 o' f o'f o'f
=Uf, +Uf —Upt+ f 72 +2L[a2 mn @ ton | 20000 Ton 020 T O T |

817 o ot ot

2T10 Sagfmn Gasfmn 468fmn 268fmn asfmn
" 10! 2 axgy e 8x66£2+a 6x48£4+a 8x2d6+ 8t8' "

+ + +a +a + +
121 X xeot? ot x*ot® xott o at?
2¢" Ny 20° NV, 208 OV, 200 OV, 202 0V,
a4 ot e a8 a® 100 ot 120 ot

2T12 (alo 810 fm,n as 810 fm,n 6 610 fm,n 4 alO fm,n 2 alo fm,n 810 fm,n J 2 azVn‘l,n
-7

=U n +U n .y n-1 + f z_z + i 2 TZk gazl aZ(k_l) 1:mn _ i 272'( aZkan (18)
Im+l im-1 im m,n = (Zk) = 8X2|8t2(k_|_1) =] (Zk) atZk
X —a) - b—x " .
Tpe  f,,="..— k;“ 2 , (t,)+ b {;” 14 (t,) MOIMOUIMpPOBAHHOE y370BOE 3HAUYEHHWE TPABOH YaCTH.

YTBepikaeHue 2 10Ka3aHo.

Amnaorn4rao(14) MOXKHO TIPOBECTH YKPYITHEHHE IIara B HEOAHOPOIHONH MOAUDUIIMPOBAHHOW MPABOW YaCTH
BOJIHOBOT'O ypaBHEHHMS JUIsl CUCTeMbI ypaBHeHHH(8). CHauasa MHULAIM3ALUS IPOBOIUTCS C IIaroM 7 BPEeMEHH 10

¢dopmynam (15), a 3atem 1o Gopmysnam (16), nanee no siBuoit popmyine(18) ¢ MUHUMAaNBHBIMH LIAraMHU CETKH (h, 2')

pertaercst BOJIHOBOE ypaBHEHME c HaBS3KOM ob1ero Buza(18)
Ut U +U -0 T 2 +RU Jn=2,N,m=1M -1 (19)

BO BpeMeHHOM mpomexyTke [0,1*7],ne 21, Cpenu pemermss B cinoe U,(a+mh,1*7),m=0,M u cpenu
Ha4aJILHOT'O ciosU,(a+mh,0),m=0,M BBIOUPAIOTCS Y3161 oosee penkoi CETKHU
Xy =a+hl*mL,ml=0,M/lt, =z*1*n,nl=0]1, u pelieHue Ha penKoii CETKE

L, (a+ mi*h*1,0)U, (a+ mi*h*1,1%2),mi = 0,M /1 |= U, (@-+ mi*h*1,t,,),mi = 0,M/,n.= 01}

anee ucnonbzyercs Gopmyna(19) ¢ kpymusv marom (1 *h,1*7) 1=z =7%a*/h? < r=h/a
Yy pMy. py

UMt =U™ U™ U T 01202+ RULS ) =2, N7, m =1 M /-1 (20)
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nl

lml) ompenensercss AByMsl MOCIEIHUMH cymMMamMu u3(28).

B mnocnennux dopmynax(19),(20) nessizka R(U
PaccmoTpum TecToBblii npumep 1:
Uy, = U,, +sin(t)sin(x), xe (0,7),t >0

u(x,0) = cos(x), x €[0, 7]

u, (x,0)=sin(2x), x [0, 7] (22)
u(0,t) = cos(t) = 4 (t), u(z,t) = —cos(t) = 41, (),t 20
06D =V (D) +U3 (%) +U, (%) = 005(X)05(0) +  sin(t)—toos(t)Jin(x) + T 22)

MOo>HO TIpOBEpHTH, YTO PEUICHHE CHUCTEMBI ypaBHeHHH (21) ommceiBaeTcs Qopmynoil (22),1.e. yIOBIETBOPSET
BOJIHOBOMY ypaBHEHUIO U 4 ycnoBuaM(21).

K HeomHOpomHO# KpaeBoit 3amade(21) MOKHO MPUMEHHTH PEAYKIMIO K OJHOPOTHOHN 3aaade, OMHCAHHYIO
¢dopmynamu (1)-(6). Bocionezyemes dopmynamu(2,)(5),(6) c kpaeBo GpyHKIHMEH:

V(x,t) = (z_ajyz(t) +(EJMG) _ [1)(— cos(t))+[7r_ X)cos(t) :(1—3joos(t)

—a

U ¢ MmoauduumpoBaHHOH MPaBoii 4acTHIO

f(xt)=f(xt) -V, (x,t) = —[ﬁj cost+cost+sinxsint, =V, (X,t) =V (X,t) 1 TOYHBIM pEIICHUEM HCIIOB3Ys
w

hopmymy (18), momyuarm

- i . 1, A g8 £ 0 g2 I R B
Ulm _U1m+1+U1m—1_U1m +2fm’n[£f —214-35—45 H—ﬁ-l' +2\/m’n E—E‘FE—... =
4 6 4 6 8 10 12
1-cos(r) = — - = T——...:>£i(1—cos(r))=zsinrzir2 P LA LAY S
20 4 6 2dr 2 2 4 6! 8! o 12
Ulfnﬂ = Ulnm+1 +U1nm—1 _Ulnrﬁl + TSin(T) fmn + 2Vm,n (1_003(7))2 Ulnm+1 +U1r:n—l —Uﬂ{l +

+7sin(r)sin(mh)sin(nz) + 2(1— (Z—th cos(nz)l—cos(z))n=2,N,m=1,M -1
T

(23)

B nepeom npumepe no ¢opmyne(23) ans OSCKOHEYHOTO  psiia IOJy4YeHA Mpou3eoosyds QOYyHKyus
zsin(z) f,,, + 2V, rI(1— Cos(r)) , COCTOSIIIAs U3 JBYX CIIAra€MbIX, IEPBOE COBMAJAET C AHATOTMYHBIM IPHUMEPOM C TOU

’K€ HEOJHOPOTHOW MPaBOil YacCThIO0 BOJHOBOTO YPaBHEHUS! M OJTHOPOJHBIMH KpaeBbIMH yCIOBUSIMU B pabote[1,cTp.
181] . Bropoe cnaraemoe 00s13aHO KpaeBoil (hyHKLIMH W3 HEepBOro mnpumepa. [Ipeanonaokum, 4To aHATUTHYECKOE
pelieHne Kaxxaoi yactHoit 3anayun(18),(19) npencraBumMo B Busie OSCKOHEYHOTO MEIICHHO CXOMSIIETOCS psijia JjIs
KOKIOW M3 moj3agady ¢ MOAW(DHIMPOBAHHBIMH HEOJHOPOJHBIM YPAaBHEHHEM WM C MOIM(DUIMPOBAHHBIMU
HavYalbHBIMU YCIOBHAMH. Torma SKOHOMHEE YHCICHHO peliaTh KaXIYI M3 MOAW(DHIMPOBAHHBIX IOJ3a]ad,
CpaBHHBAas UX CyMMY U CYMMY C KpaeBOil ()yHKLHMEH ¢ W3BECTHBIM OOIIUM TOYHBIM pelleHueM. B tabmuue 1 no
HOPS/IKY 3alMCaHbl YHCIICHHbIE PEIleHus YacTHBIX 3a1ad (8), (9), kpaeBas GYHKUUS U CyMMa BceX TPEX BEHMYHMH
COOTBETCTBEHHO

U, (%, £), U, (X, 1),V (X, 1), U, (X, t) +U, (x,) +V(x.t), t = 25.1327412287183c

Tabmuma 1
U, (x,t) U, (x,t) V(x,1) U, (x,t) +U, (x,t) +V (x,t)
0.000000000000000E+00 | 0.000000000000000E+00 | 1.00000000000000 1.00000000000000
-3.88322207745093 0.151056516295153 0.800000000000000 -2.93216556115578
-7.38632732196183 0.209016994374947 0.600000000000000 -6.57731032758688
-10.1664073846305 0.187785252292473 0.400000000000000 -9.57862213233804
-11.9513286589662 0.109016994374947 0.200000000000000 -11.6423116645913
-12.5663706143592 -7.216449660063518E-16 | .000000000000000E+0 12.5663706143592
-11.9513286589662 -0.109016994374948 -0.200000000000000 -12.2603456533412
-10.1664073846305 -0.187785252292473 -0.400000000000000 -10.7541926369230
-7.38632732196184 -0.209016994374948 -0.600000000000000 -8.19534431633678
-3.88322207745093 -0.151056516295154 -0.800000000000000 -4.83427859374609
0.000000000000000E+000 | 0.000000000000000E+000 | -1.00000000000000 -1.00000000000000
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Tab6muma 2

X exact (U,(x,) +U,(x,1) +V (x ) numerical
0.000000000000000E+000 1.00000000000000 1.00000000000000
0.314159265358979 -2.93216556115578 -2.93216556115578
0.628318530717959 -6.57731032758688 -6.57731032758688
0.942477796076938 -9.57862213233805 -9.57862213233804
1.25663706143592 -11.6423116645913 -11.6423116645913
1.57079632679490 -12.5663706143592 -12.5663706143592
1.88495559215388 -12.2603456533412 -12.2603456533412
2.19911485751286 -10.7541926369230 -10.7541926369230
2.51327412287183 -8.19534431633677 -8.19534431633678
2.82743338823081 -4.83427859374609 -4.83427859374609
3.14159265358979 -1.00000000000000 -1.00000000000000

B nepBoM cTosOne TabmuuBl 2 ¢ paBHOMEPHBIM IIaroM yKas3aHbl KOOPAMHATHI y37I0B. Bo BTOpoMm cronbie
3amicaHbl  3HA4YeHWs ~ pelleHus — corjgacHo — Qopmyine  (22) B y371ax  KOOPAMHATHOW  CETKH

u(x,t) =V (x,t) +U, (x,t) + U, (x,t) = cos(x) cos(t) +%(sin(t) —tcos(t))sin(x)+w

B Tpetpem cronbiie mporpaMMa BBEIYHCISIET CYMMY KpaeBOW (DYHKIIMH M YHUCIIEHHBIX perreHui 3amad (8),(9).
Iporpamma ¢ mapamerpamu n=100,1=10,m=8, t=nmt=25.1327412287183C Bo3Bpamaer Hopmy YeOblmieBa s
HeBsi3ku 3amadn(7). HopMma OTHOCHTENBbHOW MOTpemrHOCTH mMeeT Hopsimok 1E-15, 9ro cooTBeTCTByeT IBOWHOM
TOYHOCTH penreHust. [Tocnennue cronOpl Tabnu 1 1 2 coBMamaoT.

OtHOocutenpHas HopMma YebbrmeBa paBHa 1.119445273655962E-015 . Cpemaee apupmMeTHIecKoe 0T MOy
YUCIIEHHOTO PEIICHUs B KOHEYHBIH MOMEHT BpEMEHU 10 BceM y3iam cocTaBiseT 7.93409415003782 . B npumepe

1 kpaeBsbie yenosus g4 (t) = CoS(t), 44, (t) = —cos(t) muHeiHO 3aBUCHMBL
TecToBblii MpuMep 2.
U, =U,, +tsin(x), xe (0,z),t >0
u(x,0)=sin(x/2), x[0,7]

u,(x, 0)——cos(x/2) xe[0,7]

u(0,t) =sin(t/2) = g, (t),u(z,t) =cos(t/2) = w1, (t),t >0 (24)
TouHOe pelleHne, KOTOpOro €CTh
u(x,t) = (t —sin(t))sin(x) +sin(x/ 2) cos(t / 2) + cos(x/ 2)sin(t/ 2)

)2() [ j )= ( Jcos(t/2)+( jsm(t/Z)H
T

J sin(t/2)
a TaKXKe C MOZ[I/I(l)I/ILII/IpOBaHHBIMI/I Ha4aJIbHBIMHU YCJIOBUSAMHU

2(X) = p(X) —V (x,0) =Sin(x/ 2) — =,y (X) = w(X) —V,(x,0) =%cos(x/2)—[ﬂ_ Xj

C KpaeBoit byHKIMCH V(xt)= ( -

MOJU(UIMPOBAHHON MPABO YaCThIO

T(X) = f (%) =V, (x,0) :tsin(x)+4icos(t/2) +[”4‘X

2z

Torna MomuduIMpoBaHHbIE TPaBYIO YacTh BOJHOBOIO YPAaBHEHHsI M HayallbHbIE YCJOBHS Ul BTOPOTO TECTOBOTO
npuMepa noactaBuM B hopmyiy (18)
. S [ j

2 4 6 8
urt=ur Ul —uttyf (oL T LA S .
o T T, [21 4 6 8 100 12 [

22 2 e 2
z_10 le r
REPSTIP TR s J Ulnm+1 +U1nm—l - Ulnnql +2 fm,n (l_ COS(T))+ 2Vm,n(l_ COS(E)) Ulnm+1 + Ulnm—l -

2'%10! 21212!
—mh jsin(n zl 2)}[1 - cos(%D, (25)

Ipowmssoasmas pyskuus 2 f (l— COS(T))+ 2\/m1{1— COS(%)) B (hopmysie(25) COCTOUT U3 ABYX CllaraeMbix,

~Ut 4 2(n7)sin(mh)(1 - cos(r))+2(( hjcos(nr/2)+(

=2,N,m=1M -1

HIepBOE ciaraeMoe 00yCIIOBJICHO MPAaBOH YacThIO BOJIHOBOTO YPaBHEHHMSI, BTOPOE ONpPEJIeIeTCs] KpaeBoi (yHKIMEH.
B Tabmuue 3 coOpaHbl pe3yiabTaThl YHCIEHHOTO PpEIICHWS NpuMepa 2 ¢ MNapaMeTpamH IpOrpaMMbl
n=100,1=10,m=8,t =nmz = 25.1327412287183c
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Tabmuma 3

X exact (U,(x,) +U,(x,1) +V (x ) numerical
0.000000000000000E+000 -4.898425415289509E-016 -4.898425415289509E-016
0.314159265358979 7.92287861994210 7.92287861994209
0.628318530717959 15.0816716382986 15.0816716382986
0.942477796076938 20.7868052690006 20.7868052690006
1.25663706143592 24.4904425702249 24.4904425702249
1.57079632679490 25.8398480099049 25.8398480099049
1.88495559215388 24.7116743123074 24.7116743123074
2.19911485751286 21.2238212934494 21.2238212934494
2.51327412287183 15.7237111602188 15.7237111602188
2.82743338823081 8.75413249549701 8.75413249549700
3.14159265358979 1.00000000000000 1.00000000000000

OtHocutenbHas HopMa YeObimesa pasHa 3.004681541631892E-015 . Cpennee apudmerHieckoe OT MOIYIIS

YHUCJICHHOTO PCHICHUA B KOHCYHBIH MOMEHT BPEMCHH IO BCCM Yy3JlaM COCTaBJISCT

norpemHocTy umeer Tmopsanok107 T.e.

16.5534985368844. Hopma

nporpamma pa60TaeT C HUCHOJIb30BAHUEM aJropuT™Ma COIJIaCHO

¢dopmynam(11)-(20) ¢ aBoitHO# TouHOCTBIO. B mpumepe 2 kpaesbie ycmoBus 4 (t) =cos(t/2), u, (t) =sin(t/2)

JIMHEHHO HE3aBHCHUMEI.

TectoBblii mpumep 3.
Uy = U,, +cos(3t)sin(3x), x € (0, )
u(x,0)=sinx, x €[0,7]

u,(x,0)= gsin(B—ZX} xe[0,7]

Tounoe peuieHue, KOToporo €CTb

u(x,t) = sin(%}sin(%) + %sin(?)x)sin

—a
¥ MOJM(UITMPOBAHHON TPaBOM YaCThIO

C xpaeBoii pynkuueit V (x,t) = (2 — a),uz ®+ (u);ﬁ(t) = —(ljsin[%j
T

a TaKXKeE C MOI[I/I(I)I/IL[I/IpOBaHHBIMI/I Havalx

>0

u(0,t) =0= g (t),u(z,t) = —sin(%} =, (1),t>0

(3t)+sinxcost

b-a

f(x) = f(x,t) =V, (x,0) = cos(3t)sin(3x) — i—xsin(%)
7T

bHBIMH YCJIOBUSIMHA
3x
2

@(X) = p(X) =V (x,0) = sin X,y (X) = w(X) —V, (x,0) = gsin[—] + S—;

(26)

TOFI[a HaﬁHEHHLIe MOI[I/I(I)I/IHI/IPOBaHHI)Ie IpaByIlO 4aCTh BOJIHOBOI'O YpPaBHCHUSA U HAYaJIbHBIC YCJIOBHUA IJIA

TPETHETr0o TECTOBOTO IIpUMepa MoAcTaBuM B hopmyiry (28)

2 2
T 3

4 4 6 6_8 8 10
r+33r_431 Kigs

+5 -6

n+ _pn n n-1
Ulm _Ulm+1+U1m—1_U1m +2fm,n(

o2 T 6l 8l 10!

2 9 4 4
+o |+ 2V, (3 LA
2, 2 \2) 4

6 g 8 g 10 10 12 12
3) 7 3) r 3) 7 3) 7 n n e .
)56 w6 56 ﬁ+---j=ulm+l+ulm1—uml+fm,n(srsm<3r>—8¢2)+

el

1-cos(37) = (3;) i - (3e) + (8)

ITockonbky 4 6l 2dr
0 2 2 2_4 4 _6 6 _8 8 _10 10 12
+5@—6@+...:412+T——23 A R A Y
10 121 2! 4 6! 8! 10!
2 2 __4 4 __6 6_8 8 _10 10 _12
ol 3T 387 437 537 g3 T L FinEr)-ar?
2! il 6! 8! 10! 12! 2

(27)

PN rd (1_ 003(31)) _ %(31)2 ) (31-)4 3 (37)6 i (3‘[)8 .

+
4 6! 8!
3r

+...:?sin(3r) &
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35655

8£+ E102__10_ §12‘[_12
g \2) 100 (2) 12

=1- 005[32 j [IpousBonsuias

byHKIHS

fmyn(3rsin(3r)—812)+ men(l—cos(s?rj] B (opmyne(27) COCTOMT M3 JBYX ClaraeMbiX, HEpPBOE ClaraeMoe

00yCIIOBJICHO MPaBOil YacThIO BOJHOBOTO YpaBHEHHsS, BTOPOE COOTBETCTBYeT KpaeBod (pyHKimu. B Tabmume 4

MOKa3aHbl  PE3ylNbTaThl  YHCICHHOTO  PENICHAS  HpHMEpa C  mapaMeTpaMH  IIPOrPaMMEI
n=200,1=20,m=4,t=nmr= 12.5663706143592¢

Tabnuna 4

X exact (U,(x,) +U,(x,) +V (x,t) numerical
0.000000000000000E+000 0.000000000000000E+000 0.000000000000000E+000
0.314159265358979 0.309016994374945 0.309016994374945
0.628318530717959 0.587785252292470 0.587785252292472
0.942477796076938 0.809016994374946 0.809016994374947
1.25663706143592 0.951056516295155 0.951056516295152
1.57079632679490 1.00000000000000 0.999999999999998
1.88495559215388 0.951056516295155 0.951056516295152
2.19911485751286 0.809016994374947 0.809016994374948
2.51327412287183 0.587785252292471 0.587785252292473
2.82743338823081 0.309016994374946 0.309016994374948
3.14159265358979 8.572244476756629E-016 7.347638122934264E-016

OtHocutenpHas HopMa YeOrimeBa paBHa 7.209524148017449E-015. Cpenree apupmeTHdeckoe OT MOIYISA
YUCJICHHOTO pEIICHHs B KOHEYHBI MOMEHT BPEMEHHU IO BceM y3naMm coctaBisier  0.631375151467504. Hopma
norpemHocTH uMeeT nopsnokl10®, T.e. mporpaMma pabGoTaeT C MCHONB30BAHHEM AJTOPHTMA COTIACHO
tdopmynam(11)-(20) ¢ nmBoitHO#M TouHOCTRIO. B mpmMepe 3 3amaHO TONBKO OIHO HEHYJEBOE KpaeBOE YCIIOBHE

. (3t
1, (1) =0, 14, (t) =—sin 5 ) TakuM 00pa3oM, Tpu PaCCMOTPEHHBIX NPUMEPa UCUEPIILIBAIOT BCE PA3INYHBIC CITyYaH

3a7aHMs HEOJAHOPOIHBIX YCJIOBHH MOKA3bIBAIOLIME, YTO IPOTpaMMa, HAalHMCaHHAs 10 anropurMmy ¢opmyna (11)-
(20)uncneHHo pelaeT HayalbHO - KPaeBYIo 3a/1auy BOJIHOBOTO YPaBHEHHUS Ha OTPE3Ke C ABOHHON TOUHOCTBIO.

Jnist KIaccHYecKoro pelieHus 3a1a4 MaTeMaTnieckoi (PU3UKN HEe0OXOIMMO TaKKe COINIacoBaTh HadallbHbBIE
U KpaeBble ycnoBusi[3,4,cTp.43], KOTOphle 3aKIIOYAIOTCS A HOCTAaHOBKM 3anadv(l) B BBINOJIHEHUH YCIOBHH
V(at) =),V b1) = 1, (1), ¢(a) = u(a0) = 14 (0), o(b) = u(b,0) = 1,(0) (29)

OTMeTHM, YTO B HEPBBIX JBYX MPUMEpax YCJIOBHE COTJIACOBAHMSI KJIACCUYECKOTO PEIICHHMs! BBIMOJIHEHO Ha
JIBYX KOHIIAX OTpe3Ka, U KaK CIIEJICTBHE JOCTHUTHYTO MEHbIee 3HAYCHHE HOPMBI HOTPEUIHOCTH, Y€M B TPEThEM
npuMepe, B KOTOPOM YCJIOBHE COTIJIACOBAHMS BBITIOJIHEHO HE JICBOM KOHIIE OTpe3Ka, HO HE BBIIIOJIHEHO Ha IPaBOM
€ro KOHIIE. ga(a)— 14(0)=0, (p(b)— 15,(0)=1%0. B pesyapTaTe HOpMa MOTPEMIHOCTH GoJbIIe MpUMepHO B 10 pas3,
YeM B IIEPBBIX ABYX NpHMeEpax, TeM HE MEHee, YCTOWYMBOCTh BCEX YKa3aHHBIX aJTOPUTMOB PAa3HOCTHBIX CXEM
MMEeEeT MECTO U B ClIydae paccoriiaCoOBaHMs HA4aIbHBIX U IPAHUYHBIX YCIOBHIA.

[Mporpamma Hamucana Ha s3bike FORTRAN 1 ucrons3yer BXOAHBIE (YHKIMHM TECTOBOrO MpHMepa 2.
OnuiieM BXOJHble (YHKIMH MPOTpPaMMbl, YHCIEHHO pELIAoIIeH NPOU3BOJIbHYIO HEOJHOPOJHYIO HayallbHO-
KpaeByI0 3a/1a4y JIJIsl BOJIHOBOTO YPaBHEHHS HA OTpE3Ke.

fy(x,t) = (X, t) Vi (x,t) = f (x,t) [X a
BOJHOBOI'O ypaBHeHI/ISI'
L0() = p(x) - [ juz(O) ( ]yi(t» W0 = () - [b ju (0>+(

YCIIOBHSL [IJIsl HAYaJbHOTO CMENIEHHS TOYEK OTPE3Ka CTPYHBI U MOXM(DHUIMPOBAHHBIE YCIOBHUs IUIS HAYaIbHOM
ckopocti Touek crpyHbl. Cymma ¢yukuuit B nporpamme fan(xt)+ ffO(xt)+ f2(x,t) - pasua usBecTHOMY

j,uz ®)+ (E_ X)M" (t)- MomupuuupoBaHHas  IpaBas YacTb
—a

jﬂl (0)-  MoaupuuUUPOBaHHbIE

TOYHOMY peuieHuro. Ecin ykazaHHble (YHKIMM HAMJICHbI, TO MX 3alUCHIBAIOT B MPOrpamMMmy (AJIsl ONpenesieHus
HOPMBI HEBA3KU 3aJia4vu 110 q€6BIIHeBy). HepBLIe JBa cCJlara€MbI€ IMPCACTABJIAOT YaCTHbIC PCLICHUA 3a,uaq1/1(l),
COOTBETCTBYIOIIUE HECOAHOPOJIHBIM Ha4YaJIbHBIM YCJIOBUAM W HEOJHOPOAHBIM TI'PAHUYHBIM YCIOBUAM, TPETHE
cara€Mo€ COOTBETCTBYET HCO)IHOpO)IHOfI npaBoﬁ YacCTHU BOJIHOBOI'O YPAaBHCHUA.

[Iporpamma nHanmcana Ha si3eike FORTRAN, eé ocobennoctrio siBisieTcss m = 4K,k € N, OvicTponeiicTBue
(Bpemst pabotsr) cocrasisier 0,01c.
program wave;integer(8), parameter::n=100,n1=10,ll=n/n1;integer(8)::i,j,k;integer(8),parameter::m=8
real(8):: num(0:n+1,0:m*n+1),num0(0:n+1,0:m*n+1);real(8)::par(0:n+1),sum,s,tay2,f00(0:n+1)
real(8)::res1(0:n+1),1(0:n+1),f0(0:n+1),2a33(0:n+1), res2(0:n+1);
real(8):: aa(0:n+1),bb(0:n+1),cc(0:n+1),ff(0:n+1),ccc(0:n+1),0tv(0:n+1),0tv0(0:n+1)
real(8)::eps(0:n+1),nu(0:n+1),eps0(0:n+1),f11(0:n+1),f22(0:n+1)
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real(8)::a1(0:n+1), a2(0:n+1), b1(0:n+1), b2(0:n+1),aa11(0:n+1),cc11(0:n+1),bb11(0:n+1)
real(8)::eps00(0:n+1),0tv00(0:n+1), 11(0:n+1),12(0:n+1),res3(0:n+1)

real(8):: aal(0:n+1),bb1(0:n+1),aa2(0:n+1),bb2(0:n+1),aa3(0:n+1),bb3(0:n+1)
real(8)::max1,max2,max3,max4,max44,epss(0:n+1);real(8)::max5,ch,t,yy,max55,mm,tayl,cl1,ff0,v,pi
real(8)::ul,u0,f1,f2,fan,z,vel,x,y,a,b,c,d,h1,tay,tt,x1,x2,x3,x4,hh,fy
v(x,t)=(x/(2d0*dasin(1d0)))*dcos(t/2d0)+(((2d0*dasin(1d0))-x)/(2d0*dasin(1d0)))*dsin(t/2d0)
fy(x,t)=dsin(x)*t+(x/(4d0*(2d0*dasin(1d0))))*dcos(t/2d0)+(((2d0*dasin(1d0))-
X)/(4d0*(2d0*dasin(1d0))))*dsin(t/2d0)
ul(x)=dcos(x/2d0)/2d0-(((2d0*dasin(1d0))-x)/(2d0*(2d0*dasin(1d0))))
u0(x)=dsin(x/2d0)-(x/(2d0*dasin(1d0)));fan(x,t)=0d0;f1(x,tay)=-2d0*u0(x)-2d0*tay*ul(x);
ffO(x,t)=dsin(t/2d0)*dcos(x/2d0)+dsin(x/2d0)*dcos(t/2d0);f2(x,t)=dsin(x) *(t-dsin(t));
pi=2d0*dasin(1d0);a=0d0;b=pi;z=1d0;vel=1d0;max1=-100d0;max2=-100d0;max4=-100d0;max44=-100d0
max5=-100d0;max55=-1000d0;mm=-100d0;h1=(b-a)/dfloat(n);tay=dsqrt(z)*h1/vel

do k=0,n;x=a+h1*dfloat(k);x2=x+h1;x1=x-h1;x4=x+2d0*h1;x3=x-2d0*h1
aa(k)=1d0;bb(k)=1d0;cc(k)=4d0;f0(k)=f1(x,tay);ff(k)= 3d0*ul(x)*tay+u0(x1)+u0(x2)+u0(x)
al(k)=1d0;a2(k)=-4.5d0;b2(k)=1d0;b1(k)=-4.5d0;ccc(k)=-10d0;aal(k)=1d0

bb3(k)=1d0;f11(k)=-fy(x tay)*tay*tay;aall(k)=z;bb11(k)=z;cc11(k)=2d0+2d0*z
f22(k)=-((fy(x1,tay)+fy(x2,tay))+fy(x,2d0*tay)-4.5d0*fy(x,tay)) *tay*tay
enddo;nu(0)=0d0;nu(n)=0d0;1(0)=0d0;I(n)=0d0;res1(0)=nu(0);res1(n)=nu(n)

do k=1,n-1;x=a+h1*dfloat(k);fO(k)=f1(x,tay);nu(k)=(aa(k)*nu(k-1)-fo(k))/(cc(k)-aa(k)*I(k-1))

I(k)= bb(k)/(cc(k)-aa(k)*I(k-1));enddo;do k=n-1,1,-1;res1(k)= I(k)*res1(k+1)+nu(k);enddo

do j=0,n;x=a+h1*dfloat(j);par(j)=fan(x,tay);eps(j)= par(j)-resi(j)

if( eps(j)<=0d0 )then;eps(j)=-eps(j);else;endif;enddo;do j=0,n;if( eps(j)>=max1 )then;max1= eps(j);endif;enddo
print*,"norma C1=",maxZ1;do k=0,n;res2(k)= res1(k);enddo;
11(0)=0d0;11(1)=0d0;12(0)=0d0;12(1)=0d0;11(n)=0d0;12(n)=0d0;I1(n-1)=0d0
12(n-1)=0d0;nu(n-1)=res2(n-1);nu(n)=res2(n);nu(1)=res2(1);nu(0)=res2(0)

do j=2,n-2,1;11(j)=(al()*I11(j-2)*12(j-1)+a2(j)*I12(j-1)+b1(j))/(ccc(j)-al() *I1(-2)*I11(j-1)-a2(j) *I11(j-1)-al(j) *I12(j-2))
12(3)=b2(j)/(ccc(j)-al(j)*11(j-2)*11(j-1)-a1(j)*12(j-2)-a2(j)*11(j-1))
nu(j)=(@13G)*I1L(j-2)*nu(j-1)+a2(j)*nu(j-1)+al()*nu(j-2)-ff(j))/(ccc()-al()*11(-2)*11(j-1)-aL(j)*12(j-2)-a2(j) *I1(j-
1)

enddo;do j=n-2,0,-1;res2(j)=11(j)*res2(j+1)+12(j)*res2(j+2)+nu(j);enddo

do j=0,n;x=a+h1*dfloat(j);par(j)=fan(x,tay);eps(j)= par(j)-res2(j)

if( eps(j)<=0d0 )then;eps(j)=-eps(j);else;endif;enddo;do j=0,n

if( eps(j)>=max1 )then;max1= eps(j);endif;enddo;do j=2,n-2;if(eps(j)>=max2)then
max2=eps(j);endif;if(mod(j,n1)==0)then;endif;enddo;print*,"norma C2=",max2

do i=0,n;if(mod(i,n1)==0)then;endif;enddo;do j=0,n1
x=a+h1*dfloat(j);num0(0,j)=0d0;numO(n,j)=0d0;num0(j,0)=u0(x);num0(j,1)=res2(j)

enddo;do j=1,n1-1;do i=1,n-1
numO(i,j+1)=numO(i+1,j)+numO(i-1,j)-numO0(i,j-1);enddo;enddo;tayl=tay*dfloat(n1)
hh=h1*dfloat(nl);t=dfloat(n*m)*tay;num0(0,1)=0d0;num0(Il,1)=0d0;num0(0,0)=0d0;numO0(l1,0)=0d0
do i=0,lI;x=a+hh*dfloat(i);num0(i,1)=numO(i,n1);numO0(i,0)=u0(x)
numO(0,i)=0d0;numO(ll,i)=0d0;otv(i)=fan(x,t);enddo;do j=0,I1*m;num0(0,j)=0d0;numO(ll,j)=0d0;enddo
do j=1,II"m-1;do i=1,ll-1;numO(i,j+1)=numO(i+1,j)+numO(i-1,j)-num0(i,j-1);enddo;enddo

do i=0,1l;eps0(i)=numO(i,l1*m)-otv(i);if(epsO(i)<0d0)then;epsO(i)=-eps0(i);endif
if(epsO(i)>max44)then;max44=eps0(i);endif

s=s+abs(otv(i));enddo;print*,"norma C404=",max44,max44*dfloat(ll)/s
nu(0)=0d0;nu(n)=0d0;1(0)=0d0;l(n)=0d0;res1(0)= nu(0);res1(n)= nu(n)

do k=1,n-1;x=a+h1*dfloat(k);nu(k)=(aall(k)*nu(k-1)-f11(k))/(cc11(k)-aall(k)*I(k-1))

I(k)= bb11(k)/(ccl1(k)-aall(k)*I(k-1));enddo;do k=n-1,1,-1;res1(k)= I(k)*resl(k+1)+nu(k);enddo

do j=0,n;x=a+h1*dfloat(j);par(j)=f2(x,tay);eps(j)= par(j)-resi(j)

if( eps(j)<=0d0 )then;eps(j)=-eps(j);else;endif;enddo;do j=0,n

if( eps(j)>=max4 )then;max4= eps(j);endif;enddo;print*,"norma C101=",max4

do k=0,n;res2(k)= res1(k);enddo;11(0)=0d0;I1(1)=0d0;12(0)=0d0;12(1)=0d0
11(n)=0d0;12(n)=0d0;11(n-1)=0d0;I2(n-1)=0d0;nu(n-1)=res2(n-1)
nu(n)=res2(n);nu(1)=res2(1);nu(0)=res2(0);do j=2,n-2,1
11(3)=(a1()*11(j-2)*12(j-1)+a2(j)*12(j-1)+b1(j))/(ccc()-aL1()*11(j-2) *I1(j-1)-a2(j) *I1(j-1)-a1(j)*I12(j-2))
12(j)=b2(j)/(ccc(j)-al(j)*11(j-2)*11(j-1)-al(j)*12(j-2)-a2(j)*11(j-1))
nu(j)=@13)*I11(j-2)*nu(j-1)+a2(j)*nu(j-1)+al(j)*nu(j-2)-f22(j))/(ccc(j)-al(j)*11(j-2)*I1(j-1)-al(j) *I2(j-2)-a2(j) *I1(j-
1)

enddo ;do j=n-2,0,-1;res2(j)=11(j)*res2(j+1)+I2(j)*res2(j+2)+nu(j);enddo

do j=0,n;x=a+h1*dfloat(j);par(j)=f2(x,tay);eps(j)= par(j)-res2(j);if(mod(j,n1)==0)then;endif

if( eps(j)<=0d0 )then;eps(j)=-eps(j);else;endif;enddo;do j=0,n;if( eps(j)>=max5 )then;max5= eps(j);endif;enddo;
do j=0,n;if(eps(j)>=max5)then;max5=eps(j);endif;enddo;print*,"norma C202=",max5 !;pause
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do j=0,n;x=a+h1*dfloat(j);num(j,0)=0d0;num(j,1)=res2(j);enddo;do j=1,n1-1;do i=1,n-1
x=a+h1*dfloat(i);y=tay*dfloat(j)
num(i,j+1)=num(i+1,j)+num(i-1,j)-num(i,j-1)+2d0*fy(x,t)*(1d0-cos(tay))+2d0*v(x,t)*(1d0-cos(tay/2d0))
enddo;enddo;do i=0,n;res3(i)=num(i,n1);enddo;hh=h1*dfloat(nl);tayl=tay*dfloat(nl)
t=tay*dfloat(n*m);print*,"t="t;do i=0,ll;x=a+hh*dfloat(i);num(i,1)=res3(i*nl)
num(i,0)=0d0;otv(i)=f2(x,t);enddo;do j=0,lI*m;num(0,j)=0d0;num(ll,j)=0d0;enddo

do j=1,1I"m-1;do i=1,ll-1;x=a+hh*dfloat(i);t=tay1*dfloat(j)
num(i,j+1)=num(i+1,j)+num(i-1,j)-num(i,j-1)+2d0*fy(x,t)*(1d0-cos(tayl))+2d0*v(x,t)*(1d0-cos(tay1/2d0))
enddo;enddo;s=0d0;do i=0,ll;eps(i)=num(i,lI*m)-otv(i);if(eps(i)<=0d0)then;
eps(i)=-eps(i);endif;if(eps(i)>=max55)then;max55=eps(i);endif
if(otv(i)>=maax)then;maax=otv(i);endif;enddo;print*,"norma C505=",max55,max55*dfloat(ll)/maax;
t=tayl*dfloat(m*Il);s=0d0;do i=0,II;x=a+hh*dfloat(i);otv00(i)=num(i,lI*m)+numO(i,l1*m)+v(x,t)
res3(i)=f2(x,t)+fan(x,t)+ff0(x,t);epss(i)=o0tv00(i)-res3(i);if(epss(i)<0d0)then;epss(i)=-epss(i);endif;s=s+res3(i);
if(epss(i)>mm)then;mm=epss(i);endif;print* x;print*,res3(i),otv00(i);enddo

print*,"norma C=",mm*dfloat(ll)/abs(s),abs(s)/ dfloat(ll);end program wave

B pabote noxydeHs! pe3ynbTaTh:

1)

2)

3)

4)

5)

6)

1)

2)
3)
4)

5)

6)

Jluneiinast HEOHOPOIHAS HadaIbHO-KpaeBas 3ajada JUlsl BOJHOBOTO YpPaBHEHHS Ha OTpPE3KE peAyKIHEH
CBOJMTCS K PEIICHUIO JBYX YacTHBIX 3aJad C OJHOPOAHBIMH KpaeBbIMU ycioBusiMH. IlepBas mmeer
OJTHOPOJTHOE ypaBHEHHE M MOAN(HUINPOBAHHBIE HaYalbHBIE yCIOBHA. BTopas 3amauya MMeeT OJHOPOJHbIE
HavyallbHbIE YCJIOBHS M BOJTHOBOE YpaBHEHHE ¢ MOJU(DUIIMPOBAHHOW NIPaBOil YacThIO.

B paznoctHOM Buze nonyueHs! popmysbi(11)-(20) s peleHns HeoTHOPOIHOM KpaeBoii 3a1a41, KOTOpbIe
TepexoaaT B aHajorudHeie popmyisl padoTsl[1]((15)-(28)) B cirydae 0THOPOIHBIX KPACBBIX YCIOBUIA.

B sBHOM BHze monydeHa HeBs3ka oOmero Buna (dpopmyna(l8)), cocrosmas u3 OBYX CyMM,- CIllaracMble
MIepBOI JBOMHOM CyMMBI COAEpKaT MPOU3BOIHBIE YETHOTO MOPAIKA IO KOOPIMHATE M BPEMEHHU (Kak U B
padore[1,ctp.180]popmyna(26)), cmaraemple BTOpPOl CyMMBI MPONOPHUOHANBHEI YETHBIM IPOU3BOIHBIM
0 BpeMeHH OT KpaeBoW ¢yHkuuu. KpaeBoit Moxer ObITh mr00as [ABaXKIOBl HEMPEPHIBHO

mubdepenuupyemas GyHKUUS, Ha TIpaHHIE OONacTU O paBHAs KPAaeBBbIM YCIOBHAM i (t),i =11 wu

SIBIOLIASCS OJHIM U3 3 CIIATACMbIX YHCICHHOIO PEIICHHUs B 3aMKHYTOi 0GnacTi Q.

Bcee mommdunmpoBanHble (yHKOIMM — TpaBas 4acThb YPaBHCHUs, HadalbHBIC YCIOBHS M OOIMI BHI
HEBS3KM 331aud B (opmyie(18) ompenensrorcs Takke KpaeBoil (yHKIMEH, T.€. MOTyICHHBIE AITOPUTMBI
COOTBETCTBYIOT TPAAMIMIM peleHns 3a1ad M coTpyqHHKaMu ceMrnHapa akajemMuka B.B. Anekceesa.
Hammcana mporpamMmma W HONyYeHBI TPU TeCTOBBIX mpumMepa (21),(24),(26)c TOYHBIMH PEUICHUSAMH, MPH
BBIOOPE ONTHMAJIBHOTO MapaMeTpa alnlpoKCHUMAIK Z=1, ¢ KOTOPBIM KaK HEOJHOPOAHAsI KpaeBas 3ajaqa,
TaKk W 3ajada C OJHOPOAHBIMM YCIOBHMSMH DELIAIOTCA C JBOWHONW TOYHOCTBIO. TakuMm oOpas3om, Bce
CBOMCTBa (TOYHOCTh, MacIITA0OMPYEMOCTh aJTOPUTMA, METOJ NPOU3BOJAIIUX (YHKIHMH, ObICTpOJCHCTBHE
U. T. /I.) C ONITUMAJIFHBIM ITapaMETPOM aNNpPOKCUMAIINH COXPAHIIOTCA Kak B OJHOPOAHOM KpaeBoil 3amade,
TaK ¥ B HEOJJHOPOJIHOI 3a/1aue ¢ KpaeBbIMU ycloBUsIMHU Jlupuxie.

bnarogaps anroputmy  uwHunmanusanuu(15)(16),(18),(19),(22),(24)(uto  mpoBEepeHO  MPOTPaMMOK)
YHCIICHHOE peIIeHne ¢ ucnonb3oBaHueM amroputma(ll) — (20)mo HOpMe UeOpmeBa OIM3KO K TOYHOMY
PELICHUI0 HE TOJBKO INPH COTJIACOBAHHBIX HAYaJIbHBIX M KPAEBBIX YCJIOBHSX, HO M MPH OTCYTCTBUHU HX
COTJIACOBAHUSI B KIIACCHYECKOM CMBbIcie perreHus 3a1ad Y MO.
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TO QUESTION ABOUT REDUCTIONS OF THE LUMPY MARGINAL PROBLEM DIRIHLE FOR
WAVE EQUATION ON LENGTH

D. PASTUHOQV, Y. PASTUHOV, N. VOLOSOVA

The Offered algorithm of the decision general initial-marginal problem of the lumpy wave equation on length
with lumpy marginal condition. The Certain notion to marginal function. The Source problem with lumpy marginal
condition is reduced to two simple modified problem i.e. to problem with modified by right part and to problem with
modified initial condition, but with uniform border condition. It Is Received decomposition to inaccuracy of the
problem in most general type for optimum parameter of the approximations pasuoctHoii schemes z=1. The First
double amount to inaccuracy complies with amount for problem with uniform marginal condition; the second single
amount contains the composed proportional derived even order on time from marginal function. The Writtenned
program on base of the built algorithm to reductions, are solved exactly and numerically three test examples,
showing that marginal conditions Dirihle save all characteristic of the task with uniform marginal condition when
use the modified conditions and marginal function.
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MATEMATHKA

YAK517.6  517.958

AIIIMPOKCUMAILIMSI YPABHEHMSI ITYACCOHA HA MIPSIMOYT'OJIBHUKE MOBBIIIEHHOM
TOYHOCTH

MacryxoB [.®., [Tactryxos 10.D.

Annomayua: Ilpennoxed anroputM peuieHus ypaBHeHus IlyaccoHa Ha IpPSMOYTOJIBHHKE IOBBIIIEHHOM
TOYHOCTH C BOCBMBIM alTeOpandecKuM MOPSAKOM MOTPEHTHOCTH. il CHMMETPHYECKOW IIATH IHaroHAIbHOW
MaTpHUIBl TOJXY4YCeHBl (POPMYIBI IMPOTOHKH CHCTEMBI JIMHEHHBIX ypaBHEHHH C KpaeBBIM ycioBueM Jlmpuxie.
Jloka3aHBl [OCTATOYHBIC YCJIOBHS KOPPEKTHOCTH (OpPMYNT TPOTOHKH BHEPEN [UIL TIATH JHATOHAIBHOW
CUMMETPHYECKON MaTpuIpl. Pa3nmoxkeHne B psil ¢ CAMMETPUYHBIM IIaOJIOHOM IS omepaTtopa Ilyaccona comepskut
TOJIBKO YaCTHBIE MMPOU3BOIHBIE YETHOIO MOPSAIKA IO KAKIOU U3 KOOpAUHAT.

Knrwueesvie cnoea. uvcieHHble METOABI PEHICHUSA DIUTUNTUYCCKUX ypaBHeHI/Iﬁ MaTeMaTHICCKOHN q)I/ISI/IKI/I,
JAOCTATOYHBIC YCJIOBUS KOPPCKTHOCTHU (bOpMy'J'I MPOTOHKU IIATH ):[P[al“OHaJ'ILHOfI MaTpulbl.

THE APROXIMATION of the EQUATION of the POISSON ON RECTANGLE RAISED ACCURACY
Pastuhov D.F., Pastuhov YU.F.

The Abstract: is Offered algorithm of the decision of the equation of the Poisson on rectangle raised accuracy
with eighth algebraic rather inaccuracy. Formulas of the dugout of the system of the linear equations are received for
symmetrical five diagonal matrixes with marginal condition Dirihle. It is proved sufficient conditions to correctness
molded the dugout for five diagonal symmetrical matrixes onward. The Decomposition in row Taylor symmetrical
pattern for operator of the Poisson contains only quotient of the derived even order on each of coordinates.

The Keywords: the numerical methods of the decision of the elliptical equations mathematical physicists,
sufficient conditions to correctness molded the dugout five diagonal matrixes.

Bsenenue

33}13‘11/[ C YUCJICHHBIM PCUICHUEM YpPaBHCHUA HyaCCOHa BCTPEYAIOTCA BO MHOTHX (1)I/I3I/IKO-TCXHI/I‘ICCKI/IX
MPUIOKEHUIX, OOJIBIION KJIACC KPACBhIX 3a/la4 MaTeMaTUYeCKON (DM3UKU TaK:Ke CBOTUTCS K ypaBHEeHHUIO [lyaccoHa
Ha npsmoyronbHuke. B crathe[l] bnoxuna H.C. ucxonHyo THAPOJIMHAMHUYECKYIO 3a7ady CBOJIUT K 3aMKHYTOM
CHCTeME YEeTHIPEX YpaBHEHUH B YaCTHBIX HMPOU3BOIHBIX OTHOCHUTEIBHO (DYHKLUH TOKA M BUXPS JKUAKOCTH, TPH U3
KOTOPBIX SBJIAIOTCS YPaBHCHHSIMH MapabOJIMYecKOro THIMA, a 4YeTBEPTOC MpEACTaBsieT ypaBHeHue Ilyaccona
OTHOCHUTENIFHO (DYHKLUH TOKa, a MpaBas 4acTh ypaBHEHHUs paBHa (yHKIMU BuUXps. CHCTeMa JNaHHBIX ypaBHEHH
pemacTcd MHOI'OKPAaTHO o NUKIYy METOAOM YCPCAYIOIINXCA HaHpaBJ‘IeHHfI. CJ'ICJ:[OBaTeJILHO, TOYHOCTB
allpoOKCUMaIlui  ypaBHCHUA HyaCCOHa SABJIACTCA aKTyaJ'ILHOfI 332[3‘16171 B HpI/IKJ‘Iﬁ,I[HOﬁ MaTteMaTuke. BakHo
BBIpa6OTaTB YHUCJICHHBIC aJITOPUTMbI PCHICHUSA YPAaBHCHUA HyaCCOHa ¢ OoJBIINM anre6panqec1<HM NOPAAKOM
MOTPEIIHOCTA I 3KOHOMHH BPEMEHHU CY€Ta M COXpaHCHHs HEOOJBIIOW HOPMEI morpemHocTd. Ha ctp.227[2]
MpuBecJicHa ABHAA pa3HOCTHAA (popMyna Ha JC€BATUTOYCUYCHOM H.Ia6J'IOHC, IIO3BOJIAOIIAsA HalTH PpeUICHUC YPABHCHUA
HyaCCOHa METOAOM HpOCTOﬁ HUTepalunu. CI/IMMeTpI/I‘{HLIM JACBATH TOYCYHBIM mabJIOHOM MOKHO IOKPBITH BECh
MPSAMOYTONBHUK IO OOIIKMM TPaHUIAM, U OH SIBJISIETCS YHUBEPCAIBHBIM BHYTPHU IPAMOYTOJIBHUKA M HA €70 CTOPOHAX
(rpanunax). IIpuBeneHnas aBropamu (Gopmyna IPOCTOW UTEpaIK JAET YETBEPTHIN MOPSIOK HEBSI3KM ypaBHEHUS

IlyaccoHa B paBHOMEPHOM HOpMe M OOIIyI0 OTHOCHTeNnbHyRo morpemmocts10°—10°. Takoii ke mopsaox
OTHOCHTEJIFHOM TMOTPENIHOCTH IIPUBOJIUTCA B INpOTpaMMax JJisl PeIICHHS JJUIMNTUYECKUX ypaBHEHHH y A.A.
Camapckoro[3].

B nmanHO# paboTe HAMU MPEIJIOKESH AITOPUTM s perneHust ypasueHus [lyaccona. [To dpopmyie npocroit
UTEpaIyy U C HIECTHIM MOPSAKOM HMOTPEIIHOCTH HAXOATCS y3JI0OBBIE 3HAUCHHS PEeLICHUS BOIM3KM YETHIPEX BEpIIMH
MPSAMOYTONBHUKA. MeTOOM MPOTOHKH C TpEX AMAroHaJbHON MaTpHIed, YCTOHYMBOCTH KOTOPOH oOecrednBaeT
YaCTUYHO HEsIBHAs Pa3HOCTHAs (OPMyNa C HIECTHIM HOPSIKOM MOTPEUTHOCTH, HaXOATCSA MPUTPAHUYIHBIE Y3JIOBBIC
3HA4YeHMs YUCICHHOTO PEUIeHUs. BHyTpeHHHE y3/I0BBIC 3HAYCHUS PELICHHUS Ha CICIYIOIEM HUTEPallMOHHOM CIIOe
HaXOSATCS 110 YaCTHYHO HESBHON MTepannoHHOI (GopMyrte ¢ IecAaThIM MOPSIKOM HOTPENTHOCTH HA CHMMETPUYHOM
25 To4ueyHOM IIabJIOHE C TIATH JAWaroHaILHOM MaTpuiel nporonku. Kpome BbIBO/Ia alIIpOKCUMHUPYIOMINX GOpMYIT
C YKa3aHHBIMU MOPSIKaMHU IOTPELIHOCTH HaMU MOJYYEHO JOCTATOYHOE YCIIOBHE KOPPEKTHOCTH METOMAA MPOrOHKU
C IIATH JUaroHaJbHOW Marpuued. [IpuBeneHHBI HaMM aIrOpuUTM Aa€T BOCEMOHM MOPSAOK (IIPH YHCIE Y3JIOB
nopsaka 1600) HeBs3ku ypaBHeHus IlyaccoHa B paBHOMEpPHOI HOpME M OOIIYI0O OTHOCHTENIBHYIO ITOTPEIIHOCTD
10 -10 ™ npu omHuX M Tex ke mapamerpax 3ajaum, 4to M B paGorte[2]. IlpuBeneH mpHMep, PEIIEHHBIN
AHAJIMTHYECKH, W HamucaHa nporpamma Ha sizeike FORTRAN, moanepkuBaronieM MakCUMalbHBIE pa3MEPHOCTH

MaccuBsl perieHus. [lonp3oBatenu szpika C++ MOryT 3amyckath nporpammy u3 odonouku Microsoft Visual Studio
o6meit c FORTRAN uc C++.
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B kauectBe Tecta sl pa3HOCTHOM cXxeMmbl pemdM ypaBHeHue IlyaccoHa Ha mpsSMOYrojbHUKE:
2 2
%Jr%:sin(x), O<x,y<rm
u(0,y)=u(z,y)=sin(y) (1)
u(x,0)=u(x, z)=sin(x)
0<x,y<rx
IIpoBeném penykuuto nuHeitHOM 3amaun (1)[4]. T.e. cBeném pemenue (1) kK cymme pemeHnH 3 IPOCTBIX CHCTEM:
u(x, y)=u,(x, y)+u,(x, y)+us(x, y). [epras crcrema conepkuT 0IHO HEOMHOPOIHOE KPACBOE YCITOBHE:
oy, . o’u,
aXZ ay2
1) 1u,(0, y)=u, (7, y)=sin(y)
u,(x,0)=u,(x,7)=0
0<x,y<x

0, O<x,y<7

Permaem 3asiauy 1) Metonom pasesnenus mepemennsix u(x, y)= X (x)Y (y), X'Y + XY =0
BeiGepem dynxmmio Y(y)=sin(y), coBmajaronryio ¢ HEOMHOPOIHBIM TPAHWUHBIM YCITOBHEM Ha TIEPBOi TacTH
TPAHMIBI M ABTOMATHYECKH Obparmaromee B 0 peleHue Ha BTOpoii yacTu rpanmmsl. Torma ams X (X):
X' =X =0
X(0)=X(z)=1
O6uee pemieHHe MOCHEAHEH KpaeBOil 3aJadyd  HAXOAMM HA MHOXECTBE THIEPOONMYECKMX  (DYHKIMH

X (x) = Ash(x)+ Beh(x), sh(x) = &- - e (=< . e’

X"sin(y)—Xsin(y):O@{ @)

Hcrionb3yst TpaHUYHbBIE yCIOBHSL:

X (0)= Ash(0)+ Bch(0)= B =1, X(7)= Ash(z)+ch(z)=1< A= —~

3anumeM pemenue 1) yacTHoH 3amaum: U, (X, y) = [(l;:#h(gz)]sh(x)—k ch (X)Jsin(y)
V4

Ninem penienne BTOpoid YaCTHOM 3aaun
d°u, o
6x22 ’ ay22 -

2) 1u,(0,y)=u, (7, y)=0
u,(x,0)=u,(x, 7)=sin(x)
0<x,y<rx

0, O<x,y<7

AHaNoru4HoO, pasjienss MepeMeHHble, BbhIOUpaeM (GYHKIHIO X (X) = Sin(x), ABTOMATHUYECKH YIOBIICTBOPSIOILYIO
MEePBOMY TPAHUYHOMY YCIOBHIO 2) M COBIAJAIOUIYI0 CO BTOPHIM IPAaHUYHBIM YCIOBHEM.

Y -Y=0

Y(0)=Y(7)=1

Kpaessie 3amaun (3) 1 (2) coBmagaroT ¢ TOYHOCTHIO 0 3aMEHBI ITepeMeHHbIX X — Y, X —> V.

Y sin(x)-Y sin(x):0<:>{ ®)

ITosTOMy BBITHCEIBaEM OTBET JUIA 3a7a4H 2):
1-ch .
o 03) =[5ty it

Haxoaum peenne tpeTbei 3aauu ¢ ypaBHeHueM [lyaccoHa 1 0JJHOPOJHBIMU KPAeBBIMU YCIIOBUSMHU:
o’u, o%u, .
2 +—2=sin(x), 0<x,y<z
oX oy
3) <u,(0,y)=uy(z,y)=0
Us(x,0)=uy(x, 7)=0

0<x,y<r

Paznensss mepemeHHble, BbiOMpaeM (QYHKIUIO X W TMOBTOPSIOIIYIO HEOJHOPOJHOCTH ypaBHeHHUs IlyaccoHa
X (x)=sin(x), u(x, y)=sin(x)Y(y). Tpu 5ToM aBTOMaTHUCCKH BHIONHAETCS MEPBOE KPACBOE YCIOBHE 3aiaui 3),
pelieHue noAcTaBuM B ypaBHeHHe Ilyaccona:
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—sin(x)Y +Y"sin(x)=sin(x) =Y -Y =1

Y-y =1
4)
Y(0)=Y(z)=0
Haxoaum wactHoe penienue audpepeHnnanb-HOro ypaBHEeHHs KpaeBoi 3anau (4).
Yo () =—1.
part

Ob1ee pemeHne OJHOPOIHOTO YPAaBHEHHS CIIEAYIOIIee:

Y(y)= Ash(y)+ Beh(y)

Obmree pemenne HeogHOopoaHOTO OJ1Y ecTh cyMMa 9acTHOTO HEOTHOPOIHOTO M OOIIET0 OJHOPOJHOTO YpaBHEHHH.
Y, (y)=—1+ Ash(y)+ Bch(y)

Teneps Hy>KHO BBITIOJIHUTH KpaeBbIe YCIOBUA 3a1auu (4)

Y, (0)= -1+ Ash(0)+ Bch(0)=B-1=0<B=1Y,(z)= -1+ Ash(z)+ ch(z) =0 = A= [%j

sh(z)

Torna permenue kpaeBoii 3amaun (4) ects
Us(x, y)=| -1+ 1-chix) sh(y)+ch(y) [sin(x)
sh(z)
Pemenue ncxonnoi 3agaun (1) ects cymma pemeHui 3 9acTHBIX 3aau:

ol )03t 05) = | ) v i)
(5 oty ety i o (22 oty )i ®

IMoxcranoBkoit Gopmynsl (5) B Tpu ypaBHeHHUS cucTeMbI(l) yOexkmaemcs, 9TO OHa SBISIETCS PEIICHHEM
3agaun (1), a B cuiy TeopeM CYIIECTBOBAHHS M EIWHCTBEHHOCTH [UIS 3JUIMNTHYECKOTO YypaBHeHHA [4] eé
€/INHCTBEHHBIM PEIICHUEM.

Ham npunércst packianpiBate B psn Telnopa cymMMy y3/OBBIX 3HAa4eHUs (YHKIMHA Ha CHMMETPUYHO

PacCnioJIOKCHHBIX y3JIaX ¢ HEHTPAJIbHbBIM 3HAYCHUCM UO 0- JIJ'IH COKpaIll€HH BBIKJIIAI0K JOKaKEM:

YrBep:xkaenue 1. Ilycts MHOXecTBO y310B mabsoHa ¢ neHTpoM (0,0) MOKHO pa3OuTh HAa HPSMOYTOJIBHHUKH C
BEpIIMHAMU B JAaHHBIX y3JIaX ¥ CTOPOHaMH INapajjieIbHBIMU KOOPIMHATHBIM OCSIM, TOT/Ia Pa3JIoKEHHE oOoIepaTopa
Jlannmaca uMeeT TOJIBKO MPOU3BOAHBIE C YETHBIM MOPSAKOM MO KaXKIOH M3 KOOPIUHAT.

Jokazatenscrso. OGo3HaunM KkoopauHatel 4 Bepumn mpsmoyromsrnka (hy,h, ), (h,~h, ), (~h,~h,),(h,,~h,)
COOTBETCTBEHHO C y3JIOBBIMH 3Ha4eHHsMH Uy ,,Uy ,,U, ,,U;_,. B cuiy paBHO ynameHust y310B OT LEHTpa M
CHMMeTpHH 11a6JI0Ha anmnpoKcUMaius —omeparopa Jlamiaca COIEpXKHT y3710Bble 3HAYCHHs Uy, Uy 5,U U ,¢

paBHbIMH Becamu. [1o popmyne HororoHa - JleliOHuna umeem:

o0 m m m m—k m
u1,2+u1,2+u1'2+u1,2:2[z CKh¥hy kau_ +Z(_1) CKhfhy kau

—
m=0\ k=0 M 8X6'ymk o m 6X6'ym_k

m(—l)m Kpkpmk  O'U m(lk Khkpm- < 1 kpym-k o"u
C'h'h h'h) il .
+k2::; m! mhl 2 axkaym—k +k2:;, m! Cnhy ox aym Ak Ay mk mz:O kzz;,m( m 2 ox k@ymfk

) o 1-(-1)f -1+(-1)f =om=21+1
1 _1m+k _1m _1k _ k m—k u _ _
L B I U LS S S,

4,k =2s
=4u +4i C22IS hlZShZI—Zs 82|U (6)
0.0 e (2|)! 2 6x256y2"k

21

B ¢dopmyne(6) gacTHBIE MTPOU3BOIHBIC BBIUUCIIAIOTCS B HeHTpansHoM y3ue (0,0). MuoxxecTBO

aXZSayﬂfk

y3j10B mabioHa pa30WBaeTCsI Ha YETBEPKH BEpIIMH, W coriacHo ¢opmyne (6) pasnmoxenue B psg Teitnopa
COJIEPKUT TIPOU3BOIHBIE TOJBKO YETHOTrO mopsijaka 2| (v 4éTHOro mopsaka Mo Kaxmaoi mepemenHoit 2s,2l —2s).
Torma pasznoxenue omeparopa Jlammaca B psia ¢ y4ETOM BCEX Y3JI0B IMA0JIOHA COJIEPIKUT TOJIKO MPOHM3BOIHBIC
YETHBIX MOPSAAKOB 25,2] —2S (XOTS Kakaas 4eTBEPKa BEpIIMH UMECT CBOH BECOBOH K03(D(HUIIMEHT B KBAAPATYpHOM
tdopmyne). Uro u 3aBepiIaeT JOKa3aTEILCTBO YTBePKIeHUs 1.

36



Jns annpoxkcumanuu ypaBHeHHs: IlyaccoHa Ha BHYTPEHHHX Y3JIaX PaBHOMEPHOW MPSIMOYTOJIbHOM CETKHU
UCCIeayeM CHMMETPHYHBIA 25 TOUEUHBIH Ma0I0H, IEHTPAIBHBIA y3€1 yKa3aH OelbIM KPY)KKOM, OCh Y HampaBum

BHH3, OCb X BIIPaBO, KOOPAMHATHI Y3JIOB B MacITadax (h1 hz) OTMEYEHBI Ha PUCYHKE LIEJIBIMU YHCITaMH:
272 e—12 (0,2 ]2 22
21 11 01 ell1 21
20 e-10 00,0 10 20
e-2-1 e-1-1 e0-1 el-1 e2-1
e-2-2 oe-1.-2 e0,-2 e1-2 e2-2
Jlist ynoGceTBa BhIOEpEM OJMHAKOBBIM LIAr CETKH MO O0EHM MepeMeHHBIM, T.e. ciydail hy =h, =h. Torma
paBHOMEpHAsI CETKa Ha MPSMOYTOJBbHUKE MMEET Pa3IMdHOE YHCIO Y3JIOB HA €r0 CTOPOHAX. ANIMPOKCHMHPYEM
omeparop Jlammaca nrHEHHON KBaApaTypHOH HopMyIIoi:

1
Uy +Uy, =Au= f(x,y)= = (Couo,0 + Cl(uo,1 +Uq_y +Up o+ u71y0)+ C, (ul'1 U U+ u71171)+

C, (uov2 +Uy _p +Uyo+ u72v0)+ C4(u172 FUy; +Up 5 +U py +U gy +Uy +U, 5+ u72'71)+

Cs (Uz,z +U, ,+U, , + Ufz,fz) (7
®opmyna (7) mcmomb3yeT Bce 25 y3MOBBIX 3HadeHHWH mabimoHa. Pasmoxkum B psim Teiimopa cyMMBI 4eTBEPOK
Y3II0BBIX 3HAUEHHIH C TOYHOCTHIO JIO O( 1O)no dopmyne (6):

o°u &%) h*{o*%u &%
Ugs +Ug_y +Upg +U g =4Ugo +h?| S+ — |+ | — +— |+

aXZ 6yz 12 6X4 6y4
6 6 6 8 8 8
h_ 6_|;I+a_lé + h 6_';:_’_6_[; +O( 10) (8)
360( ox* oy 20160\ ox” oy
2 2 4 4 4 4
AHANOrHIHO: Uy, +U_y; +U, 4 +U_,_; =4Uy, + 2h? au al: +h— 8—f+6%+6—2 +
' ' ' ’ Ed oy 6 | ox ox“oy. oy
6 6 6 6 8 8 8 8 8
h——6+15 U g5 OU [OU), N OV 5g U g9 OU_ pg OV L2 ofe) ©)
1801 ox x'oyt T xeyt ay 100801 ox X'y X'y x'oy® By

3amenum B (8) h — 2h u monyuum cpasy dopmysy (10)

Up, + Uy o +Uy o + U,y =4, +4h? o +@ +4—h4 ﬂ-i-ﬂ-i-
0,2 0,-2 2,0 -2,0 0,0 az ayz 3 aX4 ay4

6 6 6 8 8 8
s a—lGJJra—l; +4h ou +a—l: +O(h1°) (10)
45 (¢ oy° ) 315\ ¢ oy

Jlamee nmeeM:

A +2%) o d°u  du
Upp+Uy +U +U, +U U, +U, ,+U,  =8U,,+ h —t—— |t
' : ' ’ ' ' ' ’ ' 2! oX° oy

4 4 4 4 6 6 6
LU PYIEINP 73 (A B POV PSP BUILI NS TIPS [CICINCICH FURT)
24 x oyt ox?y? | 720 x oy
6 6 8 8 8 8 8
(P APCt) BRAC HCAC N L Y ) CICONCAC ) WP PSP i ICh
ox'oy? " oxtoy” ) 40320 o oy o oy

8 8 2 2
4'70(1424+1424{5—%+64—UD+0( )=8u,, +10h [2}( a“}

ox‘oy*  oy'ox” oy°
4 4 4 4 6 6 6 6 6
LU T /RCACICACE IR A UL - AR ' A S |
BT oy ox?oy? | 180\ \ox° oy ox'oy | oxioy
8 8 8 8 8 8
PN Y7, A NCICR [T, AL I P 9T, I T (11)
10080 X oy ox°oy*  ox’oy ox‘oy*

3amennMm B (9) h — 2h u nmomyunm dopmyiy (12):
o%u azu 8h* (o'u o'u  o'u
Upp +Uy 5 +U 5y +U_, 2_4u00+8h St |t | =ttt |t
ox~ oy 3 (0ox ox“oy- oy
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6 6 6 6 6 8 8 8 8 8 8
16h" 5—‘6‘+15 6:”'2+15 64“2+a—2 L8 6—;‘+6—;‘ +28 66“2+ 62“6 +70 54”4 +o(h) (12)
45 | ox°  ox‘oy?ox‘ey? oyt ) 315\l a¢ oy x°oy? | oxtoy ox'oy

[Moncrasnsis B popmyny(7) pasnoxenus (8)-(12), rpynnupys ciaaraeMble 1o CTENeHs M h , HOTyduM:

u
Au = f(x, y):%(c0 +4C, +4C, +4C, +8C, +4C, )+ Au(C, + 2C, + 4C, +10C, +8C; )+

N

h

4 4 4
Ju, 0ufC G, 4G, TG, G ), 9U (¢ .gc,+16C,) |+
1276 T3 e 3 ) acy

®u du)C, C, 8C, 65C, 16C o°u u Y15 300 16
<t ottt —+ + + —C,+—C,+—C ||+
ox® oy°® \360 180 45 180 ox‘oy’ ax oy* 1180 180 3

8 8 8 8
. [aa][ccmzwc&:j( v, ]( 28 1904 C4+224¢5)J+

~

h

ox®  oy® \ 20160 10080 315 10080 315 oxoy?  ox*oy® )\ 10080 10080 315

8
[iud( 70 C,+ 2240 C,+ 560C +O(h8) (13)
ox"oy” \ 10080 10080 315

3ameuanue 1. opmyna(13) annpokcumupyeT ypaBHenue [lyaccoHa ¢ TOUHOCTBIO 10 O(hs) .

JleBas m mpaBast wactH (Gopmyibi(13) MOWKHBI OBITH PaBHBI C TOYHOCTBHIO IO O(hs). B mpenene mpuh —0

u
K03 uIHeHT (CO +4C,+4C, +4C, +8C, + 4C5)= 0 mpu % paBer 0, MHa4ye IepBOE cllaraeMoe IPaBOW YacTH

crpemMutrca k OeckoHeuHoctd. Kosduument mpu AU paseH emumune ms ToxkaecTBeHHoctd (13) ¢ HyneBoii

crenensio mo h° : (C, +2C, +4C, +10C, +8C, =1).

Tak xak
0 (d%u o) o'u o 0* (ou o%u) o%u  du
Mo e oo oy Y T o o) o oy

TO B CKOOKE mpu h? MOTYT HIPHUCYTCTBOBATh TOJIBKO YacTHBIC MPOU3BoaHbIe T, , fyy ("4acTHBIE MPOU3BOIHBIC YETHOTO
MOPSJKA U IO X U IO Y ), CIIEIOBATENbHO, II0JTy4aeM YpaBHEHHUE:

C, C, 4C, 17C,
2 L4 2y 344

12 6 3 6

VunthiBas omepatopHoe  paBeHctBo i AU, cBenéM k Hemy kodhouument B (13) mpu  h':

2 2\ 6 6 6 6 4 4 4
Au=Af =[%+%J u:{%+3(8x?—83/2+8x(3—8)/“j+%}u:2x£ +28>?28fy2 +Zy—z,
X

L, C. 8, 65C, 16C;)_15 . 300, 16
360 180 45 180 = 45

=—0C,+—
180 180 3
VunreiBast omepatopHoe  paBeHctBo i A'U, cenéM k Hemy koshduument B (13) mpu  h°:

2 2 \* 8 8 8 8 8
A4uEA3f:(a—2+a—2Ju= 6_8+ ( ? 0 J+6 ? 4+a—8 u,
OX° oy OX oxtoy? axay ox‘oy* oy

[Monyuum aBa ypaBHEHHUS HA KOAPPUIHMEHTHI
C, C, 4C, 257C, 8C, 28 1904 224
4 +—=+ Ly C,+ C,+—
20160 10080 315 10080 315/ 10080 10080 315
C, C, 4C, 257C, 8C, 70 2240 560
6 —2 434 +—= C,+ C,+—
20160 10080 315 10080 315) 10080 10080 315

CobepéM Bce HaIMCaHHbBIE YCIOBHS Ha KOI(QQHUIMEHTH B HEOJHOPOIHYIO CHCTEMY JIMHEHHBIX ypaBHEHHH,
Npe/IBapUTEIbHO NPUBOIS dJIEMEHTapHBIE TPeo0pa3oBaHusL:

8C3: j C, +8C, +16C;

MOJTYYUM YCJIOBHE Ha KO3 PHUIIMESHTHI 3[

5

5
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C,+4C, +4C,+4C,+8C,+4C, =0
C,+2C, +4C, +10C, +8C, =1
C,—4C, +16C, -14C, - 64C, =0

(14)
C,-8C, +64C, -70C, -512C, =0
C,-12C, +256C, —438C, —3072C, =0
3C, —64C, + 768C, —698C, —16384C, =0
CucrteMa NMHEIHBIX HEOAHOPOAHBIX ypaBHEHUH (14) MeeT eJUHCTBEHHOE pelleHHe
c=-tBc_8c_ 8¢ Lt b L (15)
° 70"t 210 4570 300t 3150 ° 2520
Wcnons3ys sBHBIN BUA kK03 dunnerTos (15) nepernmmiem dpopmyy (7):
g+&+£+ﬁ+80 l(C +8C, +16C) 4 —+— 16 +L:1
12 6 3 6 3 2 45 315 2520 7
C, C, 8C; 65C, 16C; ( 15 300 16 j 8 40 16 4
— = =4 —= ,+—C, + s |= + + =—
360 180 45 180 45 3180 180 3 1620 5670 22680 315
¢, , G 4 257C, 8C 1( 8 o 1904 24 ] 1 68 11
20160 10080 315 10080 315 4110080 2* 10080 ¢ 315 °) 8100 113400 14175 1260
Af 4h h? 1( 173 8 8
foo +h? = T —(Aff + 60 ——(Af) = F( g Voo +£(u0,1 Flg 3 +Uyo+U o )+ 4—5(u1_1 Py U U
%(UO,Z +u0,—2 +u2,0 +u—2,0) 315(u12 +u21 +u1 -2 +u 21+u -12 +U2 l_’_l"I —1,-2 +Uu -2, 1)+
+2520(u22+u2 LU, ,+U, 2)+O(h8) (16)

3ameuanmne 2. 13 popmyisl (16) BunHO, uTO KBagpatypHas Gopmyna ypaBHeHus [lyaccoHa Juisi BHYTPEHHUX Y3JI0B
CETKH CONEPKUT CTENMeHHOH psAJ OTHOCHTENBHO apryMeHTa h°Af - pesyapTar Toro, 49TO TOYHBII

muddepeHnnansHeIii  onepatop AU 3aMeHseTCsl TPHOMMKEHHON KBaapaTypHOH (HOpMyJIOH ¢ TOYHOCTBIO O(hz'),
Kak BUIHO 3 (16), cTapmas cTeneHs cTeneHHoro psiga paBHa | —1.
Beipasum u3 ¢dopmynbi(16) 1eHTpanbHOE y37I0BO€ 3HaueHHE Uy, W HPHUCBOMM €My BEPXHHH WHAEKC

UTEpalMy Ha CIUHUITY OOJIBIIE, YeM OCTATBHBIM Y3JIOBBIM 3HAUCHHUSIM PEIICHUS, TOTA MOJIy4YUM (POPMYITY IPOCTOU
ATEpaLuu:
1 10 { 8

8 k k k k
u0,0 —173 21(U01 +uo -1 +u10 +u -1,0 )+E(ul,l +u1,71 +U1,71 +u71,71 )"'

1 4 K
30(U02 +Up +U20 +u720) 315(U12 +U21 +U +u21 +U12 +U; +U1 -2 +u2 -1 )+

k k k k 2 Af 4h4 h6 3 10
+——Iu,, +u +u +U -h?| f,,+h"°— Af Af )" [+0Olh 17
2520 ( 2,2 2,-2 2,-2 -2,-2 ) [ 0,0 315 ( ) 1260 ( ) ( ) ( )
C TOYKHU 3peHI/I$I yCTOﬁ‘IHBOCTI/I YUCJICHHOTI' O pemeHI/m HpE}IHO‘ITI/ITeHLHee HUCIIOJIB30BAThH HCSIBHBIC

uTepanroHHbie GpopMynbi[3], TeM OoJee 4TO, TOXKAECTBEHHO Ipeobpasys hopmyiy (16), MBI HE H3MEHUM MOPSIOK

o 3 k+1 k+1 k+1 k+1 k+1
€C IMOrpeuIHOCTH. AIlIUIIEM Y3JIOBBIC 3HA4YCHUA U0‘72 ,onfl ’UO,O ,onl ’UO,Z (B BCPTUKAJILHOM paspese,

npoxoxasmeM depe3 y3en(0,0)) B neBoit yactu ypaBHeHHus Ha K +1 cioe mTepainud, a B IpaBylO 4acTh IEpPEeHECEM
BCE OCTAJIBHBIE CIaraeMble, B KOTOPOH y3/I0BBIE 3HAUCHHS PELICHNS HAXOATCS B CII0€ ¢ HOMEPOM HUTeparmu K :

1 k+: 8 k+ 173 k+ 8 k+ 1 k+: 8 k k 1 k k
%uoﬁz T+ EUO,—I = 7_0U0,0 f+ zuo,l t+ Euo,z = _z(u—l,o +Up )‘%(ufz,o +U,, )_

8 K K K k) 4 k k k k k k K K
_4_5(u1,1 +u1,71 +u1,71 +u71,71 _315(u1,2 +u2,1 +u1,72 +u72,1 +u71,2 +u2,71 +u71,72 +u72,71 )_

Af  4h* ho
g el U e hz( foo #1754 315 (A1) + 1 )3J +ofr) (18)

o o o k+1
Heoszopo,uHaﬂ JIMHCUHAass CUCTEMa YPaBHCHUU (18)0THOCI/ITCJ’ILHO HCU3BCECTHBIX Y3JIOBBIX 3HAYCHHU U]-i "

MMEET MATH IUaroHaJIbHYI0 MaTPHILy CUCTEMbI, KOTOPYIO MOKHO PEIIUTh METOJOM IPOroHKU. PaccMoTpuM ceTky
(MHOXecTBO M3 N+1 NPON3BOJBHBIX Y3IIOB) @, = {XO <X <..< Xn}. 3anuiueM cUCTEMY JIMHEWHBIX YpaBHEHUI ¢
MISTH AUArOHaJHLHOW MaTpUIlel B 00IeM BHIE:

AXe o + AuX s —CX + ByXey +ByX, =R k=2,n-2 (19)
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I'panmuasiMu yenoBusmu ais (20) ABISAIOTCSA 3a1aHHBIMHU 3HAUYEHUS PEIICHUS B IBYX NPUTPAHUYHBIX CIIOAX,

T.. Xgy X Xyq,X, - H3BECTHBL X, ,K =2,n—2 momnexxur pemrennto ¢ wucnoms3oBanueM (19). B pasnocTHOM

ypaBHeHnn (19) MakcuManbHas pa3HOCTP HMHIOCKCOB paBHa 4, UYTO COOTBETCTBYET KpaeBOW 3amade Ui
OOBIKHOBEHHOTO AU(D(HEepeHIINATBFHOTO ypaBHEHHS 4 TOpsAKa, a 3ajaHne 4 MPUTPAHWYHBIX 3HAYCHUN (yHKIHN
SBIISCTCSL QHAJOTOM TIpaHW4YHOro ycioBus 1 poma ([dupuxne) s ypaBHeHus 2 Topsiika ¢ 2 HU3BECTHBIMH
KOHIIEBBIMH 3HaUCHUAMHU (PYHKIIMU Ha OTPE3Ke.

Pemrenne (19) uuiem B Buge: X, = Ay Xy + A X + Vo K=n-2.2 (20)
Torma m3(20): X4 = Ay 4 X + A1 Xies +Viers X2 = Auo X + Aaa X + Vi (21)
BeIpazum u noacTaBuM X, ,, X, ; B (19) ucnomns3ys (21):
Ay (o (ascaX + Ao X +Vien)+ Ao oXe + Vi) + Ao (A X + A 1 +Vies)—
X B+ Ao + Audu o)
Ck - Aikﬂ’lk—Z/’le—l - Aikﬂ”zk—z - Azkﬂ’lk—l
4 12 Bok 4 Ay Vi + Avico + AV — B 22)
Ck - Aikﬂ’lk—Zﬂ’lk—l - AiKAQk—Z - Azkﬂlk—l Ck - Aikﬂ’lk—zﬂ'lk—l - Aikﬂ‘zk—Z - Azkﬂ’lk—l

CpasauBas ¢popmynsi(20),(22) morydum 3HaAYSHHS IPOTOHOTHBIX KOA(P(UITHEHTOB:
g = B + Ancdois + Avu oAy Ay = Ba
Ck - Aikﬂlk—zj’lk—l - Aikﬂ“zk—z - Azkﬂ‘lk—l Ck - Aikﬂ‘lk—zﬂ'lk—l - Aikj'zk—Z - A2kﬂ‘lk—1
_ AoV AV AVG — R Kk=2n-2 23)
Ck - Aikﬂ‘lk—Zﬂ’lk—l - Aik/lzk—Z - Azkﬂ'lk—l
Kpowme toro, u3 dpopmyn (20)(k =0,1) cnenyer, 4ro
Xo = AipXy + ApgXo + Vo, Xy = Ay X + Ay X+, (24)
Xn—2 = ﬂln—zxn—l + /12n—2Xn + V-2
W3 dhopmyn (24) BUIHO, UTO Xy, X, IPUHUMAIOT (GUKCHPOBaHHbIE 3HaueHus (ycnoBue Jlupuxie) npH Jro0bIX

—CX +ByXe +BuXeo =R & X =

k

COCETHUX Y3JIOBBIX 3HAUEHUSX, €CIIH MONOKUTE Vo = X, 4o = Ao =0,v; =X, 4, = 4,, =0.

[Tocne ompenenenus Ko3GGUUUEHTOB Vy, A g, Ay V4, Ay, Ap; 1O dopmynam(23) ompenensiorcss ocTalbHbIC
k03bbuImentst Ay, A, v, (popmynsvt npozonku enepéo K =2,n—2). 3nas X, , X, no popmyne(24) naxomum X, _, ,
TaK KaK A, 5, Ay 5, Vi, HalllleHsl o Gopmyne(23) nporonkoii Buepén. Vicnonssys (20) HaxoJuM Bce HEH3BECTHbIE
y310BbIe 3HaYenus (opmyavt npozonxu nazao K = n——2,2 ). HoxazaHo:

YTBep:kaenne 2. PemieHne TMHEHHON CUCTEMbl YpaBHEHHUH C MATH JUaroHanbHOM matpunei (19) u u3BecTHbIMU
(MKCUPOBaHHBIMU 3HAUEHUAMH Xy, X, X1, X, HaéTcst anropurMoM — (GopMyisl IporoHku Brepén(23) ¢ KpaeBbIMH

YCIHOBUAMH (V= Xg, Ay = Ay =0,v; =X, 4, =4, =0) u hopmynsl nporonku Hazaxn(20).

KoaddunmeHTs HEIBHOTO pa3sHOCTHOTO ypaBHeHHsA(18) CBsXKEM ¢ IPOrOHOYHBIME KO3 dumreHTamu (19):

1 8 173 8 1 1
Ay :ﬁ’Azk =—,C :%’Bm =—,By 25’ Fy :_ﬁ(ufi,o +u1,ok)_%(ufz,ok +Uz,ok)_
8

21 21
k k K k) 4 k K k k K k K K
_4_5( g tU o +U 4 +U,y )__315( o tUyp +U U,y +U, +U; o +U, 5, +U, )_

k

__(uzzk TNV AT Zk)+ hz(f00 +h2£+4_h4(Af ¥+ i (Af)3}k =2,n-2 (25)
2520 i i o ' 7 315 1260

YrBep:kaenne 3. IlycTs msITH AuaroHagbHAs MaTpHIA JUHEHHOW cucTeMBbl ypaBHEHHH(19) ¢ KpaeBbIM yCIOBHEM

Hupuxie (M3BeCTHBI Xg, X;, X1, X, < A =4y = Ayg = Ay =0) siBsierest:

1) cnmmetpraeckoit: Ay =By, Ay =By, k=2,n _Z(Aik #0, Ay # 0)
2)g(lAik|+|A2k|+|Blk|+|BZk|)< |Ck|(k =2,n- 2)’S(IA21|+|811|+|821|)< |Cl|(k :1)’

3 3 3

> (Buo| +|Bao]) <|Co| (k =0), E(|AM| +[Agy o] +[Buna]) < [Coal(k = n 1), > (Al +]A])<[C0l(k = n)BTOPOE  yeroBHE
MOJKHO Ha3BaThb CMPOZUM HOTYMOPHHIM OUAZOHAIbHBIM NPEoOdNadanuem

Torna:

1) |Ay|<L|Au]<Lk=2,n-2

2) ®opMyaBl IPOTOHOYHBIX KO GHUIMEHTOB (23) KOPPEKTHBI

Joxa3aTteibcTBO 1) yTBepx)IeHUS NpoBeaéM mo nHAYKnuu. /s 6a3e1 mHAyKIuU K = 0,1,2 u3 (23) umeeM:
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| By, + Ay Ay + Apdiodn | Bu| |G,

o =|Au|=0<L|4,|= rahires
Ml | Ml | ) Ml | |C2 - Aizﬂioﬁ'u - Aiz/lzo - A22ﬂ11| Cz ) Cz
|ﬁzo|:|/121|20<1'|122|:| & |:i<&:1

|C2 - Aizﬂ'loj'n - A12/120 - Azzﬂ'11| Cz Cz

Ecmu |ﬂ1k-1| <] |ﬂ.2k_1| <1 |/11k_2| <] |12k_2| <1, 1o cormacHo (23) u yrBepskaenno 3 pu K=2,n—2:

) B Bal B Bal
Mzk‘— < < 1 <—=1
‘Ck _Alkﬂ’lk—z/‘["lkfl _Alk/lzk—z _Azkﬂ'lk—l‘ ‘Ck‘_‘BZk‘_‘Alk‘_‘Azk‘ ‘Blk‘-l_Equk‘+‘Blk‘+‘Alk‘+‘A2k‘) ‘sz‘
|/11k| =| By + Audaics + Ao Ao |< |Blk| +|A2k|+|A1k| < |Blk|+|A2k| +|A1k| _
|Ck _Aikﬂ’lk—zﬂ’lk—l_Alk]”Zk—Z_AZkZ'lk—1| |Ck|_|BZk|_|A1k|_|A2k| |Blk|+%(IBZk|+|Blk|+|Aik|+|A2k|)
[Bu|+[Ane| +[Ax|
=— " - — =1.Te w4 <L <L |<LlA,,|<l= <1, <1
|Blk|+|A1k|+|Agk| |21k 1| |ﬂ2k 1| |/11k 2| |A’Zk 2| |/‘{1k| |ﬂ’2k|

Yto u TpebOoBaIOCh HOKA3ATb.
2) 1ns xoppekTHOoCcTH hopMyit (23) nocraTouHo, 4TOOBI 3HAMeHarTelb GpopMy:t He oOparmascs B 0.

C y4€ToM [OKa3aHHOTO MEPBOTO YTBEPKACHUSI |ﬂ1o| = |ﬂﬂ| =0<1 |220| = |ﬂ'21| =0<1, |ﬂ1k| <1 |ﬂ“2k| <lLk=2,n-2

nmeeM Vk=2,n-2:

|Ck = Ao s — Aok s — A2k21k—1| > |Ck|_|BZk| _|A1k| _|A2k| > |Blk|+%(IBZk|+|Blk| +|A1k| +|A2k|)> 0

Jpyrumu ciioBamu, 3HameHatesu Tpéx ¢popmyi (23) coxpanstoT 3Hak U B 0 He oOpamiatorest. Uto u T.1.
3ameuanne 3. HemocpenctBeHHOH NMpoBepKoi yOexaaeMcs: Kod(hGUIUESHTH! JIMHEWHON CUCTEMBl ypaBHEHHH (25)
YIOBJIETBOPSIIOT YCIOBHIO KOPPEKTHOCTH (yTBep:KIeHue 3):

%:2.471>%2{%+%}21.242 - HeABHAs CHCTEMa pPa3sHOCTHBIX ypaBHEHHMH (25) ¢ mATH AuMAroHaIbHOMN

CHMMETPHYECKOM MaTpUICH YCTONYMBA OTHOCUTEIILHO MPOrOHOYHBIX Gopmyin(20),(23),(24).
ANNpoKcHMAIHs TPAHUYHOIO ONepaTopa

Jns maGioHa TpaHMYHOTO OIIEpaTopa PacCMOTPUM CHMMETPUYHBIN 15 TodedHBIH mabiioH, KOOPANHATHBIC
OCH X, Y HallpaBJIeHbI BBEPX U BIPABO, IEHTPAIbHBIN y3en ¢ koopauHatamu (0,0) BBIIENICH CBETJIBIM KPYXKOM.

['panuneit kBagpata sSBISETCS €ro JeBask CTOpOHA M S Y35kl ¢ X = —1, pachoyio)KeHHbIE Ha Heil.

o—12 02 ol2

e—11 01 ol1

e-10 0,0 10

e-1-1 e0-1 e1-1

e-1-2 0,2 e1-2

PaccMoTpuM citydail ¢ OJMHAKOBBIM IIIATOM CETKHU M0 060ouM nepemennbiM Ny =h, =h. Anmpoxcumupyem

omeparop Jlariaca TuHEHHON KBaApaTypHO# HopMyJIoii:

1
Uy +Uy, =Au= f(x,y)= = (Couo,0 + Cl(uo,1 +Uq 4 +Up o+ u71y0)+ C, (ul,l U U+ u71171)+

G, (uo,z +U )+ C, (Ul,z +tU,y, +U,y 5, +U )) (26)

Hcnonp3yem dopmymy (6) mns pasmoxeHus B psnx Teiuiopa cyMMBl 4 Y3JOBBIX 3HAYSHHH B BEPIIMHAX
IPSIMOYTOJIEHAKA

2 2 4 4 4 4
U, +U,, +Uy ,+U , =4Uy,+2h? 6_2+46_L21 h— a—t:+24%+166—tj +
' ' S ' a2 oyr) 6 | ox ox2oy oy
6 6 6 6 6 8 8 8 8 8 8
00 60 O L ogp U LeqTY |, N O gyy U g1y TU y790 TY 40567 Y |y o) (27)
180( ox® ox‘oy? ox‘oy?  ey® ) 100801 ox® ox°oy? ox‘oy* ox*oy® oy®
2 4 A4 6 A6 8 A8
u0'2+u0'72=2u010+4h2a—u+4h ou ﬂa—u+4h a—u+O(h1°) (28)

oy Tay4+45 oy ans

TToacraBum pasznoxenus (27),(28),(8),(9) B dopmyny (26) u crpynmnupyem ciaraeMble 1Mo CTETICHIM h?'
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u

Au = f(x, y):%(C0 +4C, +4C, +2C, +4C, )+ Au(C, +2C, +2C, ) +u,,(4C; + 6C, )+
4 4

h? 63 G, G G ouG C—+£C3+& +—azu2(C2+4C4)+
OX 12 6 6 ay 12 6 3 3 ox“oy
®ufC C C), du (15 G du (15 4G ufC  C, 8C , 64C,

h* R Tl I | Gt [t =Gt |t it S L
x°\360 180 180) ox‘oy?\180 3 ) ox“oy*\180 3 ay°\ 360 180 45 180
6u[ C, c, C, ] otu [ 28 112 j o® ( 70 1120 j
— + + C,+ C, |+ o+ .|+
ox®| 20160 10080 10080/ &x°dy?\10080 ° 10080 ox*oy* (10080 ° 10080
8 8

& ( 28 1792 C4j+a u[ ¢ , G +4(:3+256C,4]+O(hs)} (29)

ox2oy® 110080 2710080 ? 20160 10080 315 10080

JleBast u mpaBas yactu Gpopmynbi(29) TOKHBI OBITH PAaBHBI C TOYHOCTBIO 10 O(hs). B npenene npuh — 0

u
koapdunment C,+4C, +4C, +2C, +4C, =0 mpu % paBen 0, HWHaue TMeEpBOE cjaraeMoe IpaBoOW YacTh

cTpemurcs kK OeckoHeuHocTH. KoaddummeHT nmpu AU paBeH emuHHIE A8 ToXAecTBeHHocTH (13) ¢ HymeBoi
crenenbio o h :(C1 +2C, +2C, =1). Kosdduument npu U, nomken Ovith pasen 0, T.e. 4C;+6C, =0. Bce
ocTanpHble crnaraemble B (13) He0OX0AMMO BBIPa3HTh Yepe3 YacTHBIC IPOM3BOAHBIC YETHOTO MopsaKa (M Mo X H IO
V) oT mpaBoii yacTu ypaBHeHus [lyaccoHa — GpyHKIHH f(X, y). Tax kak B ckoGke mpu h> MOTYT IpHCYTCTBOBATH

TOJIBKO YacTHble npousBoanbie f ., ., To B 00IIeM ciyuae monyyaem:

XX 1 Tyyo

4 4 4 4 4 4
B,fo +B,f, = (gxfha)igyz}s(; aé‘;y] BZE‘J (B, +B)%+Bz%
X

B cunmy mocnenHero ypaBHeHus B (29)nMeeM CBsI3b: S + S + S + S + C— 4 G+ % = (C2 + 4C4)

661263

Haiiném cBsizb kodddurmentos B (29) ¢ h*. Boobie roBops, cyMMa co BCeMH YETHBIMH TIPOM3BOIHEIMA f (X, Y) :

o'f o'f o'f o°u o o°u o°u o°u
Do P ada B o B o Taday ) P ey oy ) oo o )
6 6 6 6
=B (BB (B4 B) e B
o ox“oy oy
B cuity mocnenHero ypaBHEHHsI B CKOOKeE C h* B(29) monmy4aeM ypaBHEHHUE CBS3H:
(Gl f) B, 2 (8,5, 50, O
180 3 \360 180 180,/ 180 3 360 180 45 180

ITo cpaBHeHHIO ¢ hopmynoii(13),y KoTopoit BOCEMO# anredpamdecKuii MOpsA0K MOTPEITHOCTH MTOTPEITHOCTh

(BZ + B3

j<:>32C -117C, =0

6 . o o
(29) pasen mectu, T.e. h°. Cobepém Bce ycnoBus Ha KOd(QQHUIUEHTHI B CUCTEMY IMHEWHBIX YpPaBHEHUIA,
MpeBapUTEIHHO TPUBO/IA 3JIEMEHTaPHbBIC MPEOOPA30BAHUS:

C,+4C, +4C,+2C, +4C, =0

C,+2C,+2C, =1

4C,+6C, =0 (30)
C,—-4C,+8C,-7C, =0

32C,-117¢C, =0

CucrteMa MHHEIHBIX HEOAHOPOAHBIX ypaBHeHHH (30) MIMeeT eJMHCTBEHHOE pEIlIeHHe

c,=-P¥c-2c-c-0c-089:%_-1 6 C_1 15, 1 (31)
3 37276 12 6 12'360 180 360180 ° 72

[epenummem popmymny(29) ¢ naiinennsiMu ko3punnenramu (31)

h>{ 3

4 4 4 6 6 6 6
= Au+h? 84+6—L: A 62u2 +h?* 66+86 S %+ 62u4 +O(h6):
12\ ') 6oxtoy 360 ¢ oy® ) T2\ ey’ axtay
2 4 4 4 2 2 4
S LIPYIY, (N (AR PCAR 1§ RSN ) LAY ST [ PR Sl B Y ) (32)
1 360\ ox* oy | 90 oxloy 12 360 ' 180 ox’0y
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1 10 2 1
2l o uo,o + § (uo,l + uO,—l + ul,o + u—l,O )+ g (ul,l + u1,71 + u1,71 + u—l,—l) =




K+l
U3 (32) siBHO BbIpasuM U, LEHTPAJIbHOE Y3JI0BOE 3HAUeHUE Ha K +1 CJIOE UTEpallMK, OCTAILHBIE y3IIOBbIE

3HA4YCHU PACIIOJIOKUM Ha k crnoe UTcpalunu

1 1
uk+10,o = g (Uko,l + uko,fl + Ukl,O + uk71,0)+ % (Ukl,l + Ukl,—l + Ukl,—l + Uk—l,—l)—

2 6 4
3 gy, o pe AL _pe AT T o) (33)
10 ’ 40 1200 600 ox“oy
dopmysta pocToil uTepaluu, npuseacHHas B coopruke[2] Bonkosa K.H. u ap., oTnyaercst oT HOIy4eHHON
Hamu popmyisl (33) OTCYTCTBHEM MOCICIHUX ABYX CIAraeMbIX, IO3TOMY Y HAC TOPSIIOK MOTPEIIHOCTH Ha 2 BBIIIE,
a hopmyna Tounee. 13 hopmymsl (32) merko obpa3oBats HEBHYIO (pOpMYyITy IS JIMHEHHON CHCTEMBI YpaBHEHHH C
TpEX AMArOHAJIBHOM MaTpHUIeH IPOrOHKH, MOTydYaeMast Kak dacTHbli ciaydait u3 (19) (A, =B,, =0):

2 o 10 2 4w 1 2 h? A2 1 oM
guoflk to ?uo‘ok Ly Euo,lk = —g(umk T T )—g(um" ST )+ hz( foo + EM + h“[% + 180 503" (34)
2 10
Ax . =Cox + By Xy =R A =By zg'ck =€’
1 2 h? AFZ 1 —
Fo= _g(umk IR TR, )_g(ul,ok U, )+ hz[ foo +EM + hA[?:GO +1806>((J%3yzj]’ k=Ln-1 (35)
U3 (21),(23) nonyurm GopMyIibl IPOrOHKH Hasam: X, = A X, +V,, K=n-11 (36)
B -F "
A = k Vk:A(Vk’1 kK k=Ln-11,=0,v, =X, (37)

Co-Aka  C-Ady
u (37) ¢dbopMmynsl IPOroHKH BHEpEn. YCIOBHE yCTOWYHBOCTH |Ak| + |Bk| < |Ck|, k=n-ll< % < % BBITNOJIHEHO

aBroMatmdecku[3]. [Iporpamma s pemienus ypasaeHus [lyaccona narmmcana Ha FORTRAN:
program puasson;use dfimsl|

integer(8),parameter::n=120,n1=60,m=20000; integer(8)::i,j,k,kk
real(8)::u(0:m+1,0:n1+1,0:n+1),a,b,d,pi,x,y
real(8)::res(0:n1+1,0:n+1),delta(0:n1+1,0:n+1),max,fif1(0:n+1),fif0(0:n+1),fif10(0:n+1),fif11(0:n+1)
real(8)::c1,c2,c3,c4,c5,¢6,c7,c8,nu00(0:n+1),11(0:n+1)
real(8)::c(0:n+1),fif(0:n+1),11(0:n+1),12(0:n+1),nu(0:n+1),nu0(0:n+1),1(0:n+1)
real(8)::cch,ssh,al(0:n+1),a2(0:n+1),b1(0:n+1),b2(0:n+1),f laplfl,laplf2,laplf
real(8)::h1,h2,h,aa(0:n+1),bb(0:n+1),c0(0:n+1)

real(8)::ss1,ss2,aal,aa2,bb1,bb2,cc ,c11,c22,c33,c44,c55,c66
cch(x)=(dexp(x)+dexp(-x))/2d0;ssh(x)=(dexp(x)-dexp(-x))/2d0
aal(x,y)=dsin(y);aa2(x,y)=dsin(y);bb1(x,y)=dsin(x)

bb2(x,y)=dsin(x);f(x,y)=dsin(x)
laplf1(h1,x,y)=-h1*h1*dsin(x);ss1(h1,x,y)=h1*h1*h1*h1*dsin(x)
ss2(h1,x,y)=-h1*h1*h1*h1*h1*h1*dsin(x);laplf(h1,x,y)=-h1*h1*dsin(x)
max=-1000d0;pi=2d0*dasin(1d0);a=0d0;b=2d0*pi;cc=0d0;d=pi
h1=(b-a)/dfloat(n);h2=(d-cc)/dfloat(nl)

doi=1,n-1,1;do j=1,n1-1,1

u(0,j,i)=0do

enddo;enddo

do k1=0,m,1; do i=0,n,1; do j=0,n1,1

x=a+h1*dfloat(i); y=cc+hl*dfloat(j)

if(i==0.or.i==n.or.j==0.or.j==n1)then
u(k1,0,i)=bb1(x,cc);u(kl,nl,i)=bb2(x,d);u(k1,j,0)=aal(a,y);u(k1,j,n)=aa2(b,y)

endif; enddo;enddo;enddo

do kk=0,n1,1
al(kk)=1d0/30d0;a2(kk)=8d0/21d0;b1(kk)=8d0/21d0;b2(kk)=1d0/30d0;c(kk)=173d0/70d0
enddo

do k=0,m,1; do i=1,n-1,1; do j=1,n1-1,1
if((i==1.and.j==1).or.(i==1.and.j==n1-1).or.(i==n-1.and.j==n1-1).or.(i==n-1.and.j==1))then
y=cc+h1*dfloat(j);x=a+h1*dfloat(i)

cl=2d-1*(u(k,j-1,i)+u(k,j+1,i)+u(k,j,i-1)+u(k,j,i+1))

€2=5d-2* (u(k,j+1,i+1)+u(k,j+1,i-1)+u(k,j-1,i-1)+u(k,j-1,i+1))
€3=-(3d-1)*h1*h1*f(x,y)-(2.5d-2)*h1*h1*laplf(hl,x,y)-ss1(h1,x,y)*h1*h1/1200d0
u(k+1,j,i)=cl+c2+c3

endif;enddo; enddo

1(1)=0d0;I(n1-1)=0d0;1I(1)=0d0;11(n1-1)=0d0;nu0(1)=u(k+1,1,1)
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nu0(n1-1)=u(k+1,n1-1,1);nu00(1)=u(k+1,1,n-1);nu00(n1-1)=u(k+1,n1-1,n-1)

do kk=1,n1-1,1

bb(kk)=240d0; aa(kk)=240d0;c0(kk)=1200d0

enddo

do j=2,n1-2,1

y=cc+hl*dfloat(j);x=a+h1*dfloat(i)
c4=-60d0*(u(k,j+1,2)+u(k,j+1,0)+u(k,j-1,0)+u(k,j-1,2));c5=-240d0*(u(k,j,2)+u(k,j,0))
€6=h1*h1*360d0*f(a+h1,y)+30d0*h1*h1*laplf(hl,a+hl,y)+ss1(hl,a+hl,y)*h1*h1
fif(j)=c4+c5+c6; 1()=bb(j)/(c0(j)-aa()*1(j-1));nu0()=(aa(j)*nu0(j-1)-fif(j))/ (cO(j)-aa(j)*I(j-1))
c44=-60d0*(u(k,j+1,n)+u(k,j+1,n-2)+u(k,j-1,n)+u(k,j-1,n-2));c55=-240d0*(u(k,j,n)+u(k,j,n-2))
€66=h1*h1*360d0*f(b-h1,y)+30d0*h1*h1*laplf(hl,b-hl,y)+ss1(hl,b-h1,y)*h1*h1l
fifl(j)=c44+c55+c66; I1(j)=bb(j)/(c0(j)-aa(j)*1(j-1));nu00(j)=(aa(j)*nu00(j-1)-fif1(j))/ (cO(j)-aa()*1I(j-1))
enddo

do j=n1-2,2,-1

u(k+1,j,1)=1G)*u(k,j+1,1)+nu0(j);u(k+1,j,n-1)=11(G)*u(k,j+1,n-1)+nu00(j)

enddo

1(1)=0d0;I(n-1)=0d0;11(1)=0d0;1I(n-1)=0d0;nu0(1)=u(k+1,1,1)
nu0(n-1)=u(k+1,1,n-1);nu00(1)=u(k+1,n1-1,1);nu00(n-1)=u(k+1,n1-1,n-1)

do kk=1,n-1,1

bb(kk)=240d0;aa(kk)=240d0;c0(kk)=1200d0

enddo

doi=2,n-2,1

x=a+h1*dfloat(i);y=cc+h1*dfloat(j)
c4=-60d0*(u(k,2,i+1)+u(k,0,i+1)+u(k,0,i-1)+u(k,2,i-1));c5=-240d0*(u(k,2,i)+u(k,0,i))
€6=h1*h1*360d0*f(x,cc+h1)+30d0*h1*h1*laplf(hl,x,cc+hl)+ss1l(hl,x,cc+hl)*h1*hl
fifO(i)=c4+c5+c6; 1(i)=bb(i)/(cO(i)-aa(i)*1(i-1));nu0(i)=(aa(i)*nu0(i-1)-fifo(i))/ (cO(i)-aa(i)*1(i-1))
c44=-60d0*(u(k,n1,i+1)+u(k,n1-2,i+1)+u(k,nl,i-1)+u(k,nl-2,i-1))
€55=-240d0*(u(k,n1,i)+u(k,n1-2,i))

€66= h1*h1*360d0*f(x,d-h1)+30d0*h1*h1*laplf(hl,x,d-h1)+ss1(hl,x,d-h1)*h1*h1l
fif10(i)=c44+c55+c66; lI(i)=bb(i)/(cO(i)-aa(i)*1(i-1));nu00(i)=(aa(i)*nu00(i-1)-fif10(i))/ (cO(i)-aa(i)*I(i-1))
enddo

doi=n-2,2,-1

u(k+1,1,i)=I(i)*u(k,1,i+1)+nu0(i);u(k+1,n1-1,i)=1(i)*u(k,n1-1,i+1)+nu00(i)

enddo

doi=2,n-2,1

11(0)=0d0;11(1)=0d0;12(0)=0d0;12(1)=0d0;I1(n1)=0d0;I2(n1)=0d0;11(n1-1)=0dO;
12(n1-1)=0d0;nu(n1-1)=u(k+1,n1-1,i);nu(nl)=u(k+1,n1,i);nu(1)=u(k+1,1,i);nu(0)=u(k+1,0,i)

do j=2,n1-2,1

x=a+h1*dfloat(i); y=cc+hl*dfloat(j);c1=-(8d0/21d0)*(u(k,j,i+1)+u(k+1,j,i-1))
€2=-(8d0/45d0)*(u(k,j+1,i+1)+u(k+1,j-1,i-1)+u(k j-1,i+1)+u(k+1,j+1,i-1))
€11=-(1d0/30d0)*(u(k,j,i+2)+u(k+1,j,i-2))

€3=-(4d0/315d0)*(u(k+1,j+1,i-2) + u(k,j+1,i+2) + u(k+1,j-1,i-2) + u(k,j-1,i+2))
€33=-(4d0/315d0)*(u(k+1,j+2,i-1) + u(k,j+2,i+1) + u(k+1,j-2,i-1) + u(k,j-2,i+1))
€22=-(1d0/2520d0)*(u(k,j+2,i+2)+u(k+1,j-2,i-2)+u(k,j-2,i+2)+u(k+1,j+2,i-2))

c5=h1*h1*(f(x,y) + (1d0/7d0)*(laplf1(hl,x,y)) +(4d0/315d0)*ss1(h1,x,y)+(1d0/1260d0)*ss2(h1,x,y))
fif11(j)=cl+c2+cl1+c3+c33+c22+c5

11()=(a1()*11(j-2)*12(j-1)+a2(j)*12(j-1)+b1(j) )/ (c()-a1()*11(-2)*11(j-1)-a2(j)*I11(j-1) -al(j)*12(j-2) )
12(J)=b2(j)/(c()-al()*11(j-2)*11(j-1)-a1(j)*12(j-2) -a2(j)*I1(j-1) )
nu(§)=(al@)*11(-2)*nu(j-1)+a2(j)*nu(j-1)+al()*nu(-2)-fif11(j))/(c()-a1()*I11(-2)*I11(j-1)-a1() *I12(j-2) -a2(j)*11(j-
1)

enddo;do j=n1-2,2,-1;u(k+1,]j,i)=11()*u(k,j+1,i)+12(j)*u(k,j+2,i)+nu(j)

enddo; enddo;enddo

do j=0,n1,1;do i=0,n,1

x=a+h1*dfloat(i);y=cc+h2*dfloat(j)

Ic1= (cch(x)+ssh(x)*(1d0-cch(pi))/ssh(pi))*dsin(y)

1c2= dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi))

1c3= dsin(x)*(cch(y)-1d0+ssh(y)*(1d0-cch(pi))/ssh(pi))

c1= (cch(x)+ssh(x)*(1d0-cch(2d0*pi))/ssh(2d0*pi)) *dsin(y);c2= dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi))
€3= dsin(x)*(cch(y)-1d0+ssh(y)*(1d0-cch(pi))/ssh(pi));res(j,i)=cl+c2+c3;delta(j,i)= u(m,j,i)- res(j,i)
if( delta(j,i)<0d0)then

delta(j,i)=- delta(j,i);endif

if( delta(j,i)>max)then;max=delta(j,i);endif;enddo;enddo;

print*,"norma C =",max;end program puasson
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Ipu n=n; =20,m=5000 nporpamma Bo3BpalaeT HEBsI3Ky 3axa4u (1) B paBHOMEPHOH HOpMe:
norma C = 1.1751864209253995e-10, a mpu N =N, =40,m=5000 norma C = 7.476241847825804e-13, uto gaér 8

o]l 1.1751864209253995¢ -10
|ou,|. — 7.476241847825804e - 13

MOPSJOK MOTPENIHOCTH: ~ 234 ~ 2% = 256 (Tak Kak anreGpamuecKuil MOPSIOK

HOTPENIHOCTH BHYTPSHHETO pa3HOCTHOTO oneparopa(18) pasex Bocemu). Kpome toro, mpu n =n, =100,m = 20000
nporpamma Bo3BpaiiaeT: horma C = 6.61378111e-14 ,6nuska k 1e-16 gsoitnoii Tounoctu double, B To Bpemst kak o
¢bopmyse mpocroii urepanuu y asropos[2] (N =n, =100,m =20000) momy«aum: norma C =4.567879487049620e-
6>1e-8(ue mocturaer mepBoii Tounoctu float m mopsimox morpemHocTH TONMBKO UeTBEPTHIA) (N, N, M uncIO
HHTEPBAJIOB MO OCSIM X, Y M YHCJIO HTepaiuii). PelmM Takke YHCICHHO M aHATUTHYECKH 3amady [lyaccoHa Ha
OPsIMOYTOJTbHHKE:
2 2
a—l:+6—l;:sin(x), O<x<2r0<y<rm
ox° oy

u(0,y)=u(2z,y)=sin(y), 0<y<z
u(x,0)=u(x,z)=sin(x), 0< x< 27

C aHanMTUYECKMM PELICHUEM:
(i;{zf’;)jsh?xwch<x>jsm<y)++[(1;;(“7f;>]sh<y)+ch<y>jsm<x>+[—u[l;;(“,f’)”jsh(ywch<y>]sm<x)c yiron ot o

BBICOTA MPSMOYTOJNBHUKA B 2 pa3a MeHblIe ero mupuns: N =120,n, =60, m = 20000

ulx,y)=

[IporpaMma BO3BpamiaeT HeBA3KY IIOCIEOHEW  3aJaduu B paBHOMEpHOM HoOpmMe: Nhorma
(C=5.972999872483342¢-14.
BriBopbr:

1) TlomydeHs! GOPMYIBI IPOTOHKH VIS IIATH JHATOHAIBHOW CHCTEMBI JMHEHHBIX YpaBHEHUIT ¢ 4 U3BECTHBIMH
Y3JIOBBIMH 3HAYCHUSIMH Ha KOHIIAX OTPE3Ka M COCEAHUX K KOHIIAM y3iax (kpaeBoe ycioBue Jupuxie).

2) Jlns cUMMeETpUYecKOW MaTpHIBl CO CTPOTUM IONYTOPHBIM JAHArOHANIBHBIM NPeoOiaJaHieM UMEEeT MECTO
KOPPEKTHOCTH TOJYYEHHBIX ()OPMYII TPOTOHKHU BIIEPE.

3) Tlpeanoxxen 3 — 3TamHbINA ANTOPUTM JUTS TOYHOTO PEHICHUs ypaBHeHusI [lyaccoHa Ha MPSIMOYTOJIbHUKE. 1.

. kel kel kel ksl
no ¢opmyne mpocroil mrepanmu(33) Haxomar 4 sHadeHms U 1n-1,U" 11,U° na1,Unana. 2. Io

dopmymam(34)-(37) mporoukoit Haxomar U™y, u ™ g, U, u*ing, i, j=1Ln—1. 3. o dopmynam(20),
(23),(25) meromoM TATH [OHATOHANBHON TPOTOHKHM W KpPaeBBIM YCJIOBHeM JIMpHUXie OIpenelsoT
u“hj, i, j=2,n-2.

4) I[oxa3aH0 YTBEPIKACHUC: HA CUMMCTPHUYIHBIX mabJIoHax alffpoKcuMaliys oneparopa Jlamraca BbIPpAKACTCA
HUCepe3 YaCTHBIC MTPOU3BOAHBIC 4ETHOIO nopsiika OT HEU3BECTHOU (I)yHKI_[I/II/I 10 Ka)l(,].'[OfI HCpeMeHHOﬁ.

5) C nomomupl0 yKa3aHHOTO aNrOpPHTMA M HAINMCAHHOW MPOrpaMMbl MOKa3aHO, YTO IPH HEOONBIIOM 4YHCIe
y3110B paBHOMepHO# ceTku(1600) anredpandecKuii MOPsI0K NOTPEITHOCTH PAaBEH BOCHMH.
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3. Camapckuii A.A., Babumesuu [1.H. UucieHHble METO/IbI peLIeHHs OOpaTHBIX 3a/a4 MaTeMaTHYeCKOH (DU3UKH:
YuebHoe nocodue. — M.: M3garenscteo JIKU, 2014. — 480 c.
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MATEMATHKA
YK 517.6: 517.958

MWHHUMAJIBHAS PABHOCTHAS CXEMA JJIs1 YPABHEHUS ITYACCOHA HA
MMAPAJVIEJIEINMIIEAE C INECTBIM HOPAAKOM ITOI'PEITHOCTH

. @. ITacmyxoe, 10.®. Ilacmyxoe (Ilonoykuii 2ocyoapcmeenublil ynugepcumem),
H.K. Bonocosa (Mockoeckuii 2ocyoapcmeennulii mexnuueckuit yuugeepcumem um. H.3. baymana)

IIpeonooicen ancopumm peutenus obujeii HeOOHOPOOHOU Kpaesou 3adayu Jupuxie Ona mpexmepHozo
ypasnenus Ilyaccona na napanienenunede ¢ wecmuim NOPAOKOM NOZPEULHOCTIU U C MUHUMATLHBIM 27 MOYedHbIM
wabnonom. Hucnenno nposepena ycmouuusocmy anicopumma K paspuléam nepeozo pood paHuyHbiX YCI08Ull Hd
epansx napaineaenuneda. Ilonyueno pasnosicenue nega3ku 3a0aqu 6 0ouwem guoe 0jis HepaGHOMEPHOU CemKU yepes
npou3600HblEe YeMHO20 NOPAOKA OM PeuleHus: U NPasoul Yacmu ypagHenus U 4emHno20 nopsoKa no Kaxicoou us mpex
nepemennvlx. Hanucana npoepamma na ocnose nocmpoeHH020 an0pumma U npuHyuna calcamuvlx omoopadcenull
0715 A6HOU YopMYIbL NPOCMOU umepayuy. Peulen mouHo mecmosbiil npumep U npo8eodeHo CPABHEHUe €20 PeuleHUs
C YUCTIEHHBIM peuenuem, KOmopoe noomeepicoaenm uecmol nopsaook nozpemHocmy Oisl Qopmyn NOAYYeHHO20
anzopumma.

Knioueevie cnosa: mpexmeproe ypasuenue Ilyaccona na napainenenuneoe, HeOOHOPOOHO-KpPAeGas 3a0ava
Jupuxne, npunyun cocamoix omoopadxcenutl, ypagHeHus mamemMamuyeckol Qusuxu

Beenenne

PaccMoTpuM HEOJHOPOJHYIO KPaeBYIO 3aady UIA TpEXMEpHOTO ypaBHeHHA [lyaccoHa B mapauienenumese ¢
KpaeBbIMH ycioBusiMu Jupuxiue. V3BeCTHBI pa3HOCTHBIE CXeMbl Al ypaBHeHHs IlyaccoHa ¢ TOTPEHIHOCTHIO
BTOPOTO TOpsnKa B AByXMepHO#l obmactm A.A. Camapckoro[l], ¢ TMOTpEIIHOCTBIO YETBEPTOTO IOpSAKA Ha
paBHOMepHO# cetke K.H. Bomkosa [2], Taxke cxembl OOJBIIEro MOpsAKa Ha MPSIMOYTOJbHUKE U HA PAaBHOMEPHOM
cetke[4]. Bo Bcex cimydasx Ayl TECTUPOBAHHS aJrOpUTMa HEOOXOAMMBI NMPHMEPHI C TOYHBIMH aHATHTHYECKHMH
pemenmamu[3]. OmgHako, Kak moka3aHo B pabote[l,ctp.57], Anmsd cxeMm BTOPOrO MOpsIKa B 3aJade ypaBHCHHS

IlyaccoHa Ha IUIOCKOCTH YaeTcsi IOCTHYb PABHOMEDPHO HENpephIBHON HOpMbI morpemsocti 3-107° npu nenenun
CTOPOH MpsiMOyTroJbHKUKA Ha 160 vacterr. OtMmerum padoTy[11] ¢ popMynamu 1 TPEXMEPHOTO JarIacuaHa.

B nanHOW paboTe MpeayioEeH MNPOCTON AIrOPUTM pPELICHUs TPeXMEpHOro ypaBHeHust Ilyaccona Ha
napanjeNenunesie ¢ UCIO0Ib30BaHHEM MHHHUMAJIBHOIO CUMMETPUYHOIO 11alloHa A/ alnpoKCcuManuu(27 y3iaoB) U
JOCTHKEHHH PABHOMEPHO HEIpephIBHON HopMbl morpemsocti 10~ mpu menenun pebpa mapannenenumnesa Ha 60
gacTeil U ¢ almpoKCUManueil MIeCThIM MOPAAKOM MorpemHocTH. CI0XKHOCTh TPEXMEPHON 3a/1auM 10 CPaBHEHUIO C
JIBYXMEpPHOHM 3ajjadell 3aKilto4aeTcsi B OBICTPOM POCTE KOJMYECTBA BBIYMCICHHH M B yBEJIMYCHUH OOLIEro 4ducia
y3noB. Hanpumep,10000 y3moB Ha mpsimoyronbauke u 1000000 y3moB B mapamnenenumnene. [lo cpaBHEHHIO ¢
pabotoii[4], B KOTOpPOM HCIIOJB30BAIMCH [Ba MIa0JIOHA, TPAHWYHBI W BHYTPEHHHH Ha MPSIMOYTOJBHUKE C 8
MOPSJKOM TIOTPEIHOCTH, B JaHHOH paboTe WCIONIb30BAaHWE OJHOTO YHHMBEPCAIFHOTO MIA0JIOHA MO3BOJISET

L3003 £3Y /A3 3
SKOHOMMTB YMCIIO ¥ BpeMs BbluucieHuit B N°(3° +5°)/3° =5.6n° uucno pas 3a cuer BbiGopa 1 1mabioHa, HO ¢ 6

MOPSKOM HOrpeniHocTH. KpoMe TOoro, Hy)KHO YYUTBHIBaTh, YTO MCIOJBb30BAaHUE JBOWHOIO IMIA0JIOHA YBEIHMYHBAET
YHCIIO BBIUMCICHUI B 2-3 pa3a B KaXIOM y3ie M yMeHbIIaeT ObicTponedicTBue. B pabore wncmosb3oBaHa
Mo uMpoBanHas popmysia 6uaoma Helotona — tpuHoma HerotoHa.

[omydeHHBIH anropuT™M YHCICHHOTO PEHICHHs TPEXMEPHOH 3amaum s ypaBHeHHs [lyaccoHa MOXeT OBITh
MPUMEHEH B Pa3IMYHBIX 00JACTAX MeXaHHWKH[S], kpucramitorpaduu, creranorpaduu(6,7], ,[Uis YUCICHHBIX 3a1a4
MaTeMaTHuecKoi  (U3WKHM, COAEpXKalluX  TpexXMepHbIi omepatopa Jlamumaca, Hampumep, BOJHOBOE
ypasuenue[11,14,15,16,17].

ITocTaHoBKa 3a7aun

PaccmoTpuM HEOIHOPOIHYIO KpaeByI0 3ajady Ui TpEXMEepHOro ypaBHeHHs IlyaccoHa B mapanenenumnese

JUIA TOCTATOYHO IJIaJIKOTO PELICHUs u(x, Vs Z) KaK (DYHKIIMH TpeX MepeMEHHBIX:

(uxX +Uy, + uu): f(x,y,2), xe(a,b),ye(c,d), ze(er)
u@ y,z) = (Y, 2),u(d,y,2) = 1,(y,2),(y,2) €[c,d] x[e,r]
u(x,c,z) = uy(x,z),u(x,d, z) = g, (x,2),(x,z) €[a,b] x[e, r]
u(x, y,e) = us (X, y). u(x, y,r) = ps(x, y), (x, y) €[a,b] x[c,d]
B 3amaue(l) f(X,y,z)- HeomHopomHas mpaBas dYacTb ypaBHeHHs IlyaccoHa B mapaenenunese

[a,b]x[c,d]x[e, r], 24 (Y,2) , 1, (Y, Z) , (X, Z) , 1, (X, Z), s (X, ¥), s (X,Y) - HeomHOpOIHBIE KpaeBble YCIOBHS,
(X,¥,z)- xoopmmHaTel  Toukd. OO003HAYMM  BHYTPEHHEE W  TpaHNYHOE  MHOXecTBa  3amaum(l)

Q=(a,b)x(c,d)x(e,r) a2 =[c,d]x[e rl(x=a,b) U[a,b] x[e,r](y = ¢,d) U[a,b] x[c,d](z = ,r)

)
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B xmaccmdeckoil mOCTaHOBKE 3a1a4 MaTeMaTHYecKod (M3WKM HEoO0XoImMo TpeOOBaTh HEMPEPHIBHOCTH
TPAaHUYHBIX YCJIOBHH Ha TIEPECEUCHUH UX OO0JIACTEH OmpeneNieHus, T.€. B HEMPEPHIBHOCTh KPAaeBhIX YCIOBUH Ha 12
pebpax I mapaiesienunea, Hapumep,

14(0,2) = 1,(0,2),Vz €[e, r]

Paccmorpum ammpokcumanuio 3amaqn (1) Ha mabnoHe, comepikalieM MHHAMAIbHOE KOJMYECTBO Y3JI0B U
MOKPBIBAOIIEM BCIO 00JACTh Mapayvienenumeaa. SICHo, 9To 27 ToueqHBIH mabioH, KOTOPHIN CONEPKHUT KOPOOKa Co

croponamu 2h;,2h,,2h, u pelnaer MOCTaBICHHYIO 3aJa4y ¢ MHHHMAIGHBIM YHCJIOM Y3JOB B lrabione. Takoi
aGJIOH SABISETCS YHUBEPCATBLHBIM KaK Ha PAaHUIIE PACCMATPHBAEMOTO MAapalleeIUIIena, TaKk U BHYTPH JaHHOM
obmacty 1 nokpeIBaeT mapaswrerenunen oobema (b —a)(d —c)(r —e)” kupnmankamu” ¢ o6semMom 8h h,h, .

® o0

o % o o % o

[ eI ) kX ok [ JeIN )
o % o o % o

® o0

Puc.1 Kmaccuduxamus 27 y3moB kyba (mapajurenenunena) Mo PacCTOSHHUIO OT LEHTPa W CBOMCTBaM CHMMETPUHU
cootBercTBeHHO(1,6,12,8) y3108B.
JlokaxxeM HeCKOJBKO BCIIOMOTaTEIbHBIX YTBEPKICHHUH.

Jlemma 1. Ilyctb pemienue 3agaqn(1) mpuHauIe)KUT Kiaaccy QYHKIMNA U(X, ¥, Z) eC Zp(Q) , TOrza Uil CyMMBl
Y3JIOBBIX 3HAUCHMH peIICHHS B 6 HEHTPAIbHBIX y37ax rpaHed KyOa (mapaienenunena) crnpasennnBa (opmyia
pasnoxkenus B psg Teiinopa ¢ uentpom B y3ie (M, N, K)

2l 2l 2l
1 2,6 u+h2'6 u+h2,6 u
) aXZI 2 ayZI 3 6ZZ|
+0(n2P2 + h2P? 1 p2ee2) @)
JoxazareibeTBo. O0bEeIUHAS NONAPHO HMPOTHUBOIOJIOXKHBIE Y3JIBI HAa Ka)XKJOW KOOPJMHATHON OCH OTHOCHUTENBHO

p
um—l,n.k +um+1,n,.k +um,n—1.k +um,n+1.k +um,n.k—1 +Um,n,k+1 m nk + Z
1=1

HeHTpa (m, n, k) , YUUTBIBasA, 4YTO B CUJIIY CUMMCTPHUU COXPAHATCSA TOJIBKO YaCTHBIC MPOU3BOAHBIC YETHOM CTCIICHH

[0 COOTBETCTBYIOILIECH KOOpANHATE, TOTy4YUM

um—l,n.k + um+1,n.k + um n-1k + um n+l.k + um,rmk—l + um+1,n.k+1 = (um—l,n.k + um+1 n.k )+ (um n-1.k + um,n+]..k )+ (um‘n.k—l + um,n.k+1):

hZIa u h2|a U

m""+22(2I)! o +O(hfp*2)+2umnk+22(2|)!

O(hzz"*z)+ U i+

z i 21 aZIU 2p+2 2| 62|U 21 8 u 2|6_U 2p42 2p42 2p+2
2;(20! h’ 822| (h ) 6umnk+22(2|) 8X2'+h 7 +h; 7 +O(h1 +h, P+ hy )

UYro 3aBepmiaeT qoKa3aTenbCcTBO Gopmynsi(2) Jlemmsr 1.
B gacTHOCTH A1 paBHOMEPHOH CeTKH Moaydum u3(2) popmymy(3)

h2| 62| 62| 82| 20e2
um—l,n.k + l'Ierl,n‘.k + um,n—l.k + um,n+1.k + um,n.k—l + um,n.k+1 m nk T 22 (2') aXz| 8y2| +F +O(h P ) (3)

Jlemma 2. Ilyctb pemenue 3agaqn(1) mpuHauIexKuT Kiaccy QyHKIMN U(X, ¥, Z) eC ZD(Q) , TOrza i CyMMBl
Y3JIOBBIX 3HaueHMH pemeHus B 12 y3max - cepequHax pebep KyOa (mapajuiesienmuiiesia) — CIipaBeainBa (GopMyiia
pasnoxenus B psg Teiinopa ¢ uertpom B y3ie (M, N, K)

um—l,n+1.k + I"Im—l,n,.k+1 + um—l‘n—l.k + um—l‘n.k—l + um+1‘n+1‘k + um+1,n.k+1 + um+1,n—1.k + um+1‘n“k—1 + um,n—l.k—l + um,n—l.k+1 + um‘n+1.k—1 + um‘n+1.k+1 =

=12u + 4Zp:ZI: hlzs 21-2s L + h125 21-2s ﬂ hzpa- L
Mk L (25)'(2| 2s) 2 oy P I P Zp AT
+ OEi:l(hlZ p+272ih22i + h22 pr2-2i h32i T h32P+2—2i h12i )) Y

Hoxka3zareiabcTBo. CrpynmupyeM B (opmyie (4) cymMMbl 3 4YeTBEPOK VY3JI0B, PACIONIOKEHHBIX B IIOCKOCTSIX
HapaulebHbIX TpaHsaM Kyba (mapajulesenuena) u OpoXOAAlyX uepe3 HeHTpanbHbii y3ea (M, N, K) . s kaxmoit

YETBEPKH y3JIOB Pa3jokuM B psj Teinopa cyMMy 4eThIPEX Y3JOBBIX 3HAUCHUW, HAIPUMED, B y3JaxX MIOCKOCTH OXY
MOJTy4UM paszsiokerue mo Gopmyse 6mHoma HeroToHa
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23.¢C( du o du ;
A= Ungnak TUmanink PUmisnak TUnank = 4um,n,k +|ZS I_:[W(_ l)S (_ h2 )l ; +8XT3yH(_ hl)s (I"I2 )l St

Ly (R <h1>s<hz>'S}Oﬁfi“(hfw'h )-

+
aXSayFS ax ay| S
2p J d'u _ _
+ | |-s _1s+ls+_ls+_1ls+l
e L e} S (P 0 () )
Tak kak
(04 (1 + (0 +1= (2 o (2 J (2 +1= (0 41 ') 4s=25nl=2, )
0,5=2s +1vI=2l,+1
I
U (s, — s, - nonyanm A=4u, +4Zp:z(c—)!hlzsh Az 6x25 ——t (Z L(hf”+2 2p,?2 )
1=1 s=0
2s
Tak kak — Ca (2I) L , TO TOCTEeNHAS POPMYJia IPUMET BUJT
(2|)! 2y (2sh(21—2s)  (2s)(21—2s)
p o thh 21-2s az|u . 2o i
um—l‘n—l.k + um—l,nJrl‘.k +um+1,n—1.k +um+1,n+1.k m nk zz +O(Zip:01(h12p 22 h22 )) (6)

== (25)!(21 - 25)! 3X256y2' 2

I[Be YCTBCPKHU Y3JIOB U CYMMBbI Y3JIOBBIX 3HAYCHHM peHicHrs B COOTBCTCTBYIOIHMX Yy3JIaX B INIOCKOCTAX OXZ,
OyZ HMCCEM Ty IKC€ CHUMMCTPUIO H (bOpMyJ'ILI PA3I0KCHUA aHaJ'IOFI/I‘IHO(6), MCHAA HNUKINYCCKU HMHIACKCHI, U
CKJIaJAbIBas BCC 12 Y3JIOBBIX 3HAYCHHI NOJIYy4uM, 4TO

hlZsh 21-2s 82IU p 1 h125h 21-2s 62|U
+4 +
Hmai ¥ ZZ(2s)|(2| 25) oxPoy? B | mak ,ZSZ(ZS)'(Zl 25)! ax* oz

1=1 s=0

1 h Zsh 21-2s 62'u b4 )i 5 %i
2 '3 2 p+2-2i i 2p+2-2i}, 2i 2p+2-2i}, 2i )
Ui ,lez(; (2s)1(21 — 25)! oy * oz +O(Z' °(h1 ™+ b b T, )

20 2 21
h2s 2| s 07U 2sp2-2s O U 2sp2-2s O U j

L2 483 o m[ o T G N e |

1=1 s=0

+ O(Zi:l(hlz p+2-2i h22' + h22 p+2-2i h32' + h32 p+2-2i h12i ))

Jlemma 2 u popmyna (4) mokaszaHbl. B wacTHOCTH, IS paBHOMEPHOU CETKH MOXyIuM (opmyiry (7)

Um-l n+Lk + I"Im—ln k+1 + um—l n-1k + um—l‘n.k—l + um+1‘n+1‘k + um+1,n.k+1 + um+1,n—1.k + um+1‘n“k—1 + um,n—l.k—l + um,n—l.k+1 + um‘n+1.k—1 + um‘n+1.k+1 =

1 o%u o”u o?u "
_12umnk +4|Z1:h2IsZO:(23) 25){8)(25 21-2s axzsaZZI -2s + ayZSGZZIZS]+O<h2p 2) (7)

Paccmompum moouuuuposannyio gpopmyiny Heiomona (8):

|
n KKz Ks o ki Ko A K Ki.Ko ks o Ky ] Ko A K ky Ky k. n
(a+b+c) = Ccitkatpich,  Hicptalplcl, cpt =T (8)
0<k,<n 0<k,<n kl-kz-ks-
0<k,<n 0<k,<n
0<k;<n 0<k;<n
Ky +Ky+k3=n ki +Ky+ks=n

Hoxa3areibcTBo Hopmyibi(8).
Beenem nepemenHble

k= if, €[0.il,k, =i~ jf, €[i.0]k; =n—ik +k, +k; = j+i—j+n—i=n, nockomsky ie[0,n], To oGmactu

mmenenuns nepemennsix K, €[0,n] k, €[n,0], k; =n—i €[n,0], Torna umeem:

atbic) =S Cllasbie™ =S i Ciclalp™ic" =
( ) =Y Cila+b)c™ =>">"C,C,

i=0 i=0 j=0
n n! it n!
=y > ciClalh e = ) ———a“bch = Y ———afphch =
n= . - .
i j=0 osiczn (N =0t ji({i — j)! e [ (B LG
sl i
k;+ﬁ;+k3:n k;+l§;+k3:n
n! n!
= ZCf‘kz’“aklbkzckS,C,lfl'kz"%=_ — — = . dopmyaa(8) mokaszaHa.
o<kizn JA= D=1 KTk, k!
0<k,<n
0<ks<n
k;+K,+k3=n
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Jlemma 3. ITycTh pemenue 3ama4uu( 1) nmpuHaAIEKUT Kiaccy QyHKIMMA U(X, ¥, Z) eC ZP(Q) , TOTJ1a JJIST CYMMBI
Y3JIOBBIX 3HaUE€HHH peleHus B 8 BeplInHax Ky0Oa (lapajuieienunena) CcrpaBeainBa GopMyiia pa3ioKeHHs B Pl
Teitnopa ¢ uentpom B y3ie (M, n, k)

um—l‘n—l.k—l + um—l,n—l,.k+1 + um—l,n+1.k—1 + um—l,n+1.k+l + um+1,n—1,k—l + um+1,n—1,k+1 + um+1,n+1.k—1 + um+1,n+1,.k+1 = 8um‘n‘k +

Zp: z h281h252h253 azlu Z 28 125, L 25
+8 +0 h>h,*2h™
2 2 2 2 3
o5 (251)!(252)!(233)' oy | i )
0<s,<l 0<s,<I+1
0<s,<I 0<s;<I+1
S+8,+8;=I S +S,+85=l+1

Joka3aTenberBo. Paznoxxum B popmyie(9) cymMmy 8 y3/oBbIX 3Ha4eHUH B psia Teiliopa B TOYKax, COBNAIAIONINX C
BepIIMHaMU Kyba (mapaiiesnenuena) OTHOCUTENLHO — TeHTpansHoro  y3ua (m,n,K). Bocnonssyemes
MoIupHUIHPOBaHHOH popmyoii 6mHOMa HeloTOHA

n 1,5:53 4 Si | S2 A S S;,5.8. n!
(a+b+c)' = DY Cr®a*b2c neN, CI**= S, +5,+5,=n

0<s,;<n Sllsz S '

0<s,<n

0<s;<n

S,+5,+S;=N

Croe n!
IMoacraBnsist BoceMb pa3 (8) B jeByr0 4acTh(9), yuuThiBas —- = = S +S, +S;=n,
n! nis!s,!s;!  sls,!s,!

TOJTy9UM OTHOCHTENBHO HEeHTpansHoro y3ia (M, n, K)

um—l‘n—l.k—l + um—l n-1,k+1 + um—l,n+1.k—1 + um—l,n+1.k+1 + um+1,n—1.k—1 + um+1‘n—1.k+1 + um+1,n+1.k—1 + um+1‘n+1‘ ka1 = 8um,n,k +

2193 I
+22p IZ C515 S, hslhszhsa%((—l)sﬁs#% +(—l)51+sz +(—1)51+53 +(—1)51 T
I=1 O<s,<I ox*oy2oz™
0<s,<I
0<s,<I
S, +S,+3;=I

F(DFE 4 (<D +(-D)* +1)+0| Y hehzhg
0<s,<2 p+1
0<s,<2 p+1
0<s,<2p+1
S +8,+8;=2 p+1

Tak kak
(D)™ s () o (D) (D)% o+ (D)™ + (D) 4 (<)® +1= (<) (D) +1}+ (D> (D) +1)+
D (D% 1)+ (<)% +1= ()" + D)% + (1) + (D> +1)=(-)* +1)-D)* 0+ (- )+
8,5, =25, AS, =25, AS, =25,
1+ (D)% )= (D% +1)(D)® +1f(cp2 +2)= {0 T TR T AR TS (10)
0,s,=2s, +1vs,=2s, +1vs, =2s; +1
To, ynpommas mocieaaow0 GopMyiTy, ¥ BO3BpaIasich K MepeMeHHBIM Slv —S;, SZI —S,, 33' —S;, '

nonyanm | =, +5, +5, :2(51' +S, +53'):2I',51' —5,,8, 5,5, 5,1 >

2p | $1,57.5; |
> 2 C RS — U ()R DR (DR (D D 4 (D + (D) +1)+

S, A S,
11 0<s,<I ox*oy™or™
0<s,<|
0<s,<l
S+, +5,=l
p | 251h252h253 aﬂu
2
+0  Yhenghy =8> Y M 40| Yhznznz (11)
L (2s )'(23 )!(25 ¥ ox*u oy oz e
0<s,<2p+l I=L 0<s,<I 1 2 s} OXTroy oz 0<s,<p+l
0<s,<2p+1 0<s,<I 0<s,<p+l
0<s,;<2p+l 0<s,<l 0<s;<p+1
S, +5,+83=2 p+1 S+, +55=I S, +S,+8;=p+1

HobGasnsas k(11) 8u,, ., noxyuum Gopmyiry(9). Jlemma 3 fnoxasana. B yacTHOCTH, Ha paBHOMEpPHOH ceTke
¢dopmyna(11) nepexoaut B hopmyiy(12)

um—l‘n—l.k—l + um—l,n—l,.k+1 + um—l,n+1.k—1 + um—l,n+1.k+l + um+1,n—1.k—1 + um+1‘n—1.k+1 + um+1,n+1.k—1 + um+1‘n+1‘ ka1 =
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:8umnk+82p:h2' > 1 o%u +O(h2‘”2) 12)
MR oG (2, )28, M2s, Y axProy o™

0<s,<I
0<s,<I
S, +5,+55=|

Jlemma 4. Ilycts pemenne ypaBHeHUs I[lyaccona(l) mpuHamnexxuT Kmaccy (QyHKIUH u(x, ¥, Z)e C4(Q) u

2
HEOMHOPOAHAast Tpasas 4acTh ypasmenus f(X,y,2)eC (Q), W IyCThb HaJOXKEHa CBs3b Ha KOA(PQUIMEHTH B

JMHEHHOW KOMOWHAIIMM TPOM3BOAHBEIX UYETBEPTOrO IOpAOKAa OT pemeHus ypaBHeHuHs Ilyaccona: “Cymma
K03((UINCHTOB A1 HECMEINAHHBIX YACTHBIX MNPOM3BOJHBIX paBHA IIOJOBUHE CYMMBI KOI(QHIMEHTOB OT
CMELIaHHBIX POU3BOJHBIX B JMHEHHOW KOMOWHAIMK’, TOT/a 3TOrO JIOCTATOYHO Ul TpeoOpa3oBaHUsl JIMHEHHON
KOMOHMHAIIMY B CyMMY YacTHBIX IIPOU3BOJHBIX BTOPOTO MOPs/IKA OT paBoi yactu ypaBHenus [lyaccona.

JoxazareabceTBo. Vicnons3ys ypaBHeHue IlyaccoHa, Haiiiém ero BTOpble YaCTHbIE IPOU3BOIHBIE OT NIPABOI
9acTH

—y® (4) (4)
fxx - ux + u(2)x + U(Z)x

@y (@
3 _u@ L@ L@
Upe Uy, +Uy = F(x,y,2) =1, = u§§§§ +ul? + uEggzy (13)

—_® (4) )
f, = Uiy + Uy +U,
(2)z (2)z

4 o

I'ne cumBon u((z))x 0003HaYaCT YaCTHYIO MPOU3BOJHYIO 4 MOPsiIKa 2 MOPsAKa MO MEPEMEHHOM X U 2 Mopsi/Ka 1o Y.
(2)y

Torpma ans TUHEHHONH KOMOMHAIINY BTOPHIX IIPOU3BOAHBIX HOIXYdInM ¢ yaeTom(13)

_ (NG @ @ @ @ 0 @ @ | _
Af,, + nyy +Cf, =AU, + Uy, +Ueyy |+ Bl Uiy, +US7 +Ups [+Cl UG, + Uiy, +U,"7 | =
@y @z )y 2z @z (2
— A® (@ @ @ ) )
= Aul” +Bu” +Cuf +u%§(A+ B)+u%§(A+C)+u%¥(B+C) (14)

U3 nocnenHel popMyIbl CIEAyeT, 4TO (A) + (B) + (C) = %((A + B) + (A + C)+ (B + C)) .

To ecth cymma K03()(UIIMEHTOB NPH HECMEIIAHHBIX YACTHBIX IMPOW3BONHBIX paBHA MOJOBHHE CYMMBI
K03 PHUIHUEHTOB PU CMEIIAHHBIX MPOU3BOIHBIX B JIMHCHHOW KOMOMHAIIMKM TMPOU3BOJHBIX YETBEPTOTO MOPSAKA OT
pemienus ypaBHenus [lyaccona. Jlemma 4 nokasaHa.

Kak 6p110 mokazano B jemmax 1-3 anmpokcumaniys TpexX pasinyHbIX CYMM Y3JIOBBIX 3HAUEHHH pelIeHHs Ha
27 TOYCYHOM I1a0JIOHE COJCPKUT YACTHBIC IPOU3BOIHBIC OT PEIICHHUS TOJHKO YETHOTO MOPSIKA, a, CJICIOBATEIIBLHO,
Y TIPOU3BOHBIE YETHOTO TMOPsAKA OT MpaBoi dacTu. [losToMy NuHeHHass KOMOMHALUSA TPOU3BOJHBIX YETBEPTOTO
MOPsiIKA W YETHOTO TMOPSIKA IO KAXKI0H W3 KOOPIUHAT SBIIETCS OOMIMM BHIOM Pa3fioKeHHs B psn Teimopa mis
clIaraeMbIX MPU 4 CTEIEHU MIara CeTKH. T.e. YTBepKIEHHUE JIEMMBI 4 YUUTHIBACT OOLIUI CITydail pasloKeHHS B PSJT
Teitnopa st 27 TOYEYHOTO MIa0JIOHA.

Jlemma 5. Ilycte pemrenue 3amaqn(l) mpuHAIISKHAT Kiaccy (yHKITHA U(X, ¥, Z)e CS(Q) U HEOJHOPOJHAs

4 o o
npasast uacte ypasHenus f(X,y,z)eC (Q), U TyCTh HAJOXKEHAa CBS3b HAa KOX(PQPHUIUECHTH! B  JHHEHHON

KOMOMHAIIMU TIPOW3BOJHBIX IIECTOTO MOps/Ka OT peureHust ypaBHenus [lyaccona: “Cymma kod(hQHUIUESHTOB A
HECMEIIaHHBIX YaCTHBIX MPOW3BOIHBIX W KOod(duIMEeHTa Npu CHMMETPUYHONH CMEIIaHHOW ITPOM3BOIHON u((g))x

(2)y
(2)z

paBHa TOJIOBUHE CYMMBbI KOO(Q(UIIMEHTOB OT HECUMMETPHUYHBIX CMEIIaHHBIX MPOU3BOJHBIX IIECTOTO MOpsiiKa .
Torma 3TOrO JOCTaTOYHO IUId  TpeoOpa3oBaHMsA JHUHEHHOW KOMOMHAIMM B CYMMY 4YacTHBIX IPOM3BOIHBIX
YeTBEPTOTro MOpsAKa OT MpaBoil yactu ypaBHeHus [lyaccona.

Joxka3aTtenabcerBo. Vcnonssyst ypaBHenue Ilyaccona, Hali€M ero 4eTBepThle YacTHBIE IPOU3BOJHBIE OT
MpaBod YacTu
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@ _,® 6 6
o =u" + Uiayy T Ugar
@y @z
@ _©® L6 6
fp = Ugayx Uy + Uiz,
(2)y (2)y (4)y (2)y
@ L y@ 4@ (22
=l +Up 2 @ _©® L6 L6
o o foy = Ugarx T Uy + Uy
@ @@ G @ @y
Ug +Uy, +U, = T(x,y,2) =3 f, =ul), +ul? +u) = (15)
@)y )2 F& _4® L 4© 4 ,©
y (2)x y (4)y
f, =ul), +ul, +ul @)y (2)2
@1 (@1 FO _y©® O O
@y = Ux TUayy +Ue),y
@z (Qy @z (@
(2)z
@ _ 6 L ©® 6
fY = Ugzyx +Ugyy +U;
@z (a2

Tornma mns nuHEHHONH KOMOMHALIMY YETBEPTHIX POU3BOIHBIX OT IPaBOi YacTH ypaBHeHHs [lyaccoHa morydanm

(4 0} (4 o) 0 @ _ ®) 4 (6 O) O) (6) (6)
AfY + Bf(z)X + Cf(z)X + ny + Ef(z)y + " = A(uX + Uy + u(4)xj +B| Uiy, + Uy, + Uy |+
oM (2)z 2z @y @z @y @y §§§§

(6) (6) (6) (6 (6) 1,6 (6) (6) (6) (6) (6 ® |_
C Uiy T Uy +Uy [+ D(u(z)X +U, +u(4)¥]+ E Uiy Uy +Uey |+ F(u(z)X +Ugy, +U, j_

(2)z (2)y (4)z 4)y (2) (2)y (2)z (4)z (4)z (4)z
(2)z (2)z
=Aul®? +Dul® + Ful® +uy), (A+B)+uls), (D+B)+ul), (C+F)+uly,(C+A)+
@y @y ()2 )2
(6) (6) (6)
+u) (E+F)+ul),(D+E)+uf), (B+C+E) (16)
@z @2 (2

W3 nocnenneit popMyIsI CIELYET, YTO
(A)+(D)+(F)+(B+C+E) :%((A+ B)+(D+B)+(C+F)+(C+A)+(E+F)+(D+E)),

TO €CTb CyMMa KOB(I)(i)I/ILlI/IeHTOB A1 HECMCHIAHHBIX YACTHBIX HOPOU3BOAHBIX H KOBq)(i)I/H_[I/IeHTa npu

CUMMETPUYHOM CMEIIaHHOW NPOU3BOJHOMN u((g))x paBHa TOJIOBHHE CYMMBbI KO3()(UIHMEHTOB OT HECUMMETPUYHBIX

CMEIIaHHBIX IPON3BOJHBIX IIECTOTO MOPSAAKA TMHEHHOW KOMOMHAINK OT penieHust ypaBHeHus [lyaccona. Jlemma 5
JIOKa3aHa.

Kak 6p110 MokazaHo B JeMMax 1-3 anmpokcumanus Tpex pa3iIMdHBIX CYMM Y3JIOBBIX 3HAUEHWH pEIIeHHs Ha
27 ToYeyHOM IIA0JIOHE COAEPKUT YaCTHBIE IPOU3BOAHBIE OT PeEIIeHHs TOJBKO YeTHoro mnopsaka. [loatomy
JMUHEHHas KOMOWHAIMA TPOM3BOIHBIX MIECTOrO MOPAAKAa M YETHOTO MOPAJKA M0 KaXI0H U3 KOOPAMHAT SABISETCA
00IIMM BHAOM pa3ioxkeHus B paa Telnopa s ciaraeMbeIX pH 6 CTENCHH IIara CeTKH. T.e. yTBEepKICHUE JIEMMBI 5
YUUTBIBACT OOIIHH CiTydail pa3ioKeHUsI CYMMBI Y3JIOBBIX 3HaUe€HUH (QYyHKIMK A7 27 TOYeyHOro mabiioHa.

Teopema 1. [Iycte pemenue 3agaun(l) IpUHAISKAT KIACCY QYHKITUI U(X, ¥, Z) eC Zp(Q) 1 HEOAHOPOIHAs

2p-2 . o .
npasast yacth ypasnenus f(X,Yy,z) e C*" (Q), TOTa CUMMETPUYHBIH 27 TO4YeuHBIH MIabJOH Ha PaBHOMEPHOU
ceTKe o0ecIieunBaeT anmpokcuManuio 3 MepHoro ypaBHeHus [lyaccoHa Ha mapajuiesienuIie/ie ¢ MeCcThIM HOPSIKOM
HOTPEIIHOCTH O(hﬁ). Bonee TOro, HEBO3MOXKHO MOJYYHUTHh MOPSJOK HEBS3KM 27 TOYEUHBIM INAOJIOHOM BBIIIE

mectoro. MiMeet MecTo pa3HOCTHOE ypaBHEHHE AJst TpéXxMepHoro ypaBHeHus [lyaccona:

1( 64

1
hz(_lt-)umnk + E(um—l,n‘k + um+1,n,k + um,n—l‘k + um,n+1,k + um,n,k—l + um,m«rl)+ E(um—l‘n—l,k + um—l,n,k—l + um—l,n+1,k + um—Ln,kA + um‘n—l‘k—l +

+ um,n+1‘k—1 + um‘n—l‘kﬂ + um,n+1,k+1 + um+1‘n—1‘k + um+1,n‘k—1 + um+1‘n+1,k + l'lm+1,n‘k+1)+ %(um—l‘n—l,k—l + um—l‘n—l‘kﬂ + um—lml,k—l + um—l,n+1‘k+1 +

h? h* (o'f o'f o'f
+ LIerl,n—l,k—l + um+l,n—1,k+1 + um+l,n+1,k—l + um+1,n+l,k+l))= fmnk + E(fxx + fyy + fzz )+ ﬁ W + W + 62_4
h*( o'f o'f o' f
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3ameuanne 1. [IpaBas yacts Gpopmyisi(17) 3a Beruerom f,,, paBHa HeBsi3Ke ypaBHeHHs [lyaccoHa U B ABYXMEPHOM
2 4 (A4 4 4 4

cily4ae JUIs IpsSIMOYTOJIbHUKA NEPEXOIUT B (hOpMYITy 22 (f + fyy)+%[% +6ay—z] +%{6Xaz—(;‘yzj + O(hG)[4, ctp.73].

Jloka3zaTejbCcTBO. 3aMETUM, YTO B CHITy ypaBHeHHUs [lyaccona

AU(X, Y, Z) =U, +Uy, +U, = f(xy,2)

orepalyy B NpaBOM U JIEBOM 4YacTsAX ypaBHeHMs [lyaccoHa mpuHauIeKaT OJUHAKOBOMY KJIacCy TJIaJKOCTH, U

nockonsky f (X, Y,2) e C?P? (Q), TO pELICHHE NMEET KJIAacC IVIaJAKOCTH Ha JBE €AMHUIBI OOJIbIIE, YEM TpaBas qacTb

ypasrenue U(X, y,2) € C?*(Q2).

Omnepartop Jlammaca, xak u ypaBHeHume IlyaccoHa, sBISeTCS JHHEHHBIM OIEPATOPOM OTHOCHTEIHHO
HEM3BECTHOW (PYHKITUH, ITO3TOMY BO3MOXKHO aNIPOKCHMHUPOBATH JIAIUIACHAH KBaApaTypHOU (opMynol THHEHHOH

OTHOCHUTECJIbHO Y3JIOBOI'O 3HA4YCHUSA, UCIIOJIb3Y BCC 27 Y3J10B mabJioHa Umnk .

1
Au = Uy, + uyy +U, = F (Coumnk + C1(um—l,n,k + un'|+1,n,k + um,n—l,k + um,n+1,k + um,n,k—l + um,n,k+l)+

+C2 (um—l,n+1,k +um—1,n,k+1 +um—].,n—l,k +um—l,n,k—l + um,n—l,k—l + um‘n—l,kJrl + um,n+1,k—l + um,n+1,k+1 +um+1,n—1,k +uerl,n,k—l +

+ um+1,n+1,k + um+1,n,k+1)+ C3 (um—l,n—l,k—l + L'Im—l,rl—l,kJrl + um—l,nJrl,k—l + um—l,n+1,k+1 + l"Ierl,n—l,k—l + um+1,n—1,k+1 +

+ um+1,n+1,k—l + um+1,n+1,k+1 )) (18)
Hoxncrasum B dopmyny (18) paznmoxernus uz Jlemm 1,23, t.e. popmynsi(3),(7),(12) ¢ pa3mokeHHEM IO

CTCIICHU HIara hl = hz = h3 = h, 2p =06 BKIIOYUTEILHO U Crpynmnupyem CKOOKaMH cliaraeMsble C paBHOP'I CTCTICHBIO

no h

(u((g))X —UI1 KpaTKOCTH OyneM o00O3HadaTh, HApUMEpP, YACTHYIO IPOM3BOAHYIO (PYHKIHH u(xm,yn,zk) IIECTOTO

HOpSJIKA U TI0 BCEM KOOPAMHATaM X,Y,Z BTOPOTo NOPsiIKa B y371€ ¢ KoopauHataMu X, Y, Z, ):

4
Au :h—lz(COumnk +C1[6urmk +h2(uXX +U,, +uzz)+ 2—2(u§4) +ul? +u§4’) 3230( @ +ul® + u(e))+ O(hs)]+

+C,|12u,,, +4(h2(uXX +Uy, +Uy )+h ( ( @ U(4))+ ‘11 Ul + 214( (4) U§4))+ i U, +

(2)y (2)z

1 1 1 1 1
+—(u§4) +u§4))+ =uy), |+ (u ® u(e))+— U, + Ui, +—(u(6’ +u‘6))+— ul, +ul, |+
24 4 ( ) 720 8 (4)y (Z)y 720 48 (4)2 (2)2

L1 1 ( ) +u(e)) J hs +C 8., +8(h22 (Uxx ‘u, +uu)+2_1(u>((4) +u;4) +u§4))+

u(g) + u(e)
720

4
48 4)¥ Ez§¥

h* h® h6
4 ) 4 ©® 4 y® L y® (6) (6) (6) (6) (6) (6)
+ Uiy HUeyx HUGyy [+ o= ( +U,” +U, ) Uiy +Ugayx +Ugyx + Uiy Uiy, Uiy [+
4 720 48
@y @z (22 @y @y @z @z @z (2

h® & O(hs) _1lc cls hz( ) h4( @) @ (4))
+—UuQ) |+ = | Collyy +Cy| By + (U, +uy, +u, J+— U +ul” +ul® )+
8 {2y 12
4

’ 32‘60 (U +u? +u)+ O(hs)) (12umnk +402(U, +uy, Uy )+ h_;(U§4) +u® +u® )+

@ L@ L@ ( ® L, (6)) L® o y® o® oy® 2 p® o y® ( 8)
+h [u « Uiy +u(2)yj+h %0 +Uy” +U o Uy Ugayy Uy, T Uiy, HUgy, +Ugy, [+O h® )|+
(2)y @z (21 @y @y @z @z @z (@
+Cy (8, +40% (U +U, +u )+h ( (4)+u(4)+u(4))+2h Uy, +US, +ub) +h (u(6)+u(6)+u(6))
3\O%mnk XX vy z 3 (2)x (2)x (2)y 90
@y @ @z

h6

e ®) ® ® ) ®) 6, ,(6) (8) _

+ 6 Uiy Ugayy + Upyy + Uy + Uiy, + Uiy, +h Uiy +0lh° )| =
@y @y @z @z @z (2 @y

+(u Fu, XC +4C, +4C, )+ [( @ u<4)+u(4){fz C?, +(;j+(u§§g)x+u§2§) +u§§g’yJ(C2+2C3)]+
2)y 2 2)z

Ume (€, +6C, +12C, +8C,)+
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) ¢, +0(n°) (19)

C, C, C C, C
+h* (u§6)+u§6)+u§5) e ug;x+uf§§x+u((§))x+u((f;X+u((§)) +u((f; s +u((
360 90 90 v
Wy @y @ @ @ @2 {

u
U3 popmyssi (19) cnenyer, uto | t?gk | IC, +6C, +12C, +8C,| < +0eC, +6C, +12C, +8C, =0,
Up 20

B 3aja4e annpokcumanum TpEXMEPHOTO Jariacuana u,, +u, +u, = f < C, +4C, +4C, =1,

c, C, C) 1
1_£+?2+?3j253(cz+2CS)®01=2(:2+803.

&+&+& +C3:£6 &+& < C, =26C, -64C,.
360 90 90 2 \12 6

Ilony4yenHas cuctema JIMHEHHBIX YPaBHEHUI UMEET €IMHCTBEHHOE PEIICHUE:
C,+6C, +12C, +8C, =0
C,+4C,+4C, =1 64 7
C,=2C, +8C,
C, =26C, -64C,

Cornacno Jlemme 4 3(
Cornacho Jlemme 5 3(
1l C3 == (20)

umnk

5 (CO +6C, +12C, + 8C3) =0, B cuy ypaBuenus IlyaccoHa BTOpOe

IMostomy mepBoe ciaraemoe B (19)

cmaraemoe B(19) c yuerom(20) (uxx +U,, +U, XCl +4C, + 4C3): f ,ucnone3ys Jlemmy 4, moiaydumm Tperhbe
ciaraemoe B (19)

h? ( @ +ul® + uﬁ“’(c 1, +C—j u® +ul +u) |(C, +2C,) |=h?(Af,, +Bf,, +Cf, )=
12 3 3 @y @ @)z

hZ
=_(fxx+fyy+f ) TK. A=B = C_C C &:L+i+i:£:i. (21)
12 1273 3 180 30 90 180 12
HUcnonp3ys Jlemmy 5, momxyunm getBeproe cinaraemoe B(19)
he| (u® +u® +u® & G G, us), +ulg, +ul +uly) +u) +u(6) S S, |-
30 9 9) @y @ @ (@ (o 2 6) @
2)z
4 4 4 4) 4 4 h* 4 4 4 h' 4 (4 4
=h [Af &+ Bf oy +Clioy + Df 7 + Ef gy, + Ff )] 360 {0+ 10+ 1 ))+%[ fon+ fin + f((2>)yj (22)
2y (2)z (2)z )y ()2 (2)z
Tax kak A=D = F—C +C2+C3— ! +— 1 +—— 1 _7+6+2 1
360 90 90 5400 900 2700 5400 360
B=C=E,B+C+E=C3,B:C=E=&=i.
3 90
[Moacrasinsist B neByto yacth(19) Haiinennsie koddpuuuments u3(20) C, = 54 C _L C, = 1 C,= 1 a
Y °T 715152100 30

B mpaBylo uacTh(19)(HeBsA3ka ammpoKCHMAIMHM TpexMepHOro ypaBHeHus IlyaccoHa mpexacTaBiseT TpeTbe U
ueTBepTOE CiaraeMble B paBoii yactu(19)) npeobpaszosannbie caraemble yepes Gpynxumio f (X, Y, Z) - (21),(22),

noiyuum hpopmyy(23)

1( 64 7 ( )
T2 -—u i um—l,n‘k +um+1,n,k +um,n—l,k +um,n+1,k +L|m,n,k—l +um,n,k+1 +

h 15 ikt 15 7(um—1‘n—1,k + um—l‘n,k—l + um—l,n+1,k + Um—l,n,k+1 + um‘n—l,k—l +

10

+ um,n+1,kfl + um,nfl‘kﬂ + um,n+1,k+1 + um+1‘nfl‘k + um+1,n,k71 + Um+1,n+1,k + um+1,m<+1)+ %(umfl‘nfl,k—l + umfl‘nfl‘wl + umflml,kfl + umfl,n+1,k+1 +

h? h*(o'f o'f  o'f
+um+l,n—1,k—1 +um+1,n—l,k+l +um+1,n+l,k—l +um+1,n+1,k+l)) fmnk += 12 (f + f + f ) 360 W"'W*’? +

4 4 4 4
+h_ 62f2+ 82f2+ a2‘[:2 +O(h6) (23)
90| ax’oy?  x’a’  oyler

u oHa coBmamaer c Qopmynoir (17). U3 dopmynsi(23) ciemyer, 4TO anmpoOKCHManUs TPEXMEPHOTO
ypaBHenus Ilyaccona Ha mnapamrenenunene 27 TOYEUYHBIM CHUMMETPUYHBIM MIAOJOHOM HMEET 6 TOpsAI0K

norpemHocty. Beero HemsBecTHBIX koa(d¢uimenroB B mabnoHe (18) uerpipe. Torma mobaBieHue ycioBui B
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cucteMy ypaBHeHHiH(20), aHAIOTHYHO YCJIOBUSAM CBs3U B Jlemmax 4,5, mpuBeaeT K HECOBMECTHOCTH JIMHEHHOM
CHUCTEMBI ypaBHEHUH, B KOTOPOUW YUCIIO HEM3BECTHHIX 4 , a YUCIIO YpaBHEHHH He MeHee 5 . JIpyrumu cioBamu, 27
TOYECYHBIM IA0JIOHOM amIpOKCHMHUPOBaTh TpexMepHOoe ypaBHeHHs IlyaccoHa ¢ 8 MOpPSAKOM MOTPENIHOCTH
HEBO3MOXKHO.
Teopema 1 noka3zana.

U3 dopmynbi(23) BeIpa3suM LEHTPAIbHOE Y3JI0BOE 3HaueHHe ¢ HHAeKcamu (M,N,K) U momydum dopmyry
IpOCTOi nTepaumI:

15 1 ‘
U,Sn;t (64 (U mink + Uik +Unaak + Uk +Unnkt +U mnk+1)+ﬁusm—1,n—1,k +U nank1 +Untnak + U ok +Unatkr +

1
s s s s s s s s s s s
+ U mnstk-t U mn-tksl U mnstkst + U metn-tk + U minnk-1 + U mignstk +U m+1,n,k+1)+ %(U m-1n-Lk-L T U m-tn-tksl + U mtnstk-1 + U m-tnstket +

4 6 4 4 4
+ Usm+1‘n—1‘k—1 + Usm+1‘n—1‘k+1 + Usm+1,n+l,k—1 + Usm+l,n+1‘k+l))— hz fmnk —h—(fxx + fyy + fzz ) h ﬂ +ﬁ + ﬂ —
2 30| o' oyt &

hﬁ[a“f ot o

7
~ 90| 2%y irvrs: +ay2822j+0(h6) 64(u mtnk +Usmitnk +USmaik +Umneak +Usmak1 +U mnk+1)+

s s s s s s s s s s s s
‘|‘7(U m-1,n-Lk +U m—l,n‘k—1+u m-1,n+Lk +U m—l,n‘k+1+u mn-1k-1 +U m‘n+1,k—1+u m,n—Lk+1+U m,n+1,k+1+u m+1,n-Lk +U m+1,n‘k—1+u m+Ln+1k +U m+1‘n,k+1)+

128(U m-1,nLk a+Un -1,n 1k+1+U m-1,n+1k a+Un -1+ k+1 +u® m+1,n-Lk a+u m+1,n-Lk+1 +u’ m+,n+k-1 +U m+ln+1k+1)
4 6 4 4 4 6 4 4 4
_E ? mnk_i(f yy fzz)_ " g+g+g _h_ azfz'l' azfz+ azfz +o(h8) (24)
64 256 1536 ox* oyt ozt ) 384|oxPey?  oxlar?  oyiar

B ¢opmyne mpoctoit urepamun(24) BepxXHHA WHIEKC S 0003HAYaeT HOMEp HTEpaldH, B JIeBOH dacTu(24)
MHJIEKC UTepaluy S=1 Ha eaMHUIly OOJIbIle, YeM WHICKCHl UTEPALlMH S Y BCEX Y3JIOBBIX 3HAYCHUIl B NMPaBOM YacTh
dopmynsi(24). B popmyne(24) 3nauenus ¢yukimu f(X,y,Z) 1 ee yacTHBIC MPOU3BOMHBIC BBHIUHCISIOTCS B y3J€ C

ungexcamu (M,n,K). ®opmyny mpocroii urepannn(24) MOKHO 3aKCaTh B BHIC
U =GlUsy, fo )+ O s=01,2,...m=1n, —Ln=1n, -1k =1n,-1 (25)

mnk
I'ne dyHxms G( Uppic s fmnk) MOJIHOCTBIO COBMAAET C MPaBoil yacThio hopmyasi(24).

mnk !

I[lo amamormm c (25) paccMOTpHM HTEPAMOHHYIO TOCIEIOBATEIBFHOCTH(26) € CKUMAIOMMM KO3((HUIHMESHTOM
0 < ¢ <1, KOTOPYIO MOXXHO MONY4HTh H3(25), eciv B mpaBoi yacTH (25) mpoBectr 3aMeHy US., —> Uy,

Ut =G(quene, fong )+ O(0°) s =012,...m =T, ~Ln=Tn, Lk =1n, -1 (26)

mnk
() ¢ R (11} oo ()

BaesieM QyHKIMIO HOPMbI B IPOCTPAHCTBE CETOYHBIX GyHKIMiA U, .\ € R

n,n,,N.
s s num exactf| 123 s num exact o o ~
o =[u*™ —u ¢ = MmaX(upnny - ( )mnk $s=012,..., cosmanaromeii c MeTpuueckoii QyHKIHMEH B
<ms<n| 7
0<n<n,
0O<k<n,
npoctpanctse U, € R™ x R « R onpenensiemoit popmymoit p( um uexa“): u™™ —u® (Koamoropos

AH., CB. ®omun) [8,c1p.139]. Tme u;hy, (uexaCt)mnko6o3Haan0T COOTBETCTBEHHO YHMCIEHHOE PpELICHHE

3anaun(27) B y3ne(m,n,k) Ha ureparmonnom miare(s) u cieal9,crp.102] rounoro pemienus 3agauu(1) Ha y3en ceTKu
(m,n,k).
Onucanune YHCJIEHHOT0 aJIrOPUTMA.
Bgenem Ha mapamtenenunene st 3a1a49u (1) ceTKy ¢ paBHOMEPHBIM IIaroM
Q=[ab]x[c,d]x[er] @, , , = {xm =a+hmm=0,n,y, =c+hn,n=0,n,,z, =e+hk,k :O,n3}

b-a d-c r- .
hy=——=h,=—-=h,=——=h. Jlna cerounoil ¢yHkuuuuU,, k 3alIIeM CHCTEMY  Pa3HOCTHBIX YypaBHEHH
nl n2 n3

COOTBETCTBYIOIIEH 3a/iaue B YACTHBIX MPOM3BOAHBIX (1)
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ust —G(qumnk, rnnk)+O(h8)(24 ),8=0L2,..m=1n -Ln=1n,-Lk=1n,-1

mnk

s+l

Ugn = Hionis =u .n=0,n,,k=0,n,,5=012...
o.nk — H10nk nlnk 2,n,nk 2 3 (27)

s+l

um,Uk :u3m0kv mn2 :u4mnk'm Onl'k 0”3!S 012

s+l
mn0 — :u5mn0’ mnn3

u = Hemnn, M= Onl,n Onz,s 012...

3ameuanme. B pasnocmuou 3adaue(27) q—1, unaue uzmenameca xospuyuenmol mourou annpoxcumayuu(20)

15
oocmamouno, 0=1-10"", m.e. omauuaemcs na yucio om 1 6 10 paz 6onvuiee owubKu OKpyieHus.

B cucreme pasHOCTHBIX ypaBHEHHI(27) mepBoe ypaBHEHHE COBIaJacT C 3amicbio (GopMmyibi(26). 3a
HayalbHOE peIICHHE WTEPAlMOHHOIO IIpolecca MOXKHO BBHIOpaTh (YHKIHIO, ONpENeseMyl0 TI'pPaHHYHBIMU
ycmoBuamu[2,ctp. 428]

0 1

mnk — E(:ul,o,n‘k +:u2,n1‘n,k +:u&m,0‘k +:u4,m,nz,k +:u5,m,n,0 +:u6‘m,n‘n3)'m :1' N _Ln :1’ n, _1' k :'L N, -1 (28)
U3 bopmynbi(28) BUAHO, YTO HAa4YaIbHOE YUCICHHOE PEIICHHE HENPEPHIBHO 3aBUCUT OT BCEX O KpPaeBBIX

(hyHKIMHA KaKk WX JTUHEHHAs KOMOWHAIWMS, M B KIACCHMYCCKOW MOCTaHOBKE 3anauu(l) HE MOXKET OBITh pPa3phIBOB

MEePBOrO POJa i HA4aIbHOTO MPUOIMKCHHUS PEILICHHUS U BCeX 3HaYeHui nHaekcor(m,n,k).

Teopema 2(00 ycroiunBocTH HTepaunoHHbIX (opmyn (23,26)). HrepanuoHHas moCiIeI0BaTeIbHOCTH(26)

u

ust —G(qumnk, fmnk)+O(h8) ABIACTCS  CXHUMAIOIUM  OTOOpaXX€HHEM B METPUYECKOM  IIPOCTPaHCTBE

U, € R xR+ R™%) 4 uMeeT MeCTO e/IMHCTBEHHOE PELlEHHE, TO €CTh

H t H t t
I|m Urr = Ilm(ue“‘C )mnk,Vm =0,n,n=0,n,,k =0,n,, Ilm(uexac - _G(hlm exac
h—0 h—0

qal 0
h—0

1im fo ).

mnk 1
Joka3aTenbcrBo. [lokaxkeM, 4TO UTEpaIlMOHHAS [TOCIEAOBATENLHOCTD (26) SBISIETCS CKUMAIOLIMM OTOOpaKEHUEM:!
0603HaYnM O mnk = Y mnk =X mak, YM=0,n,n=0,n,,k =0,n,

Wk Yot e RO R RO plxstt vt ) ofG(aes, fon ) Blayines fog ) z

s+l s+l
Xm,n k ym nk

+

(24)
_|G(qunk’ mnk) (qymnk, mnk] [—|5 mink + 0 mink +° matk + 8 mnink + O mak 1+ maki

3
+%‘5Sm—1,n—l‘k +0°mtnk1 +0 metniak +0 metaket 0 matkt +0 mastkt + 0 macten + 0 mpsten + 0 metnctk + 0 metnkat + 0 metnetk + 6 metnkea| +
+ %‘5 *netitkt + 0 mantked + 0 manitkt + 0 mansget + 0 metntkr + 0 mitneakct + 0 mimikt + 0 meankd j < Omax 0 mak |-
<n<n,
Ogmsr%z
0<k<ny
7q9-6 3q-12 -8 84+36+8
f4-5,90-22 Q-9 ([ O8O |55 k| = max|5sm,n,k = q,o(xfnnk Yo ),O <q<1 (29)
64 128 128 128 0<n<n, 0<n<n,
0<ms<n, 0<m<n
0<k<n, Osksn3
= Or<rrl1§n>f Sk <4 Or;rlgé O°mnk| TIpH goctaTouno masom mare h. To ecth p( SVt )< qp(x,f1nk : y,fmk)
0<m<n, 0<ms<n,
0<k<n, 0<k<n,

ITo A.H. KommoropoBy, ompexaeneHue 1[8,ctp.74] HOCJ‘IeJIOBaTeHBHOCTB(26) SBIISIETCSl CKUMAIOIICH |

CXOJUTCA K CANHCTBCHHOMY npeaeny, 0003HAYUM €ro U (TeopeMa - IIPUHIUIT CXXHUMaroInXx

mnk

oToOpaxenuii[8,ctp.75]),
!Lr;rc]ur?wnk = u:mk . u;nk = G(qu:nnk ’ fmnk )+ O(hg) (30)
Ho TouHoe pemende ynoneTopser (opmynam(23,24) LIL‘Q(U exa“)mnk = G(LL”J(U exa“)mnk , LIL‘Q f o ), onepaTop

G(qu;nk , fmnk) (23) sBgeTCS TMHEHHBIM M HENPEPHIBHBIM 10 U;mk u 1o g. I[Teperinem k npeznemny B(30)

I|m u = I|m G(qumnk, mnk):G I|m U foe | I|m U _Ilm( exa“)mnk
h—>0 h—)O h—>0 h—>0

mnk * " mnk

TeopeMma 2 1oka3aHa.

PaccmoTpuM TeCTOBBIN pUMEpP
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U, +LIyy +Uu,

u(0,y,z)=u(m,vy,z)=sin(y)sin(z),(y,z) €[0, 7] x[0, ]
u(x,0,2) =u(x,z,z) =sin(x)sin(2z), (x, z) €[0, 7] x[0, x]
u(x,y,0) =u(x,y, ) =sin(3x)sin(y), (x,y) €[0, 7] x[0, ]

Ero pewenue ects
Pemenne npumepa (31) paBHO (B CHITY JTHHEHHOH peAYKIINI) CyMME PEIIeHUH CICTeM ypaBHeHUH 1),2),3),4):

=sin(x)sin(y)sin(z), xe(0,7),y €(0,7),z (0, )

u(x, ¥,z) =u, (X, ¥,2) +U,(X, ¥, 2) + U (X, ¥, 2) + U, (X, ¥, Z) = —%sin(x)sin(y)sin(z) +

{ch( ZX) [Lshc(t%_\/——?]sh( x)]sm(y)sm(z){ch(\/_y) (L;g_‘/—_?]sh(\/gy)]sin(x)sin(hh

+[ch(\/ﬁz) {Lﬁf{%_;/—_;f)}h(\/_z)}mex)sm(y)

B Tabmune 1 mokasaHbl pe3yiabTaThl YHCICHHOTO pEIICHUS MpuMepa | ¢ mapameTpamMu IpOrpamMMbI
n, =60,n, =60,n, = 60,m =13500. (mepBble TpU CTONOIA KOOPAUHATHI — X,Y,Z,9€TBEPTBIN M MATHIA CTOIOLBI —

YHUCJIICHHOC U TOYHOC PCHICHUC COOTBGTCTBeHHO).

(31

(32)

Tabmuma 1
X y z numerical exact
0.261799387799149 | 0.261799387799149 | 0.261799387799149 0.19326654098 0.19326654078
1.30899693899575 | 0.261799387799149 | 0.261799387799149 0.18328544131 0.18328544145
2.35619449019234 | 0.261799387799149 | 0.261799387799149 0.28564460479 0.2856446045
0.261799387799149 | 1.30899693899575 | 0.261799387799149 0.4608673730 0.46086737233
1.30899693899575 1.30899693899575 | 0.261799387799149 -0.28784462945 -0.28784462878
2.35619449019234 1.30899693899575 | 0.261799387799149 0.35457814658 0.35457814586
0.261799387799149 | 2.35619449019234 | 0.261799387799149 0.35373212267 0.35373212214
1.30899693899575 2.35619449019234 | 0.261799387799149 -0.14968371807 -0.14968371760
2.35619449019234 2.35619449019234 | 0.261799387799149 0.30424860387 0.30424860333
0.261799387799149 | 0.261799387799149 | 1.30899693899575 0.22895617234 0.22895617228
1.30899693899575 | 0.261799387799149 | 1.30899693899575 0.242830568967 0.242830568968
2.35619449019234 | 0.261799387799149 | 1.30899693899575 0.23202215878 0.23202215871
0.261799387799149 | 1.30899693899575 1.30899693899575 0.59406289056 0.59406289039
1.30899693899575 1.30899693899575 1.30899693899575 -6.56191877E-002 -6.56191875E-002
2.35619449019234 1.30899693899575 1.30899693899575 0.15445645365 0.15445645348
0.261799387799149 | 2.35619449019234 1.30899693899575 0.45123800883 0.45123800870
1.30899693899575 2.35619449019234 1.30899693899575 1.299659600E-002 1.299659609E-002
2.35619449019234 2.35619449019234 1.30899693899575 0.15774935695 0.15774935681
0.261799387799149 | 0.261799387799149 | 2.35619449019234 | -1.683548459E-002 | -1.683548468E-002
1.30899693899575 | 0.261799387799149 | 2.35619449019234 -0.57131703876 -0.57131703855
2.35619449019234 | 0.261799387799149 | 2.35619449019234 -0.35628466793 -0.35628466797
0.261799387799149 | 1.30899693899575 2.35619449019234 0.45799547075 0.45799547037
1.30899693899575 1.30899693899575 2.35619449019234 -0.18843379843 -0.18843379794
2.35619449019234 1.30899693899575 2.35619449019234 9.325158014E-002 9.325157979E-002
0.261799387799149 | 2.35619449019234 2.35619449019234 0.30256837412 0.30256837385
1.30899693899575 2.35619449019234 2.35619449019234 -0.26000946507 -0.26000946466
2.35619449019234 2.35619449019234 2.35619449019234 | -2.109387609E-002 | -2.109387631E-002

"unum - uexact"C

JIBYX CETOYHBIX (PYHKIMIl UHCIEHHOTO M AHAMTHYECKOTO pelreHuit paHa 10~

"unum - uexact”C

_ num
= maXuy,
0<n<n,

0<ms<n,
0<k<n,

exact
n,mk

—u

T.e. TporpamMma paboraer

HCIOJIb30BAHUCM  aJIrOpHUTMa

¢dopmynam(19)-(28) ¢ otHOCcHTENbHON TOuHOCTRIO REAL(4)(ny4ie yem 10°® )[10].

ITockoasky npu n1=10,n2=10,n3=10,m=6000 ||u

num exact"c

=5.019113151139010E - 005

a mpu n1=30,n2=30,n3=30,m=6000(ymMeHbILICHNE BCEX ILIar0B CETKU B 2 pa3a)

"unum -

Ugyact]. = 6.939077484835465E - 008

=1.0854397936022005¢e - 009(n; =N, =n, = 60) . ['1e paBHOMEPHO HEMPEPHIBHAS HOPMA PAZHOCTH

u ompenensercst mo Gopmysie -

corjiaCHO
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To anreOpandeckuii MOPSAOK MOTPEITHOCTH P PABEH MIECTH MPH UCITONIb30BaHUN (Gopmyi(25,27)-q=1

||||unum LU _ 5.019113151139010E-005 o ) o6 _,p 06
u u

Y2 7.891130154868975E - 007

num exact"c

[pu ucrons30Banmy anroputMa(26,27) q=1—eps =1-5-10"° =0.99999995

[Unum = Uexecdlc. 5.013128145980872E - 005
[Unim = Uogaed > 6-993329699778172E - 007

bonee BBICOKOE 3HAYCHHE IS IopsaKa MOrpe€urHoCT BO BTOPOM Clrydae 00BsICHSICTCS OKCIIOHCHIIMAaJIbHBIM

~71.7~2°=2°, p=6

num

3aTyXaHHEM ONIMOKM OKPYTJIEHHS B TIPaBOi 4acTu GpopMybl (27) B claaraeMbix BHaa U'minik-1,... C MapaMeTpOM
g =0.99999995.

Jlemma 6. [TycTp HavanpHast HOpMa Pa3HOCTH YHCIEHHOTO M TOYHOTO PEIICHUS KOHEYHa, TOT/A IIOCie S
I1aroB UTEpalMOHHOHN GopMybI(26) KOHEYHAsT HOMA 3aTYXaeT 10 HKCIIOHEHIIMAILHOMY 3aKOHY OT S U CIIpaBeUInBa
OIIEHKa

0 exact
mnk um,n,k

u = max
C 0<n<n,
0<m<n,

0<k<n,

udnin —yoedt o= Iim&exp(—es)=0,q =l-¢ (33)

n,m,k n,m,k
>0 ¢

R, =

Joxa3zareibcTBo. COTIacHO TeopeMe O HENOIBIDKHON Touke [8, cTp.75], uTepannoHHas MocaeI0BaTeNbHOCTD (26)

HUMEET Mpeetl, U NocJIe S UTEpaluid MOJy4YUM OLIEHKY MOTpeIHOCTH[ 8, cTp.75]:

—&s
s S —_c)¢
R, < Rod ,q—>1-0=6=1-q—>+0,R, < Red” _ Ry(1-2) a&exp(—es):

-q 1_q & -0 g

5:%*50 —d Z:iu 1/d [/dJ
Rooplea) Rool-c®)_ R T R 2R, PR -~

. . 1 1 ( )Ho exp(z SOWER ez ),
£€Xp i leeXp Z)ro= W T wapa)

Jlemma 6 u popmyna(33) noka3aHeL.
3ameuanue. U3 popmyibi(34) crnenyer, ecmus-£ =1, R, — sR,e™, To ommbKa okpyrieHns B anroputme(26)
&0

Kak ¥ B(25)mpsAMO TpONOpUHHOHANBbHA 4YHcIy wurepanuii S. [lpu BeImomHeHWH ycioBmid B amroputMme (26):

g:l—q—>0,Sg:g’d—>oo<:>s(g)— 1 d>O,RS—>00 R, mana.

=5

BricTpozeiicTBre anroputMa B ceKyHaax cocraniseT 1id nl1=30,n2=30,n3=30,m=6000 (t2-t1= 12.85448 c).
B to Bpemst kak aBropsl paboThi[11] momyunnu Bpems cuera 15 munyt (n1=20,n2=20,n3=20) ¢ anropurMamu Buja
O(h4) ¥ TIOTPEIIHOCTh B POLEHTAX, T.€. ¢ TOYHOCTHIO Hopsaka 107 )

Oco0y10 CI0XKHOCTh B METOJIaX PELICHHS MMEIOT JuddepeHranibHble YpaBHEHNSI ¢ pa3pbIBaMH NIEPBOTO
pola B KpaeBhIX W HayambHBIX ycioBusx [12,13]. IlpemnoxeHHsir B pabote amroputM(26) ¢ dopmymnoii(24)
YCTOWYMB 10 OTHOLIEHWIO K pa3pblBaM IIEPBOIO pPoOJa B KPAEBBIX YCIOBHAX, HAlpUMep, K IpHOABICHUIO
TIOCTOSIHHOW K KpaeBod (pyHKIMHM OIHOM rpaHM (TOYKH pa3pbiBa IEPBOTO POAA KPAEBBIX YCIOBHH IOSBIISIOTCS Ha
Bce 4 pebpax JaHHOU TpaHN).

B pabote nomy4yeHsl pe3ynbTaThl:

1) TlpemnokeH MHUHUMAIBHBIA CHMMETPUYHBIH 27 TOUYCUYHBIH MIAOIOH JUIS ANMMPOKCUMAIUH TPEXMEPHOTO

ypaBHeHus [lyaccoHa Ha napaienenurnese.

2) Jloka3zano, 9yTO Ha 27 TOYEYHOM MIabIOHE W PABHOMEPHOM CETKE HEBO3MOYKHA aIIPOKCUMAITHS yPaBHEHHS
ITyaccoHa BbIIIE IIECTOTO MOPSIIKA.

3) B memmax 1-3 mokazaHo, 9T0 KOI(D(UIMEHTHI pa3iokeHns B psia Teinopa CyMMBI y3JI0BBIX 3HAUCHHUI B
TpyIIax y3JIOB, pacCHOJI0KEHHBIX CHMMETPAYHO U HAa OAMHAKOBOM PACCTOSIHHU OT IIeHTpa Ky0a cojepxar
TOJIbKO YaCTHBIE MMPOU3BOAHBIE YETHOTO MOPSIIKA U YETHOT'O MOPSAAKA [0 KaXKAOH U3 TpeX NEePEMEHHBIX.

4) B nemmax 4,5 nokasaHo, 4TO KO3()(MHUIUEHTHl amMpOKCUMAIMK  ypaBHeHWs I[lyaccoHa IHMHEHHOI
KBa/IpaTypHO# (OpMYJION CBsI3aHBI YpaBHEHHEM CBSI3H, KaK CIEACTBHE ypaBHeHHUs [lyaccoHa, o ogHOMY
YPaBHEHHIO Ha KaXKIYIO YETHYIO CTENEHb 11ara CETKH.

5) Haiinena sBHas pasHOCTHAs cxeMa alNpPOKCHMHPYIOLas TpexMepHoe ypaBHeHue IlyaccoHa Ha
HapaJuleNIeHIIe/Ie C MECTHIM IOPSAKOM MOTPENIHOCTH, J0Ka3aHa €€ YCTOMYNBOCTb.
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6) YucineHHO [MOKAa3aHO C UCMOJIB30BAHMEM TOYHOTO AHATUTHYECKOTO PELICHUs TECTUpPYoIero mpumepa(28)
¥ TIPOTpaMMBI, 9TO sIBHas opMyiia pocTol urepamnuu(24) ¢ anroputMom (26) UMEIOT MIECTOH MOPSA0K
MOTPELIHOCTH.
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MINIMUM SCHEME OF THE DIFFERENCES FOR EQUATION OF THE POISSON ON BOX WITH
SIXTH RATHER INACCURACY
D. PASTUHOQV, Y. PASTUHOV, N.VOLOSOVA

The Offered algorithm of the decision of the general lumpy marginal problem Dirihle for three-dimensional
equation of the Poisson on parallelepiped with sixth rather inaccuracy with minimum 27 point patterns. Numerically
stability of the algorithm is checked to breakup of the first sort of the border conditions on side parallelepiped. It Is
Received decomposition to inaccuracy of the problem in general type for uneven net through derived even order
from decision and right part of equation and even order on each of three variable. The Writtenned program on base
of the built algorithm and principle of the compressed images for evident formula iteration idle time. It Is Solved
exactly and numerically test example, which comparison confirms the sixth order to inaccuracy for molded the
numerical algorithm.
The Keywords: three-dimensional equation of the Poisson on parallelepiped, lumpy-marginal task Dirihle.
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MATEMATHKA

VK 519.6
H. K. Bonocosa, K.A. Bonocos, /[I. @. I[lacmyxos, FO. @. [lacmyxos

PEILIEHUE YPABHEHUS ITYACCOHA B LIEJIBIX UACJIAX I1O MOJY.JIIO p C KYCOYHO
PA3PBIBHOM [IPABOM YACTBIO

Hayunwie pyxosooumenu: npogeccop, 0. p.m. n., K. A. Bonocos
MUMUT (Poccusi, r. Mocksa)

Aunnomayusn: B pabome npeonodceno wugposamo QR K00 Ha npsamoy2oibHUKe ¢ ROMOWBIO 0OHOPOOHOU
Kpaegou 3adauu ypasuenus Ilyaccona ¢ Kycouno - paspeléHoli npaegoii uacmulo. Bce ypasnenus cucmemol
00HOPOOHOU Kpaesoll 3a0auu paccmMampusaromcs Ha0 NONeM YeablX OCMAmKO8 no MOOYIo HpPOCmO20 uucia p.
Honyueno, umo oonosHaunoe wugposanue - oewugposanue QR Koda 603moocHo, eciu Modyab P npocmoe Yucio u
yucno umepayuii ypasuenus Ilyaccona newemno.

Knrwouegvie cnoea: uucnennoe pewenue ypasuenus Ilyaccona 6 yenvix uucnax, memoost wupposanus QR
Kooa.

The Abstract: In functioning is offered encode QR code on rectangle by means of uniform marginal task of
the equation of the Poisson with partly - an explosive right part. All equations of the system of the uniform marginal
task are considered on floor integer remainder modulo prime number p. It Is Received that unambiguous
cryptooperation QR code possible if module p prime number and number iteration equations of the Poisson ill-
defined.

The Keywords: the numerical decision of the equation of the Poisson in integer number, methods of the
cryptooperation QR code.

Jns pemienust ypasHeHus Ilyaccona, ecnu mpaBas 4acTh Ha IPSIMOYTOJIBHHKE KyCOYHO-HEIPEpBhIBHA, Kak
Oputo ToKazaHo B paborax [1-5](MI'TY um. H.D. baymana), MOXXHO OTOOpa3WTh MPOCTPAHCTBO KYCOUYHO-
HETIPEPHIBHBIX (YHKIHH B MPOCTPAHCTBO OCCKOHEYHO MU(PdepeHINpYyeMbIX (YHKIHH ¢ MOMOIIBIO CIEIHAIBHOTO
HaOopa KOOpOWUHATHBIX (yHKIWA (“cymmbl rayccmaHoB”). [Ipm sTOM pemieHHe OcTaércsl TIagKAM, Ha Kiacce
C?[a, b] * [c,d] .

B nannO# paboTre mpemIoxkeHo pemaTth ypaBHeHHE [lyaccoHa ¢ KycOYHO-HEIPEPhIBHOM MPaBoil 4acTbio B
KJIacce LEJBIX YHCEII IO MOAYIII0 IIPOCTOTO Yrcia P. JleHCTBUTENbHO, IPH CTPEMIICHUH [IIara paBHOMEPHOH CEeTKH K
HYJIIO COCEIHHUE Y3JIOBbIE 3HAYEHHsS HEW3BECTHOM (YHKLMHM BCErja NMpPETEepreBar0T pa3phbiB IEPBOTO poja (Kak
pasHble IeNIble YHuciia), TaKoil jke pa3phIB MEpBOTO POAa Ha NPSIMOYIOJIbHHMKE MMEET IpaBas 4acTh YpaBHEHHA
[Tyaccona mns QR koma. Takum oOpa3zom, naBa auckperHbix 3HaueHuss QR{0,1} koma mnpaBoii uactu
HETOCPEACTBEHHO BKJIIOUAIOTCS B KJIACC PELICHHUs ypaBHEHUS HAJ| ITOJIEM IIETIBIX YHCeN [0 MOIYIIIO P.

ITocTaHoBKa 3a7a4un
Au(x,y) = Uy + Uuyy = f(x,y),a<x<bc<y<d
f(x,y) e KC([a,b] *[c,d]),a<x<bc<y<d (1)
u(a,y) =ulb,y) =ulx,c) =ulx,d)=0

B omHOpomHOi KpaeBoii 3amaue(l) mpaBas wacth ypaBHeHus f(Xx,Y), MOXKET HMETh, HAIPHUMEp, BHUI
IIAXMAaTHOW JTOCKM (HA4aJo KOOPJMHATHOM CHUCTEMBI COBMANAeT C IEHTPOM OJHOW W3 MPAMOYTOJBHOW KIETKU
[IAXMaTHOW JIOCKH) U OITHCHIBACTCS (POPMYJIOH

1 —_—
—,i+j=0mod(2),|x —x;| < hi1/2, |y —yil < h,,/2,i=1,m
ay) = {hz i+ @), 1x = x| < haa/2, |y = yj| < haz/ | . @
0,i+j=1mod(2),|x —x;| < hy1/2, |y —y]-| < hyy/2,j=1,m,
rae hyq, Ryy — JUIMHBL CTOPOH 3JEMEHTApPHON GONBIIONW TPSIMOYTONBHOW KIETKH C KOOpJMHATAMHU

b-a d—c
ueHTpa(xi,yj), h11 = m_' hzz = m_' mq, M, —YHUCIIO KJIETOK IO OCIM X,y COOTBETCTBCHHO HA IPAMOYTOJIbHUKE C
1 2

BepumHamu (3,¢) u (b,d)auaronanu npsimoyronbauka. [Ipeobpasyem paspeiBHy0 QyHKu(2)[4] B GeckoHEUHO
T pepeHIIPYEeMYIO Ha MIPSIMOYTOJIbHUKE (DYHKIIAIO

2 2 . LT

_omym; . [ x=xi ) [ YTV x;=a+ (@) *hy,i=1m

Byl () ()} 201G

®)

2 2 Vi
h11 h22 .
B dopmyne(3) 3naueHus —»~, PABHBI MOJIOBUHAM JUTHH CTOPOH IIAXMATHOH KIIETKH. [Ipeobpasyem Pynkimo(3)

B JIBa BO3MOJKHBIX IIeJbIX 3HaueHus{0,1}mo ¢popmyine

FEpn = [F(tm, y)h?Imod(p) € {01}, x, = a+ hym,y, = c+ hyn,n=0,n;, m =0,n, 4)
B  dopmyne(4) ckoOka[X] oOo3HadaeT T1eNyrd YacTh YHCIa  X. MakcuManbHOe 3HAaYCHHUE

¢byukuuu F(x,y)(4)60omsme makcumyma ¢yukmmu f(x,y) B 1,05 pasa (Tak Kak Ha IEHTP KaXIOTO HYEPHOTO

KBaJipaTa OKa3bIBAIOT JOMOJIHUTEIbHOE BIMsSHWE 4 TrayccWHa, MOCTPOCHHBIE B coceaHMX y3nax). lllar menxoii
b-a d-c nih nph
hl — ,hz — , 17t1 212
ny ny ~ hi h22

=m, = 10, =m, = 10. B kaxxaoM OONBIIOM MPSIMOYTOJEHUKE MTaXMATHOW JOCKH
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comepxurcs mqy+1=11,m, +1 =11 y310B Menkoili cerku, T.e. B MPUMEpaX, PACCUNTAHHBIX IPOTPAMMOMN
(Puc.1).

Z-axis
Z-axis

OB = &

0.75
5.0e

0.50

5.0 0.0e+

0.0 2.5 X-axis

500 ~ X-axis 50 50

Puc.1.IlpaBas yacts ypaBHenus [lyaccona  Puc.2. Pemienue ypasuenus Ilyaccona mms p=1001, k=31.

Juddepennuanbroii 3ana4de (1) comocTaBuM pa3HOCTHYIO 3aaady (5) HA PaBHOMEPHOU CETKE C PaBHBIMHU
maramuh,; = h, = h 1o ocsam u mabaoHoM kpect(K- HHIEKC UTepannu B peKyppeHTHOU Gopmyis (5)).

k k k k
( um+1,n+um,n+1+um—1,n+um,n—1_4’u‘lr(n+,—r% =F
h2 - mn
1
m—1,n1—1,n—1,n2—1,ﬁEN (5)

Fon = Fnl,n = Fpo = Fm,nz =0
k _ .k — .,k — .,k — — —
kuoyn =Upn = Umo = Umn, =0,m=0,n,n=0,n,
3amaay(5) mepenuineM B BUAE PEKypPEHTHBIX PAa3HOCTHBHIX ypaBHEHHWH(0), TOe BCe OIEpalyy Hall IMOJIEM
HCﬁCTBHTeHBHLIX YUCEJI 3aMCHCHBI aJ'Il"€6paI/I‘ICCKI/IMI/I HaJ MOJICM OCTAaTKOB IO MOAYJIIO IMMPOCTOI0 YuCiia p

ufnt% = (u$n+1,n + ufn,n+1 + ufn—l,n + u1’fn,n—1 - Fm,nhz)mOd(p) * 4_1m0d(P)

m= 1,n1—1,n=1,n2—1,izeN,k=0,s—1
h

ugh! = ukih = ukld = uih, = 0mod(p),m = 0,ny,n = 0,n, ©)
\ U, = 0mod(p),m = 0i,m = 0,y
Fpm = (Wnain + Uppner + Unoip + Ut — 4t n) * (R2)"'mod(p),
m=1,n1—1,n=1,n2—1,hl—zeN )

Fon = Fyyn = Fmo = Enn, = 0mod(p)
Cucrtema ypaBHeHuit (7) — 3T0 oOpaTtHOe npeoOpa3oBaHue il BOCCTAHOBICHUS MPABOi YaCTH YpaBHEHHUS
Iyacconak,, ,, By n, S —KoHe4Has utepauus B (6).
[Mpumenum dpopmyny(6) 1 pa3 npu HyJIEeBOM HaYaJIbHOM PELICHUN u?n’n =0mod(p),m=0,n,n =
0,7, ¥ OIHOPOAHBIX KPAeBbIX YCHOBUAXFon = Fy n = Fo = Fupn, = 0mod(®), uf, = uk , = uk o =uk,, =
0,m=0,n,n=0,n,:
1 —(,0 0 0 0 2 -1 —
Unmn = (um+1,n + Umnt1 T Umo1n + Umn-1 — Fnah )mOd(p) * 47 mod(p) =

(=1) * 47 'mod(p) = (p — 1) * 4" mod(p), ecnui = mﬂ,j = ml EN,i+j=0mod(2)
1 2

= . _ . m . L @®)
0 * 47 'mod(p) = Omod(p), ecnui = il = EN,i+j=1mod(2)
Hanpivep, ;= {1000 * 41 =1000 * 751 = 250mod(1001),i + j = 0mod(2)
7 0,i +j=1mod(2)
BoluncneHus Ha Ha4aJIbHOM dTalle MOATBEPIKAaeT nporpamma (tabnuia 1).
Tabnumna 1. Pemenne ypaBaenus [lyaccona uil_ ; (m=1,p=1001)
(ifj)*10 10 20 30 40 50 60 70 80 90

10 250 0 250 0 250 0 250 0 250
20 0 250 0 250 0 250 0 250 0
30 250 0 250 0 250 0 250 0 250
40 0 250 0 250 0 250 0 250 0
50 250 0 250 0 250 0 250 0 250
60 0 250 0 250 0 250 0 250 0
70 250 0 250 0 250 0 250 0 250
80 0 250 0 250 0 250 0 250 0
90 250 0 250 0 250 0 250 0 250
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B OCTaJIbHBIX y3ax CETKH WHULUATU3ALUA pelenus naer HOJIb
. . m n D —— —_
Upn =0,i4j= — + — # 0mod(2),m = 0,n,,n = 0,n,. Bropoe mnpumenenne GopMyabI(6) HEe HIMEHSIET

pelICHHE B LEHTPaX YEpHBIX M OENbIX KIETOK mraxmaTHoil nocku (i +j = 0mod(2),i+j = 1mod(2)). Ho
H3MEHSIET PEIIEHHE B COCEAHNX y3Iax:

m = +1mod(m;)am60o n = +1mod(m,),i +j = [mﬂ] + [ml] = 0mod(2), nonyuaum
1 2

ur2n+1,n = (u11n+2,n + ur1n+1,n+1 + urln,n + urln+1,n—1 - Fm+1‘nh2)mod(p) * 4~ 'mod(p) =
=(0+ 0+ 250+ 0 — 0)mod(1001) * 4 1mod(1001) = 563mod(1001)
MMocnennee 3Hauenne 563mod(1001) moarBepxaaeT nporpamMmma.
Ipu k=3 1mo(6) ¢ yueToM CHMMETPHH B IIEHTPaX YEPHBIX KJICTOK MAXMATHON JOCKH TIOIYIUM
urgn,n = (u$n+1,n + urzn—l,n + urzn,n—l + urzn,n+1 - Fm,nhz)mOd(p) * 4_1m0d(29) =

= (563 4+ 563 + 563 + 563 — 1)mod(1001) * 4 *mod(1001) = 813mod(1001)

[Iporpamma noaTBepkaaeT MociIeAHNE BEIYUCIEHUs (Tabauna 2).
Tabnuna 2. Pemenue ypapaenus [lyaccona uﬁ ; (k=3,p=1001)

(ilj)*10 10 20 30 40 50 60 70 80 90
10 813 0 813 0 813 0 813 0 813
20 0 813 0 813 0 813 0 813 0
30 813 0 813 0 813 0 813 0 813
40 0 813 0 813 0 813 0 813 0
50 813 0 813 0 813 0 813 0 813
60 0 813 0 813 0 813 0 813 0
70 813 0 813 0 813 0 813 0 813
80 0 813 0 813 0 813 0 813 0
90 813 0 813 0 813 0 813 0 813

Ta6miua 3. Pemenue ypasnenns Iyaccona u;?> (k=995,p=997)

(ilj)*10 10 20 30 40 50 60 70 80 90
10 811 603 727 568 727 603 811
20 168 403 737 445 737 403 168
30 603 403 266 606 714 606 266 403 603
40 727 737 606 285 480 285 606 737 727
50 568 445 714 480 831 480 714 445 568
60 727 737 606 285 480 285 606 737 727
70 603 403 266 606 714 606 266 403 603
80 168 403 737 445 737 403 168
90 811 603 727 568 727 603 811

Tabmuua 4. 3nagenus F; ; oneparopa Jlannaca (k=995,p=997)

(ilj)*10 10 20 30 40 50 60 70 80 90
10 100 0 100 0 100 0 100 0 100
20 0 100 0 100 0 100 0 100 0
30 100 0 100 0 100 0 100 0 100
40 0 100 0 100 0 100 0 100 0
50 100 0 100 0 100 0 100 0 100
60 0 100 0 100 0 100 0 100 0
70 100 0 100 0 100 0 100 0 100
80 0 100 0 100 0 100 0 100 0
90 100 0 100 0 100 0 100 0 100

Tabnuua 4 1 MHOTHE YHCIIEHHBIE SKCIIEPUMEHTHI TOKa3bIBAIOT, YTO 3HAYEHHE JialUlackaHa B IeJIbIX YHCiIax B
LIEHTpax MIaXMaTHBIX KJIETOK paBHO1/h?, ecau ucnonvzosamo newemnoe uucio umepayuii K u npocmoe uucio
p(xak Ha Puc.1).

1.
Hockonbky1/h? €N u no onpenenenuio F, , = {h_z'l )= 0mod(2) 9)
0,i +j = 1mod(2)
Fnn nz&N _ N
Fnn = 37 mod(p) & Fypn = Fpymod(p) (E) mod(p) (10)

mod(997) = 100mod(997),i + j = 0mod(2)

0,i+j=1mod(2)
T.e. momyuennsie yncna 100 u 0 coBmamaroT co YnciaMu TaOIUIIB! 4 M PACIIONOKEHBI B IIaXMaTHOM TOPSIKE B
cooTBeTcTBHH € (hopmytoi (10).

1
Jurst Tabumust 4 moxyunM 1o opmyite (10) {Fm'" B (h_z)
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Z-axis 50

1.0e+003

Y-axis
=

5.0 2.5 0.0

X-axis

Puc.3. 3nauenus oneparopa Jlanmaca F,, , Puc.4. TIpoexuus 3Ha4enuii Puc.3 F,, i napamerpos k=995,
p=997. mis mapameTpon k=995. Ha mockocts 0Xy, k=995, p=997.
Z-axis Zraxis

0.50

0.25

5.00.00

50 39

Puc.5. BoccranosneHHast npaBas 4acTb Puc.6. BoccTanoBneHHas npaBasi 4acTb
110 3HaYeHusM oneparopa Jlamnaca Fy, ,, 10 3HaYeHusM oneparopa Jlamnaca Fy, ,,
Jutst mapamerpoB k=995, p=997. (k=995, p=997 otHomieHue cTOpOH 3:5).

1
Kak BuHO u3 Tabnuip! 4, IporpaMMa BOCCTaHOBHIIA 3HaUeHue F,, ,, = (h—z) mod(p).

Iporpamma mms mmdposanus-nemmdpoanus QR koma Hamucana Ha s3eike Fortran.  Iporpamma
TeHEepUPYET TPH TEKCTOBBIX (aiina: 1) Pemenue ypaBuenus [Tyaccona B meibIX 9uciaax MO MOAYIIO IPOCTOTO YUCIA
p,KOHEYHOE YMCJIO HUTepanuii 0003HaueHO Kak mapameTp M (B mporpamme pP=997, k=m=995- tabmuma 3). 2)
Oneparop Jlamiaca ot pemenust [Tyaccona B LesibIX Yuciiax — CrilakeHHas mpasas 4acTh QR kxozga (Tabmuna 4).
3)BoccranoBiieHHas KycouHo-HenpepbiBHas ¢yHknus QR xoma Ha npsmoyroiasauke (Puc.S). [IporpamMMa BhIBOAMT
Ha DOKpaH TaKXE PCHICHUC YpaBHCHUA HyaCCOHa B ICJBIX YHCIaX W 3HAYCHHUA JiallaCMaHa B HEHTPax BCEX
[IAXMATHBIX KIETOK Ha MPAMOYTONIbHUKE (Tabmuis! 3 u 4). 3Hauerus Gyukuuu f(x, y)OpaBoi yacTH ONHMCAHBI B
noanporpamme real(8) function f(X,y), 3aparorcs ¢ momorpio GOPMYJIIBI WK MO OTACIBHOCTU B BHJIE MAcCUBA JIJIsI
Ka)KZ[Oﬁ [IaXMaTHOM KJIeTKH noJist. Bee MEPEMCHHBIC U q)YHKI_[I/II/I B I[IpOorpaMMe 3a1aHbl C Z[BOfIHOfI TOYHOCTBIO.
module stolb; use dfimsl; integer(8), parameter::m=995
integer(8), parameter::n1=100,n2=100,m1=10,m2=10,aa=-5,bb=5,cc=-5,dd=5,p=997
real(8), parameter::a=-5d0,b=5d0 ,c=-5d0,d=5d0
real(8), parameter::h1=(b-a)/dfloat(n1),h2=(d-c)/dfloat(n2)
real(8), parameter::h11=h1*dfloat(nl1)/dfloat(m1),h22=h2*dfloat(n2)/dfloat(m2)
integer(8), parameter::h02=(n1*n1)/((bb-aa)*(bb-aa));end module
program puasson; use stolb; use dfimsl; integer(8):: i,j,K,ii,jj
integer(8)::u(0:m+1,0:n1+1,0:n2+1),delta(0:n1+1,0:n2+1),mm
integer(8)::res(0:n1+1,0:n2+1),minl,max1,min2,max2,zz1(0:n1+1,0:n2+1),zz2(0:n1+1,0:n2+1)
integer(8)::2z3(0:n1+1,0:n2+1),zz4(0:n1+1,0:n2+1),ul(-1:n1+2,-1:n2+2)
integer(8)::al,a2,b1,b2,laplas(0:n1+1,0:n2+1),dat1(aa-1:bb+1,cc-1:dd+1),dat2(0:n1+1,0:n2+1)
integer(8)::zz(0:n1+1,0:n2+1);real(8)::x2,y2,x1,y1,x,y,z,rt1,t2
integer(8)::fi,u2 ,min4,max4,pi,max5,c1,c2,c3,c0
integer(8)::k1,k2,k3,k4,x13,x14,x23,x24,y13,y14,y23,y24 0br,color
external f ,ff;real(4)::colorl,u22 ;al(x,y)=0;a2(x,y)=0;b1(x,y)=0;b2(x,y)=0
pi=2d0*dasin(1d0); call cpu_time(t1)
min1=1000;max1=-1000;min2=1000;max2=-1000;min3=1000;max3=-1000
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do i=1,n1-1;do j=1,n2-1;x=a+h1*dfloat(i);y=c+h2*dfloat(j)
zz(i,j)=dint(f(x,y)*h1*h1);zz(i,j)=mod(zz(i,j),p)
if(zz(i,j)<0)then;zz(i,j)=zz(i,j)+p;endif;if(zz(i,j)<minl)then
minl=zz(i,j);elseif(zz(i,j)>max1)then;max1=zz(i,j);endif
enddo;enddo;print*,"min=",min1,"max=",max1;mm=-1d3
print*,"h1="/h1,"h2=",h2;do k=0,m;do i=0,n1;x=a+h1*dfloat(i)
u(k,i,0)=b1(x,c);u(k,i,n2)=b2(x,d);enddo;enddo
do k=0,m;do j=0,n2;y=c+h2*dfloat(j);u(k,0,j)=al(ay);u(k,nl,j)=a2(b,y)
enddo;enddo; do j=0,n2; do i=0,n1; x=a+h1*dfloat(i); y=c+h2*dfloat(j)
u(0,i,j)=0; enddo; enddo; call ff(4,p,obr); ccc=obr; do k=0,m-1,1; c1=0;
if(mod(k+1,p)==0)then; print*,"k+1=",k+1; endif; do i=1,n1-1;do j=1,n2-1,1;
c1= mod((u(k,i-1,j)+u(k,i+1,j)+u(k,i,j-1)+u(k,i,j+1)-zz(i,j)),p)
cl=cl*obr;c1=mod(cl,p);if(c1<0)then;cl=cl+p;else;cl=cl; endif;u(k+1,i,j)=c1;c1=0
if(mod(k+1,p)==0.and.mod(i,m1)==0.and.mod(j,m2)==0)then
print*,i,j,u(k+1,i,j); endif;enddo;enddo;enddo
do j=1,n2-1;do i=1,n1-1;if( u(m,i,j)<=min2)then
min2=u(m,i,j);elseif( u(m,i,j)>=max2)then; max2=u(m,i,j);endif;enddo;
enddo;do i=1, n1-1;do j=1,n2-1; ul(i,j)=u(m,i,j);enddo;enddo;print*,min2,max2
open(1, file="1.txt");do j=1,n2-1;do i=1,n1-1; xO=a+h1*dfloat(i);
y0=c+h2*dfloat(j); u2= ul(i,j); color=dint(2*(dfloat(u2-min2)/dfloat(max2-min2)))
color=mod(color,2);colorl=dfloat(color)
if(mod(i,m1)==0.and.mod(j,m2)==0)then; print*,i,j,ul(i,j)
endif;1 write(1,*) x0,y0,float(u2),color
enddo;enddo; pause;call ff(h02,p,obr);cccl=0br; do j=1,n2-1;do i=1,n1-1
laplas(i,j)=mod((u(m,i-1,j)+u(m,i+1,j)+u(m,i,j-1)+u(m,i,j+1)-4*u(m,i,j)),p)
laplas(i,j)=laplas(i,j)*h02;laplas(i,j)=mod(laplas(i,j),p)
if(laplas(i,j)<0)then;laplas(i,j)=laplas(i,j)+p
endif;if(laplas(i,j)>=max4)then;max4=laplas(i,j);elseif(laplas(i,j)<=min4)then; min4=laplas(i,j); endif;
if(mod(i,m1)==0.and.mod(j,m2)==0)then;
print*,i,j,laplas(i,j);endif;enddo; enddo; pause;open(3, file="3.txt")
print*, min4,max4; do j=1,n2-1;do i=1,n1-1; x=a+h1*dfloat(i)
y=c+h2*dfloat(j);u2=laplas(i,j); x0=x;y0=y;
color=mod(int(10d0*((u2-min4)/(max4-min4))),4); colorl=color;u22=u2;
3 write(3,*) x0,y0,u22,colorl; enddo;enddo;do jj=cc+1,dd-1;do ii=aa+1,bb-1
i=(ii-aa)*(n1/m1);j=(jj-cc)*(n2/m2); if(laplas(i,j)>=9.0d-1)then
datl(ii,jj)=1d0; else; datl(ii,jj)=0d0;endif;enddo;enddo
z=0d0; do i =1,n1-1;do j=1,n2-1; z=0d0; x=a+h1*dfloat(i)
y=c+h2*dfloat(j); do il=aa+1,bb-1; do j1=cc+1,dd-1;xx=h11*dfloat(il);
yy=h22*dfloat(j1)
if(x<xx+h11/2d0.and.x>=xx-h11/2d0-h1/2d0.and.y<yy+h22/2d0.and.y>=yy-h22/2d0-h2/2d0)then
z=datl(il,j1);dat2(i,j)=z; else; dat2(i,j)=z; endif; enddo; enddo; z=0d0; enddo;
enddo; open(4, file='4.txt");do j=1,n2-1; do i=1,n1-1; x=a+h1*dfloat(i);
y=c+h2*dfloat(j); u2=dat2(i,j);x0=x;y0=y;color=float(2*(u2-min4)/(max4-min4));
colorl=color;u22=u2;
4 write(4,*) x0,y0,u22,colorl;enddo;enddo;call cpu_time(t2)
print*"t2-t1="t2-t1; end program puasson;
real(8) function f(x,y)
use dfimsl;use stolb;integer(8)::i,j;real(8)::dat(3,aa:bb,cc:dd),x,y
do i=aa,bb,1;do j=cc,dd,1;dat(1,i,j)=h11*dfloat(i)
dat(2,i,j)=h22*dfloat(j);if(mod((i+j),2)==0)then;dat(3,i,j)=h02
else;dat(3,i,j)=0d0;endif;enddo;enddo;f=0d0;do i=aa,bb;do j=cc,dd
f=f+dat(3,i,j)*dexp(-(x-dat(1,i,j))*(x-dat(1,i,j))/(h11*n11*2.5d-1)-(y-dat(2,i,)))*(y-dat(2,i,j))/(h22*h22*2.5d-1))
enddo;enddo;end function f;
subroutine ff(n,p2,0br);use dfimsl;use stolb
integer(8)::n,i,p2,0br;do i=0,p2-1;if(mod(n*i,p2)==1)then;obr=i
endif;enddo;end subroutine ff

Otmernm, uto nepenaBath QR Koz 10 KaHaMy CBsA3M B 3aIM()POBAHHOM BHIEC MOXHO HCIIONB3YS HE TOJBKO
YPaBHCHUEC Hyaccor—xa B HECJBIX YHUCIaX, HO U C IIOMOIINBIO BOJHOBOI'O YpaBHCHHUA Ha OTPE3KE B IEJIBIX YHCIIAX.
Hosrie PE3yJIbTaThl, HAIICJICHHBIC HAa BbICOKOC 6LICTp0)I€ﬁCTBH€ u HBOﬁHYIO TOYHOCTb YHUCJICHHOI'0 PCHICHUA
BOJIHOBOT'O YpaBHEHHUS, U3JI0KEHBI aBTOPaMu B paboTax[6,7].
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COI'TACOBAHHME NNOPAIKOB AIIITPOKCUMAIIUA JTUPPEPEHIIMAJIBHOTO U TPAHUYHOI'O
OINEPATOPA B KPAEBOW 3AJIAYE U YPABHEHUSX B YACTHBIX TPOU3BOIHBIX
3enenkeBnd A.A. cTyaeHT 2 Kypca dakynbreTa HHGOpMalMoHHbBIX TexHooruit [1I'Y
I'ypreBa H.A. , x.¢.M.H., [Tonoukuii rocyjapcTBEHHBIH YHUBEPCUTET
IMactyxoB }0.®. , k.¢.M.H., [Tosoukuii rocyaapcTBEeHHBIH YHUBEPCUTET
IMactyxoB [.®. , k.h.M.H., [Tomonkwuii rocy1apCTBEHHBIA YHUBEPCUTET

AnHoTanusi: B pabote uncieHHBIMI METOIaMH [T0Ka3aHO, YTO PA3HOCTHAsl CXeMa allpOKCUMUPYET 3aaady
MaTeMaTH4ecKol (u3mku mapaboMuecKoro THMA C YETBEPTHIM MOPSAKOM Uil TNPHBEACHHOTO IpUMeEpa
OTHOCHTEJIFHO IIIara CETKU IPH YCIOBHUH, YTO Pa3HOCTHbIE AU depeHnnanpHbIi 1 TpaHUIHBIN (TPAaHUYHOE yCIIOBHE
Heiimana) omepaTopsl MOCTPOEHBI C OXMHAKOBBIM UYETBEPTHIM MOPSIKOM  amIpokcuManuu. [IpuBeneH KOHTP
mpuMep, KOTla TPaHIYHBIN OTIepaTop MMeeT NEPBHIN MOPAJOK alMpOKCUMAIINH, a TU(QQepeHIHATbHBIA YeTBEPTHIH
MOPSJOK, CXOAUMOCTh PAa3HOCTHOTO PEIICHHS K TOYHOMY pelIeHHIo AnddepeHInaIbHON 3a1a4l He IMEET MeCTa.
Teoperndyeckn 00OCHOBaHa CXOAUMOCTh WM PAcXOAWMOCTD PEIICHHS Pa3HOCTHOW 3aJaud K PEIICHHIO
muddepeHunansHOi 3amauM B yKa3zaHHBIX mnpuMmepax. llomydeHel QopMynbl ¢ anmpokCHUMarueil 4eTBEepTHIM
MOPSAJKOM ISl TPAHMYHOIO OIEpaTopa ¢ OJHOPOIHBIM M HEOJHOPOAHBIM ycioBueM Heilmana Ui 0ZHOMEpHBIX
YpaBHEHHI B YaCTHBIX PON3BOIHBIX SJUTUIITHYECKOTO, TapadOINIEeCKOr0 U THIIEPOOTUUECKOTO THIIOB, @ TAKXKE MPH
alpOKCUMAallUU KpaeBbIX 3a4ad.

KaioueBble ci10Ba: ypaBHEHHS MaTeMaTHYeCKOW (M3MKH, pa3HOCTHAs CXeMa, MOPSAOK alpOKCUMALUH
1 dhepeHnInaNsHOTO U IPaHUYHOTO OIIEPATOPOB.

CO-ORDINATION ORDER to APROXIMATIONS DIFFERENTIAL And BORDER OPERATOR In
MARGINAL PROBLEM And EQUATIONS In QUOTIENT DERIVED

Hertz A.V. student 3 courses of the faculty information technology PGU
Zelenkevich A.A. student 2 courses of the faculty information technology PGU

Gureva N.A. , k.f.m.n., Polockiy state university

Pastuhov YU.F. , k.f.m.n., Polockiy state university

Pastuhov D.F. , k.f.m.n., Polockiy state university

The Abstract: In work by numerical methods is shown that numerical scheme aproximates the problem

mathematical physicists parabolic type with 4 rather for cites an instance for step of the net provided that
pasuoctueie differential and border (the border condition Neymana) operators are built with alike rather
aproximations. The Broughted rebels example, when border operator has a first order to aproximations, but
differential 4 orders, convergence pasuoctHoro decisions to exact decision of the differential problem has a no
place. Is it Theoretically motivated convergence or pacxoaumocts decisions pasuoctHoii problems to decision of the
differential problem in specified example. Formulas are Received with aproximation gersepteim rather for border
operator with uniform and lumpy condition Neymana for univariate equations in quotient derived elliptical,
parabolic and hyperbolic types, as well as at aproximations of the marginal problems.
The Keywords: equations mathematical physicists, the numerical scheme, order to convergence differential and
border operator.

BBeaenue
Paccmotpum B o6mactu D ¢ rpanmmeit G xpaesyro muddepennuansayo 3a1ady:

Lu=f B D Q)

C I'PaHUYHBIM YCJIOBUEM

lu=¢p Ha G (2)

3nece L u | - muddepenmmansusle oneparopsr; u  f ,¢ — 3agaHHBIC, @ U - HCKOMBIH 3JI€MEHTHI
HEKOTOPBIX JIMHEHHBIX HOPMUPOBAHHBIX (PYHKIMOHAIBHBIX HpocTpaHcT F,®D,U  coorBerctBenHo[1]. PasHocTHYyIO
CXEMYy OIPENCILIIOT KaK CEMEHCTBO CETOUHBIX 3a/1ad, 3aBUCSIINX OT mapamerpa (mara) h :

Lu, = f,  Ha cemke 6 obnacmu D, ©))

Ihuh =@, Ha ZpaHLt'-lHOIJ cenmke Gh (4)
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T'oBopsT, uto pasHocTHaA cxema (3),(4) annpokcumupyem na pewtenuu U € TOPSAKOM ammpoOKCHMAIHN
p=min(p, p,) mubdepenunanpuyo 3agaqay (1),(2), ecnu CyWECTBYIOT TaKe MOJOXKUTEIBHBIC MOCTOSHHBIC

h,.C;. P;.C,. P, , He 3aBucsmue oT N, uto mpu Beex h < h,, cripaBeanuBel HepaBeHCTBA:
"Lh(u)_ fh”,:h <¢h®, "Ih ) -,

U3 onpeneneHus Nopsiika allPOKCHMAIMU CIEAYET, YTO IS MaKCUMAIBHOW TOYHOCTH alNpOKCUMAIMU
pasHocTHOI 3ama4un (3),(4) ¥ 3KOHOMHH MAIIMHHOTO BPEMEHN HEOOXOIMMO COOIIOACHHIE PAaBEHCTBA:

Pp=pP,=p )

< P2
0, = c,h

IMocTranoBka 3agaun
Inst  obocHoBanus  yciaoBus(D) paccMOTpUM YHCJICHHOE pEIICHHE HadalbHO-KpaeBOH 3amadn
napadonudeckoro tumnal2], ctp.193:

u, =Uu,,0<x<zt>0,
u(x,0) = cos(2x),0< x < r,

u, (0,t) =u, (7,0),t > 0. (6)

CucteMa ypaBHeHHii(6) MMeeT ToUHOE aHaTUTHIeckoe peruenue: U(X,t) = e cos(2x) . eficTBuTeNbHO:
u(x,t), = u(x,t),, =—-4cos(2x)e ™,0< x < 7,t > 0,

u(x,0) = cos(2x),0 < x < 7,u, (x,t) = —2e * sin(2x),u, (0,t) = u, (,0) =0,t > 0.

Hcnonedyem 3amauy(6), B KOTOpO#l TpeThe ypaBHEHHE MpeAcTaBisieT coboil rpaHuuHoe yciaoBue HelimaHa, B
KauecTBe TecTa MPH COCTABICHUH Nporpammel. B 3amaue(6) mepBoe ypaBHEHHE COOTBETCTBYET Hu(depeHIHANTBHOM
3agaue(l) B monmy momoce O0<X<7,t>0. Tperbe ypaBHeHHE SIBISIETCS TPAaHUYHBIM omeparopom(2) Ha jydax:
t>0,x=0,X = . Paccmorpum pasHocTtHoe ypaBHenue(3) mis 3amaun(6):

n

m__ m),m:L2,3,...N,n:1,2,3 (7

T h?
Vpasuenne(7) MpeiCTaBISET SBHYIO Pa3HOCTHYIO CXEMy OJXHOPOIHOTO YPaBHEHHS TEIUIONPOBOIHOCTH HA CETKE C

(Un™ —Up) _ (U +Up —2U

PaBHOMEpHBIM IIIArOM 10 BpeMeHH 7 u 1o koopauuate h = 77/N. OGo3nauns mapamerp z = r/h? , ypasuenue(7)
npeoOpa3yeM K BHIY:
u

n+l

mo = Up +2(Ug, + Uy —2ug), (8)

n+l n n =2
PasnoxuM y3noBele 3HaYeHuSA Uy~ Uy, Un B Gopmyrne(8) B psx Teinopa Uit momydeHNss MAKCHMAIBHOTO

NnopsAAKa alnnnpoKCUMalnum ¢ HECHTPOM PA3JI0KCHUA U:1 .

" A(up)  7° 0*(up)
urt =ul + 7 & T o

n 2 A2, N 3 A3/N 4 A4y
A SN Ll ) Bl O IR )
OX 2 oX 6 ox 24 ox

+0(7?)

u +o(h*)

LAy h?ai(up) hPaul)  htat(uh)
m—h T 2 a 3 T o4 4
OX 2 oX 6 oOx 24 0Ox

ozcTasnss pasnoskenus A Un™,u” ., u” | B dpopmymny(8), momyuum:

ny 2 A2/,,Nn 20N 4 ~dgon
ﬁwm+Lawn:{mawn+lawn

_u +o(h*)

ot 2 ot x> 12 oxt

[NoTpebyeM 1o OTASIBHOCTH PAaBEHCTBA NEPBBIX U BTOPHIX cliaraeMbIx B popmyiie(9) 1o oTAeIbHOCTH:

o(up) 2 0(Un) o)  9*(up)
T =zh M2 HCIONB3yd IIEpBOE ypaBHEHHE cHUCTEMBI(6) ——1- = m
at 2 Yy p yp (6) P pw

crpaBeTUBO 1S Jiroboro Z . [IpeoOpa3zyeM BTOPYIO IPOHM3BOJHYIO BO BPEMEHH, cumTas (YHKIUIO U(X,t) IBa bl

]+0(12 +h*) (9)

2
, monyuuM 7 = zh®, kotopoe

1o t ¥ 9eTHIPEXXIBI IO X HETPEepHIBHO TU(epeHINPYEeMO:

a(ur”ﬂ):g(gun)zg[aZ(u;)Jzﬁ_zg(un): 3?2 ) o* )
Y m axZat m m m

oz atlet ol o o T
YuutsiBas mocieHee paBeHCTBO U TpeOOBaHHE:
2 2 n 4 4 n 2 4 4 2 2
T—a(uz”‘):zh—a(u4’")@T—:zh—:izh—:rh—cw:h—cn:l. (10)
2 ot 12 ox 2 12 h®12 12 6 6
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HWrtak, MakCUMaIbHBIH TOPSAOK anmnpokcuManun guddeperiuansaoro oneparopa(l) mo h p, =4 ¢ mapamerpom
1
Z= re Torna ypaBrenune(8) mepemnuiiem B BUE:

n+l
m

upt =up +%(u,’]‘1+1 +up , —2ury+o(z” +h*) = %(ur’;+1 +uh  +4ut)+o(z” +h?). (11)

PasnoctHoe ypaBHenue(7) HEOOXOMMO WCCIEeOBaTh Ha YCTOWYHMBOCTH. VIcmonp3yeM NpH3HAK
CHEKTpanbHON ycTOHUMBOCTH. CIIEKTpPalbHBIM NPH3HAK COCTOMT B CIEHYIOUIEM: €CIU NP 3aJaHHOM 3aKOHE

crpemnieHuss 7 @ hk Hymo a1 BcexO0< @ <27 COpaBeUIHBO HEPABCHCTBO |ﬂ,((p)|£1, TO CHEKTPaJIbHBII
NPU3HAK BBIIIOJHEH, M YHCJICHHAs CXEMa MOXCET OBITh HCIIONBb30BAaHA Ml pemeHus ypaBHeHums Lu= f .

KommniexcHoe uncno A(p) onpenenser 3aMKHYTYIO KpUBYIO Ha KOMIUIEKCHOM IUIOCKOCTH IIpU U3MEHEHUu ¢ . B

KadecTBe QYHKIHMH BO3MYILEHHS YUCIICHHON CXeMbI BbIOEpeM U, = (l(go))neim"’ [1] u moacraBum B(8):

(A@)) " e™ —(Ap))'e™ = 2(A(p)) e™ (e +e7* —2)
Pasjiennm nocrennee ypasuenue na  (A(g))'e™ :

(Ap) -1) = 22(cos(p) 1) = —4z(sin[§D o Ap)=1- 4z[sin(§D (12)
Ecmm mapamerp0 <z < % , To cipaBemnBo m3(12): —1<A(p)<l< |/1((p)| <1l

1 .
Taxum obGpazom, npu z = 5 uyncnennas cxema(ll) uMeer He TONBPKO MAaKCHMABHBINA MOPSIOK AMMPOKCUMAIHHU, HO

U SIBJISIETCS] YCTOWYMBOM.
[TocTpoum cxemy rpaHH4HOro oneparopa l U, = ¢, st rpanugHoro yciaosus Iu= ¢

- tperbero ypaBmenus cuctemsl (6):U,(0,t)=u,(7,0) ¢ Tem ke mopsakoM TOYHOCTH: P, =P, =4.
. ou
CocraBuM KBaJpaTypHYIO (GOpMYITy AJIsl TPaHHIHOTO orepaTtopa (Mpou3BOIHOHN (yHKINH B Hye &(O,t) ) MEeTOIOM
HeolpeeNeHHbIX kKo3ddurmenTos[1]:
gx—u(o,t) :%(aug +bu; +cu} +duj +eu2)+ r(x) (13)
B dopmyse HenssecTHbIe K0d3Gpuuents a,b,C,d, e noanexar onpenenenuro, h mar paBHOMEpHOI ceTKH,

ug,ul,ul,ul,uf sHavenus GyHKIME U' B 5 GMIDKAHIINX y3max K JeBoil rpammue otpeska[0,7].r(x)— HeBsska

KBaJpaTyphI.
[ToTpebyem paBeHcTBa Hymio ocTatkar(x) B ¢opmyne(l3) 1ist MHOTOWICHOB MaKCHMAaJbHO BBICOKOMN

CTCIICHU:

3) u(x,t)=1,%(O,t):0:%(a+b+c+d te)esa+brctd+e=0.

b) u(x,t)=x,%(o,t)=1=%(a*0+bh+2hc+3dh+4eh)<:>b+20+3d +4e=1.

S u(x.t) = xz,%(o,t) —0= %(a0+bh2 1 ¢(2h)? +d(3h)? +e(4h)?) <> b + 4c + 9d +16e = 0,

d)u(xt) = x3,2x—u(0,t) —0= %(ao +bh? + c(2h)? + d(3h)* + e(4h)*) <> b + 8¢ + 27d + 64e = 0.

&) u(xt) = x“,%(o,t) —0= %(aO +bh* + c(2h)* +d(3h)* +e(4h)*) <> b +16¢ + 81d + 256€ = 0.
X

Pemaem cucreMy NMHEHHBIX ypaBHEHUI!
a+b+c+d+e=0

b+2c+3d +4e=1

b+4c+9d +16e=0 (14)
b+8c+27d +64e =0

b+16¢c+81d +256e =0
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Jluneiinast cucrema ypaBHeHHii(14) MMeeT €AMHCTBEHHOE pPEUICHHE: a = —%, b=4,c=-3d= f,e L

4
Moxacrasnss Haiinenusie kKodddunmentsr B(13), momyunm KBagpartypy, TOYHYIO Ui MHOTOWICHOB CTCIICHH HE
BBIILIE YETHIPEX, T.€. IOPSIOK CXOAUMOCTH IPaHUYHOIO OIlepaTopa B OCTaBICHHOM 3a1aue Takxke P, =4=p; !

ZX—“ ©O.1) = 12ih (=2507 +48u] —36u] +16u] —u') (15)

Tak Kak, o ycioBuio 3aaaun(6) Z—U(O,t) =0, to Bepazum n3(15) ug :
X

1
Ug = > (48u;' —36u, +16u; —3uy) (16)
B CUITy CUMMETPHUHU 3alavd IJid TPAaHUYHOT'O Onl€paTopa Ha npaBoﬁ rpaHule B TOYKC X=rm:

uy = 2% (48uy_, —36uy_, +16uy 5 —3uy_,) (17)
VuureiBas cBasb 7 = zh’ :%hz, BUIUM, 4TO Npu Maibix h:z<<h. BribepeM BpeMeHHOM OTpe30K

T =Mz  rtakum obpa3om, 4To0bI 10 mopsAaKy BenuuuHabl T ~ X = Nh 1 McxomHas 3afada paccMaTpUBaeTCs Ha

N Zh 2 72_2
IPAMOYTONBHUKE C  COM3MepHMbIMHM  cropoHamu. Ilomoxum M ~N? =T =Mr=N’r=——="-~1.

6 6
OKOHYATENIHHO BBIMHIIEM PA3HOCTHBIC YPABHEHHsI YHCIEHHOM CXEMBI, COOTBETCTBYHOIUEH udhepeHnansHoi
3amaue(6):

u’ =cos(2mh),m=0,12,...,N
o lun ot v au)
" 6

Ug :%5(48u1” —36uj +16uj —3u;),n=12,...,N?

u ,m=12,,.N-1n=12,...N?

(18)

Uy = %(48%4 —36uy,_, +16uy 5 —3uf ,),n=12,.N?

Ileproe ypaBHenue B uucieHHoi cxeme(18) mpexacraBiser coboii HauansHOe ycioBue 3amaun(6).Torma
. 2.
TOYHOE perieHne U(X,T) B y3/1ax paBHOMEPHOM CETKH B IOCJIeJHEM BpeMeHHOM cioe N = N :

2
4 202

_cos(2mh)e ¢ —cos(2mh)e 3 ,m=0412,..N (19)

N
m

-1

u = cos(2mh)e

Onucanue NporpaMmmsl
Just uncnennoit cxempi(18) u recra(19) HanuiieMm nporpammy, HarnpuMmep, Ha s3bike C.

HI/I)KGCJICI[YIOH.[&H nporpamma Harumcasa € JZ[BOI>‘IH01>'1 TOYHOCTBIO:
#include < stdio.h >

#include < math.h >

intN =100, N1=N *N;

intmain(){

intk, j;

double res[N +1][N1+1] x[N +1}

double pi,h,dt;

pi = 2.0*asin(1.0);

h = pi/double(N);
dt = h*h ;

6.0

for(k =0;k < N;k ++){

res[kJ0] = cos(2.0*h * double(k));

x[k] = res[k]o]* exp(—4.0* dt * double(N1)); }
for(j=1 j<=NLj++)
{

for(k=Lk<=N-Lk++)
{
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res[k][j]= [%)*(res[k +1][j -1]+ res[k —1][j 1]+ 4.0*res[k][j -1]) ;

3}
res[o][j]= %)(48.0*res[l][j]—36.0*res[2][j]+16.0*res[3][j]—3.0*res[4][j]); (20)
res[N] j]:(%j@&o*res[N —1][j]-36.0*res[N —2][j]+16.0*res[N —3][j]-3.0*res[N - 4][j]; (21)
print f ("x axact resolve \n");

for(k =0; k<=N;k++) {

if (k —10* int(double(k) / double(10)) = 0)

{

print f ("x = %If axact=%.14If res = %.14lf \n",h*double(k), x(k), res[k][N1])

1}
print f(*h=%If h*h*h*h=9%If \n",h,h*h*h*h); }

PeByJIBTaTLI YUCJTCHHOT0 PEIICHUSA

HOKa)KeM, HaCKOJIBKO Ba)XHO Tpe60BaTB CcorizaCoBaHue IOPAAKOB armpoKCcuMalmu p2 = pl

i depeHInanIsHOro U TPAaHUYHOTO ONIEPaToOpPOB B 33/1a4ax MareMaTuueckoi ¢guanku. [1jist 3TOro anmpokcuMHUpyem
CHavaja TPaHUYHBII OmepaTop MePBBIM HOPsAKOM cxoxuMoctH P, =1, a quddepenunansuslit oneparop(11), mo —

IPEXHEMY, 4YeTBepThIM mopsiakoM P, =4. T.e. B popmyrax(16),(17) momokum U, = U;',Uy = Uy, W B IpOrpamMme B
dopmynax  (20), (21) res[0][j]= res[d][j] res[N][j]= res[N —1][j} . TIporpamma Bosepamaer taGuuuy suauemii
X,axact,resolve,delta (k0OpAMHATY, TOYHOE pEILICHHE, YHCICHHOE DELICHHE, PAa3HOCTh MEXAY YHCICHHBIM H

TOYHBIM pelneHus MU delta = resolve —axact ):

Ta6uma 1(N=400)

X axact resolve delta
0.00000000 0.00138821536422 -0.00116477704469 -0.00255299240891
0.31415927 0.00112308982151 -0.00141598028627 -0.00255282114823
0.62831853 0.00042898213940 -0.00208561646036 -0.00255264003627
0.94247780 -0.00042898213940 -0.00291666632857 -0.00255244911732
1.25663706 -0.00112308982151 -0.00359015697326 -0.00255224843765
1.57079633 -0.00138821536422 -0.00384758973613 -0.00255203804554
1.88495559 -0.00112308982151 -0.00359015697326 -0.00255181799127
2.19911486 -0.00042898213940 -0.00359015697326 -0.00255158832706
2.51327412 0.00042898213940 -0.00208561646036 -0.00255134910711
2.82743339 0.00112308982151 -0.00141598028627 -0.00255110038758
3.14159265 0.00138821536422 -0.00116477704469 -0.00255084222654

h =7.853981633974483E - 003,

h* = 3.805042618515720E - 009

CpaBuuBas 3HaueHus exact wu resolve B TaGmume 1, BuanM, 9to MPHOIIKEHHOE PEIICHHE Ma)Xe HEe CXOIUTCS K
TOYHOMY, TaK KaK NPUOIIKEHHOE peIIeHNe BCerja OTPUIIATENbHO, B TO BpeMs KaKk TOYHOE

2
T

N

um

2 —2— 1
=cos(2mh)e *,m=012,...N naBaxzasi mensier 3nak ipu h — 0(< N — «©); o(1) ~ —

InN

Iycts Teneps h* >610° dopmymsr  (16),(17),(20),(21) HammcaHBI ¢ YeTBEPTHIM HOPSIKOM aNTPOKCHMAIUH. B

tabime 2 N=200 wu
X, axact, resolve, delta.

Ta6mua 2 N=200

B T1abmume 3 N=400

TaK)K€ YyKa3aHbl TIOJTYUYCHHBIC

porpaMMoOi  3Ha4Y€HUs

X axact resolve delta
0.00000000 0.00138821536422 0.00138821868693 0.00000000332271
0.31415927 0.00112308982151 0.00112309312266 0.00000000332223
0.62831853 0.00042898213940 0.00042898540013 0.00000000332168
0.94247780 -0.00042898213940 -0.00042897892418 0.00000000332107
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1.25663706 -0.00112308982151 -0.00112308664158 0.00000000332039
1.57079633 -0.00138821536422 -0.00138821219752 0.00000000331964
1.88495559 -0.00112308982151 -0.00112308664158 0.00000000331883
2.19911486 -0.00042898213940 -0.00042897892418 0.00000000331796
2.51327412 0.00042898213940 0.00042898540013 0.00000000331702
2.82743339 0.00112308982151 0.00112309312266 0.00000000331602
3.14159265 0.00138821536422 0.00138821868693 0.00000000331495

||de|ta|| o <4 10°°

B npoctpanctBe C HENPEpHIBHBIX HA OTPE3KE [O, 7r] ¢ysKIMiA ¢ HOpMoOit YeOpIeBa ||X|| = maxte[oyﬂ]|x(t)|

Pa3HOCTH l'IpI/I6J'II/I)KeHHOFO U TOYHOT'O pelHeHHfI, 3aJJaHHOM Ha paBHOMepHOﬁ CCTKC, paBHa

HOpMa

|delta] = ug‘z(resolve)—ug‘z(axact)” = max |delta’

¢ [m=0,.N]

Ta6mua 3 (N=400)

X axact resolve delta
0.00000000 0.00138821536422 0.00138821868693 0.00000000010439
0.31415927 0.00112308982151 0.00112308992513 0.00000000010439
0.62831853 0.00042898213940 0.00042898224150 0.00000000010438
0.94247780 -0.00042898213940 -0.00042898203902 0.00000000010437
1.25663706 -0.00112308982151 -0.00112308972249 0.00000000010436
1.57079633 -0.00138821536422 -0.00138821526571 0.00000000010435
1.88495559 -0.00112308982151 -0.00112308972249 0.00000000010434
2.19911486 -0.00042898213940 -0.00042898203902 0.00000000010433
2.51327412 0.00042898213940 0.00042898224150 0.00000000010432
2.82743339 0.00112308982151 0.00112308992513 0.00000000010430
3.14159265 0.00138821536422 0.00138821546861 0.00000000010429

h =7.853981633974483E - 003,

h* = 3.805042618515720E - 009

Amnanorudno, u3 tabmunsl 3 BuaHO, uto mpu (N = 400) ||de|ta|| ¢ < 210" B 10 Bpems kakh® >310°, u

paBHOMEpHas HOpMa Pa3HOCTH TAKKe He MPEBBINIACT YeTBEPTOM TOPS/IKa CTEIIEHH Iara CeTku h .
B oOmewm cinygae, 1yt onpeneneHus (OLEHKH) MOpPsIKa CXOIUMOCTH Pa3sHOCTHOM CXEMBI, KaKk OIpeenseT

A.A.Camapckuii [3], ctp. 57, HeoOXomuMo TpeOOBaTh yMEHBIIEHHE IOTPEIIHOCTH (HOPMBI  Pa3HOCTH

OPHOIIKEHHOTO W TOYHOTO pelieHunit) B 16 pa3 npu ymeHblieHn: mrara cetki h B 2 pasa (ysemmdyennn N B 2
pa3za) — U CXOJUMOCTH C YeTBEPTHIM MopsakoM. B maHHOM pasHOCTHON cxeme mpu yBenumueHnn N B 2 pasza (c

3 -9
200 no 400) morpenrHocTh Mo HopMe YeOblmeBa yMEHbIIAETCA IPUMEPHO B [10—_10 =30> 16] pas.

Heo6xonumo BeIOMpaTh Gombime N, Tak Kak yka3aHHOE TpeOOBaHHE MOXKET NMPOSABISTHCS HA IMPAKTHKE
TOJIBKO B &CUMIITOTUKE [3] .

Npyrumu crnoBamu, uncieHHas cxema(18) ammpokcumupyer 3amauy(6) W ee pelieHHe Ha MOCEIHEM
BpemeHHOM cioe(19) ¢ yeTBepThiM mopsiaAKOM. JIErko BHAETH, UTO B 06IeM ciydae oT ¢popmynsi(11l) Ha KoHEUHOM
BPEMEHHOM CJIO€ JIOCTATOYHO TPeOOBaTh MEHBIIIEH TOYHOCTH — BTOPOH MOPSIOK CXOTHUMOCTH:

AU~ N20(z2 +h*) ~ N2o(h*) ~ o(NZh*) ~0[(£hj h“J ~o(h?) (22)

Ucnone3ys  dopmyny(22), MOXKHO  TEOpPETHYECKH  OOOCHOBATH  CXOAUMOCTH  (PacXoJUMOCTh)
0 JeiictBUTeIbHO, B Ccllydae paBeHCTBA P, = P, =4 MOPSOOK amnmpoKCUMAanuu ob0miedl  3amauu

p=min(p,, P,) =4 u cornacHo(22) Ha TOCIEAHEM BPEMEHHOM clioe pa3HocTHoe peurenue(18) cxomurcs mpu
h — 0 k pemrenuto auddepeHIuanpHOM 3a1a9n QU(X,'[) -u, (X,t)| ~ O(hz))(G) HE XYK€ YeM CO BTOPBIM HOPSIIKOM.

Eciu  p,=1p, =4,mo p=min(p,,p,)=1 , T.e. HA KOHEYHOM BPEMEHHOM CJIO€ HEBSI3KA MEXIy
PEIICHUAMH PAa3HOCTHOM U AU((epeHINANTBHON 3a1a4aMK IMEET aCUMIITOTHUKY

NZo(h)~N? ho(l):Nz(%jo(l) ~No(l).

IMockonbky 0(1) MOXeT UMeTh cIalbylo CXOAUMOCTb, Hanpumep, npu h — 0(< N — «); 0(1) ~ % ,
n
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To u(x,t) —u, (X,t)] ~N/INN — 00, N — oo,

BoiBoabI

1) B paboTe 4YHCICHHBIMH METOJAMHM [OKa3aHO, YTO pa3HocTHas cxema(l8) ammpokcumupyer 3agauy

2)

3)

4)

5)

MareMatuueckoil Gpusnku(6) ¢ ypaBHeHHEM MapaboNHYecKOro THIIA YETBEPTHIM MOPSAKOM OTHOCHTEIBHO
ara CeTKH IpU YCIOBHUH, YTO pPa3HOCTHbIC IU(depeHIHanbHblii 1 rpaHUYHBIH (TPaHUYHOE YCJIOBHE
Heiimana) onepatopsl OCTPOEHB!I C OIMHAKOBBIM YETBEPTHIM NMOPSAIKOM anlpOKCUMAIIHU.

[IpuBenen koHTp mpuMep, B KOTOpoM [udepeHInanpHbIA OmepaTop HWMEET UYCTBEPTHIA MOPSIOK
annpoKCUMAIlNH, @ TPAaHWYHBIN ONEPaToOp MEPBbIH MOPAAOK aNNPOKCHUMAINK. B 3TOM ciaydae cX0IMMOCTh
Pa3HOCTHOM 3amaun K perennto audhepeHnnansHon 3axa4qn mpu 6onpmux N He IMeeT MecTa.
Teopernyeckn 000CHOBaHAa CXOJMMOCTh WJIM PACXOAMMOCTH PEIICHHs PAa3HOCTHOW 3a/1aud K PELICHUIO
muddepeHnnanbHOI 3a1a41 B yKa3aHHBIX [TPUMEpax.

W3 tabmum 2 u 3 BugHo, uTo HeBsaska delta TOYHOTO axact © YHCIEHHOrO resolve

pelieHuil B ypaBHEHHSX HapabOIM4YecKoro TUma ¢ AUGQy3HOHHBIM 4iIeHOM U,, (OZHOMEpHBII ciyuaid

onepatopa Jlamnmaca) npu Gonpmmx N, kak ymeHblmaetcs Ha Bcell o6nacTh oTpeska [0,72'], TaK U
PaBHOMEPHO paclpenersieTcss 10 BCeMy OTPe3Ky. OJTO paBHOMEPHOE paclpeleleHHe HEBS3KH MOXKHO
00BsICHUTH Mudy3uert cirydaitHoi BeTMIUHB MAITHHHONW OINOKHA OKPYTIICHUS.

[omy4yensl QopMmynsl ¢ amnmpoKCHManueld YeTBEPTHIM IOPSOKOM Ul TPaHHYHOIO oOmeparopa ¢
OIHOPOIHEIM ycioBueM Heiimana (popmynsr (16),(17)) u miast HeogHOpomHoro ycioBus HeliMaHa Ha
rparune(popmyna (15)). Hanaeie ¢GopMyIbl NPUMEHHUMBI IS YpaBHEHHHA B YACTHBIX HPOHM3BOIHBIX
AJUTMITHYECKOT0, MapaboIMYeckoro U runepOoJMYecKoro THIIOB, a TAK)Ke MPH aNNPOKCUMAIMK KPaeBbIX
3ajad.

Jlutepartypa
1) BaxsamoB H.C., Jlanuu A.B., UYwxkonkoB E.B.UucineHHsle MeTOABI B 3aJa4aX M YIOPaKHEHUSAX. —
M.:BMTHOM, JlaGopatopus 3Hanui, 2010.
2) Muxynua B.IL., Tloxoxaes C.U. IlpakTudeckuil Kypc MO ypaBHEHHUSM MareMaTHueckod (usuku. — M:
Hayka, ®DU3MATIJINT, 1995.
3) Camapckuii A.A., Badumiesnu I1.H. YncneHHble METOMBI pelIeHHs OOpaTHBIX 3a/1a4 MaTeMaTHYECKOMN
¢uzuku. Yue6Hoe nocobme. — M.: UzmarensctBo JIKU, 2014 — 480 c.
MATEMATHKA
YAK 519.6 517.958

ATIIMPOKCUMAILIMSI IBOMHBIX U TPOMHBIX MHTET'PAJIOB BO BHYTPEHHHMX 3AJTAYAX

MATEMATHYECKON ®U3UKH
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kaH. Gu3.-mart. Hayk J[.dD.ITactyxoB, kaua. ¢pus.-Mat. Hayk FO0.®D.IlacTyxoB
(ITomoukwit rocy1apCTBKHHBINA YHUBEPCHUTET)

AnHoTauus: IlomydeHsl QOpMyIbI W aNTOPUTMBI IS COCTaBHBIX MHTETPAJIbHBIX KBaapaTryp ¢
paBHOMEpHBIM ImaroM 7-ro,11-ro,15-To anrebpamyeckoro mopsaka morpemHocTd u ¢ 8,12,16 mopsmkom
MIOTPEIIHOCTH COOTBETCTBEHHO BO BHYTPEHHHX 3aJadaX MaTeMaThieckoil ¢pusuku. HaiineHs! anamorun gopMyi s
JIBOMHBIX Ha NPSAMOYTOJIbHUKE W TPOMHBIX B MapajulesICNUIEAe MHTETPAIOB C COXPAaHEHMEM TAaKOI'O K€ IOopsiaKa
MOTpEIIHOCTHU, YTO U B OJHOMEPHOM CcCiiy4ac. HOCTpOGHI:I JIMHEHWHBIC 0T06pa)KeHI/I${ 0606H1éHHLIX KoopAuHAT C
KoJblla (Kpyra) Ha TNpPSIMOYTOJIBHUK, C IIApoBOro cios (Iapa) Ha mnapajurenenuien. HaiineHbl nHTErpajibHbIe
KBaJIpaTypbl B MOJSIPHOM M B cdepryeckoll cUcTeMax KOOPAMHAT C COXPAaHEHHEM anreOpandyecKoro Mopsaka
TOYHOCTHU, YTO MPOBEPEHO YMUCIICHHO. Jj[oxa3aHa JIeMMa, yKasbIBalomiasds MUHUMAJIBHOC YHCJIO Y3JI0OB JOCTATOYHOC
JJIA BBIYMCIICHUS UHTCTpaia C ﬂBOﬁHOﬁ TOYHOCTBIO. HpI/IBeI[eHLI COOTBCTCTBYIOIIIUC AJITOPUTMEI.

KaroueBble cioBa: anre6pa1/1qec1<1/1171 nOopAAOK TOYHOCTHU, IMOPAAOK MNOTrp€IIHOCTH, MCETOJ MeL[HaHHOﬁ
(UIbTpanny, MIAPOBOM CIIOH, KOJBIIO, AIIIPOKCUMAIIHS HHTETPAIIOB.

THE APROXIMATION DOUBLE AND TRIPLE INTEGRAL IN MATHEMATICAL PHYSICIST

Pastuhov D.F., Pastuhov YU.F.

The Abstract: are Received formulas and algorithms for component integral squarings with even at a walk
7-go,11-go,15-go algebraic order to inaccuracy and with 8,12,16 rather inaccuracy in internal problem mathematical
physicists accordingly. Founded analogues molded for double on rectangle and triple in parallelepiped integral with
conservation such order to inaccuracy, as in univariate event. The linear images of the generalised coordinates will
Built with layer of circle (the circle) on rectangle, with ball layer (the ball) on box, as well as integral squarings in
arctic coordinate system and in spherical coordinate system with conservation of the algebraic order to accuracy that
is checked numerically. The Proved lemma, indicating minimum number of the nodes sufficient for calculation of
the integral with double accuracy. They Are Brought corresponding to algorithms.

The Keywords: algebraic order to accuracy, order to inaccuracy, method of median to filtering, ball layer,
ring, aproximation integral.

BBE)JCHI/IQ. B 3aJagyax MaTEeMaTHYCCKOHN (1)I/ISI/IKI/I 0OBIYHO HCIOJIB3YIOT obnacTu: IpAMOYTOJIbHUK
(mapamtenenunen), kpyr (map). Hanpumep, Bo BHyTpeHHEH 3anade upuxiie 1t ypaBHeHus Jlammaca B Kpyre, BO
BHYTpeHHeH 3amade Jupuxie mus ypaBHeHus Jlammaca B mape [1,2]. B mogoOHBIX 3agauax pemicHre 3aliuCchIBacTCs
B BHJIC CYMMBI psAja M0 COOCTBEHHBIM ()YHKIIMSAM BBIOpAaHHOH OOJACTH M YpaBHEHHS B YAaCTHBIX IMPOU3BOIHBIX.
Koa¢dduumeHTsl pa3nokeHus psija HaXOAAT Yepe3 JBOWHBIE MHTErpajbl (B MPSIMOYTOJIBHHUKE, B Kpyre, KOJbIE) U
TpoOiiHBIE WHTErpajbl (B NHapajienunene, Liape, HIapoBoM cioe). B mporpamme ko3h(UIMEHTHI pa3iioXKeHUs
BBIYUCIAKOT 110 HUKITY, U UX YUCIO0 MOXKCT JOCTUTaTh HECKOJIBKO TBhICAY. Y10 B CBOIO ouepeab Tpe6yeT BBICOKOM
TOYHOCTH pacuéTra ABOMHBIX U TPOWHBIX HHTETPAJIOB B 3a/lauaX MaTeMaTHYECKOH (DH3HUKH.

Kak u3BecTHO, cpeu HHTErpajbHBIX KBaIpaTYPHBIX (HOPMYII IPH 3aJaHHOM YHCIIE Y3JIOB alIPOKCUMAIIUH Ha
OTpe3Ke HauOONBIINHA anreOpandeckuil MOPsIIOK TOYHOCTH HMEIOT KBaapaTypHbeie (Gopmyinsl ['aycca [3,cTp.44].
Jlns moWcka y3J0B HYXHO IMOCTPOMTH OPTOTOHANbHBIM Ha orpeske[a,b] Muoroumen cremenm N ¢ Becosoi

obyukumeit  p(x) >0,x €[a,b] (v mHOrOwiena Bce N KopHe#l pacmonoxkeHsl Ha otpeske [a,b]). CormacHo

Teopeme l'adya NpOW3BONBHBIE MHOTOWICHBI CTENEHH OOJbIIe UYETBEPTOH  HMEIOT KOPHH, U1 KOTOPBIX
HEBO3MOXKHO yKa3aTh 3aMKHYTYI0 (OpMYIly JUisl pellieHuit, T.e. popMyity, COJEpKaIyI0 TONbKO apupMeTHUECKHe
omiepaliuu ¥ KOPHHU Mpou3BOJIbHOH crenenu. [To Teopeme [Maycca[3,cTp.45] OpTOrOHaNbHBIA MHOTOUJIEH CTENEHH
N wumeer kBagparypHyro (opmyiny [aycca TouHylo i BceX MHOTOWIEHOB CTENeHM He Bbime 2n—1
(anrebpamueckuii MopsAoK TouHOCTH). TakuMm oOpa3oM, uHTerpanbHas (opmyna ['aycca ¢ y371aMH U BECOBBIMH
k03¢ duLKeHTaMy, 3alMCaHHBIMKM 4Yepe3 paJuKajbl WM palioHajbHbIE NPOOHM, MOXXET OBbITh TOYHA JUIS BCEX
MHOTOUWIEHOB CTeleHH He Bhinie 2N —1=2-4-1=7.

CrenoBarenbHO, KOPHH OPTOTOHAIBHBIX MHOTOWIECHOB, PaBHBIE y3i1aM KBajaparypHoi (opmynsr "aycca (c
YyuCIOM Oouibllie 4YeTHIpEX) HEOOXOAMMO HCKaTh C JIBOWHON TOYHOCTB[6], Hampumep, ¢ IOMOIIbIO (hopMyIsl
KacaresibHbIX HbloToHa, uTo motpedyer He MeHee 250 urepauuu u 6onee 1000 ¢uonos[4]. B pabGore mocTpoeHb!
MHTETpajJbHble KBaJpaTypHble (OPMYJbl C PABHOMEPHBIM LIaroM, PpAalMOHAIBHBIMU Y3JIaMH M BECOBBIMH
ko3(ddunneHTamy, T.€. ¢ JABOMHOW TO4YHOCTHIO. HaiieHHble KBaapaTypHble (OPMYJbI UMEIOT anreOpandecKuii
HOPSIIOK  TOYHOCTH COOTBETCTBEHHO N 6{7,11,15}. [TomyueHHsle WHTETpalibHbIE KBaJApaTypHbIE (QOPMYIBI B

OTHOMEPHOM Cily4ae MOTryT OBITh TIepeHeceHbl Ha JBOWHBIE M TPOHHBIE MHTETpajibl C COXpPAaHEHHEM
anredpanvdeckoro Mmopsiika TOYHOCTH. B paboTe MOCTpoeHO JMHEHHOoe oToOpakeHne 000OMEHHBIX KOOPAWHAT C
NpsSIMOYTOJIbHUKA (Mapajuleliennieia) Ha IPpyT, KOoJblo, (map, chepudeckuii cioii), a KBaJpaTypHble HHTErpajbHbIC
(hopMyIbl B yKa3aHHBIX 00JIACTSX UMEIOT TOT JKe alreOpandecKuii MOpsI0OK TOYHOCTH, YTO U Ha OTPE3Ke.

Hemenxkast rpynmna mareMaTnkoB U3 yHHBepcuTeTa ropoja (Paderbom) cosmana maker nporpamm MuPad Pro
2.5.2, B KOTOpPOM HHTETPabl BRIYHUCISIOTCA Beero ¢ 10 3Havamumu mudpamu, T.e. ¢ TOYHOCTHIO MEHBIIEH, 4eM
JOCTUTHYTas B JaHHOH paboTe.

1.CocraBHas hopmy.ia JJIsl 0TPe3Ka, AJIredOpandeckuii NOpsii0K TOYHOCTH.
AnnpokcuManus onpeAeIEHHOr0 HHTErpajia KBaApaTypHOi (OpMyJIoi ¢ HenpepbIBHON (hyHKIUH
f(x),xe[a,b], umeer Bun:
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b n
jf(z)dz:_Zcif(xi)w(f) 69)

Ime: x,i= o,n- Y316l KBaIpaTypHOU (OPMYIIEI,

C, — BecoBble k03 dunuenTsy; r( f) - IOrpelIHOCTb alIPOKCUMALUH.

b n
U3 dopmymsr (1) cmemyer, uto r(f)= J. f(2)dz - ZCi f(x) sBmsercs JMHEHHBIM  OTIEPaTOPOM
a i-0

oTHocuTeNbHO (yHKIMHK f Kak pasHOCTH NMHEHHBIX omepatopos. [lostomy ecim  dopmyrna(l) TounHa mmst Bcex
CTeneHHBIX (ByHKIMIT Bua X : r(xj ): 0,j=0,m, o r(P,(x)) =0 m1s Bcex MHOTOUJICHOB CTENEHH He Bbiie M.

Omnpenenenue 1. Ilycts kBagpatypras ¢opmyna(l) TodHa A BCeX CTENECHHBIX (YHKIHN xk,k:O,_m
BKIIOUATENBHO, T.e. F(X¥)=0,k =0,m, Toraa roBopsr 4To anrebpandeckuii MOpsIOK TOYHOCTH MHTErPAIbHOM
KBagpaTypHOil popmynsi(1) paBeH M.

Omnpenenenne 2. [lycts anreOpanueckuil MOPSAOK TOYHOCTH KBaaparypHoi ¢opmynsi(l) paBeH M, a
norpeusocts r(f) dbopmysr (1)oTmmuna ot Hys crenennoit dynkmun X',| =M +1, Toraa roBopsT 4To HOPSIOK
norpemHoctd  ¢opmynei(1) paser |. pyrumu cioBamu, mopsaok norpemHoctd Gopmyssl (1) - MuHHMambHAS
crenexp MHorowrena | takas, uto r(P (x)) = 0.

PaccmoTtpum kaHOHWYECKUH O0Tpe3ok[-1,1], Ha KOTOPOM B CHITy CHMMETPHH Y3JIBI KBaIpaTypHOU (HOpMYIIBI
PacIoNoXXeHbl CHMMETPUYHO OTHOCHTENIBHO HYJS, a BECOBbIE KOA(P(PHUIMEHTH! CHMMETPHUYHBIX Y3JI0OB HMEIOT
paBHble 3HaueHHs. BeiOepem uéTHoe 4ncio uHTepBaioB pasduenns N, =2l u HeuérHoe umcno y3mos 2N, +1 Bo
BCEX KBaJpaTypHbIX (opmynax (B manHoil pabore orpe3ok[-1,1] pasbuBaercs Ha N, €{6,10,14} uncno paBHbIX
qacten).

Honbsysick dopmymoii (1) , ompemenennem | Haiiném ycnosus Ha Becosble kodpguumentst C, B

KBaJIpaTypHOii (hopMylie ¢ paBHOMEPHBIM IaroM Ha otpeske [-1,1](c yu€ToM cka3aHHOM CUMMETPHH):
ng /2

1
[dz=2=c,+2) ¢,
-1 k=1

)
1 ng /2
[27dz=2/(2s+1) =2 "C,(2kIn J* ;s =1ny /2
-1 k=1
Pernrenue cucteMsl ypaBHeHHH (2) MOICTaBUM B KBaApaTypHYH hopmyiy (1), umeem:
1 ng/2 R
f f(2)dz~C,f(0)+ > C,(f(=2k/ny)+ f(2k/ny)) %, =+2k/ng,k =0,n,/2 (3)
) k=1

CHayana, pa3enum oTpe3ok [-1,1] Ha 6 paBHBIX YacTel, T.€. UCIOIb3yeM 7 paBHOOTCTOSIILIUX Y3JIOB:
X =-1X,=-2/3%X;=-1/3,x,=0,%=1/3,%,=2/3,x, =1, n, =6
-1 -23 -113 0 13  2/3 1

G G G G G G G
CornacHO CUMMETpHH U KBajpatypHoi popmyre (3) (N, = 6 )morydnm:
1
j f(2)dz ~ C,f(0)+C,(f(-1/3)+ f(1/3))+C,(f(-2/3)+ f(2/3))+C,(f (-1) + f (1))
-1
[oxacraiss B (2) creneHHble GYHKIWY, HAYMHAS C HYJIEBOW CTEICHH, MCIOJB3Ys TOJBKO YETHBIC CTEHNCHH
(151 Heu€THBIX cTeneHel nmeem TpuBuanbHbie Toxaectea 0 = 0), 3anumiem cucteMy ypaBHeHMil:

1 1
f(z)=1: [ f(2)dz = [dz=2=C,+2C, +2C, +2C,
-1 -1

1

1
f(2)=2: jf(z)dz = _[zzdz =§=§cl+%cz+203 <> 3=C,+4C, +9C,
-1 -1
¢ ¢ 2 2 32
f(=2': [ 1(2)dz = [2dz = £ = =.C,+7C, +2C; <> B1=5C, +80C, + 405C;
-1 -1
h h 2 2 128
f(z)=2°: jf(z)dz=I26dz:7:ﬁcl+7—29CZ+ZC3 & 729 =7C, +448C, +5103C,
-1 -1
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To ecTb HEOOXOANMO PELINTh HEOJHOPOIHYIO CHCTEMY 4 ITMHEHHBIX ypaBHEHHUH ¢ 4 HEH3BECTHBIMHU.
Cy+2C, +2C, +2C, =2
C,+4C,+9C, =3 68 9 18 41

© Cpm o G = e Cy = o Cy = )
5C, +80C, + 405C, =81 105 140 35 420
7C, +448C, +5103C, = 729
U3 popmymn (3)( nO =6) u (4) nonyunm dopmyiy (5):
1
jf(z)dz ~S, = f(O) m(f( 1/3) + f(1/3))+ (f( —2/3)+ f(2/3))+ (f( D+ fQ) ®)
-1

HpOBepKoﬁ yoexnaemcs, 4ro koddduunuentst C,, Cj, CZ,C3 SIBJISIFOTCSL ~ PEIIEHUEM CHUCTEMBI

ypaBHeHHA(4), T.€. 10 OHpe,I[CJICHI/I}O ly KBanpaTypHOﬁ ¢dopmysl (5) anreOpanmdecKuii MOPSAOK TOYHOCTH PaBEH

cemu (Tak kak ¢ ydérom (4) HIZ7dZ—0 ZC 2k/ 6) =0), cnenoBaTenbHO, 1O ONPENEICHHIO 2 TMOPSIOK
1 k=-3

norpemrHocty st popmynsl (5) pasen 8. B wactHocTH, ecnn f(z)=1: I f(z)dz=2= 1%85 Z(% +% + 44—210) )

TO MHTETPAN paBeH JUInHe oTpeska [-1,1].

Vuuresas mar h=1/3, nepermmem ¢opmyay (5) B BHIE Jf(z)dz ~3hZC f(X;), B obuiem ciyuae:
-1
1 N, JR—
[t z%xcif(xi), h—gozl, x. = -1+ih,i =0,n, ©)
A i=0

PaccMOTpHM COCTaBHYIO KBapaTypHYIO (GOpMyiy Uil BBIYHMCIEHHS OIPENENEHHOr0 WHTErpana, T.e.
¢dopmyna (6) ucmomssyercsi Kk pas Ha otpeske [a,b],b—a=knsh. [a6non BecoBbix KO3G HUIMEHTOB s
cocTaBHOH QopMyITsl ToydrM U3 (4) (Ko3(pPUIUEHTH B CMEXKHBIX y3JIaX YIBAaMBAIOTCs), HAIIPUMED:

[afo s ® ot 1o @ o B ilnk-2n-5)
420 35 140 105 140 35 210 35 140 105 140 35 420
A onpenenéuuslit unTerpan Ha orpeske [a,b] ortnmuaercs o1(6) anmHoit nHTepBana B K =n/n, pas.

p hn, & o b-a R
jf(z)dzszcif(xi),ZCi=2,h=T,xi=a+|h,|=o,n )
i=0 i=0

b
Jns pynxuuu f(z) = l,j f(z)dz = hny 3 ZC = hno 2k =hkn, =b—a. T.e. cocraBnas popmyna (7) sBrsercs

obmei, B yacTHOCTH, Kodddumentsl C; st ciydast (N, =6 ) onpenensrores: anropuTMOM:

ecmu j=0 quuj=n:Cj=£2
420
_18,
ecru j=1mod6 wm j=5mod6:C; =35
S ®
eciu j=2mod6 wiw j=4mod6:C
140
ecu j=3mod6: C; 8.
" 105’
. . . 41
ecmu j=0mod6,j>0,j<n:C. =——;
1210

Amnanornyno  ¢popmyie (5) MokHO pa3duth kaHOHHYecKkHil orpe3ok[-1,1] N, =10paBueix wacteit (U3
cooOpakeHHH ynoOcTBa pa3OMEHMs), UCIONb3Yysl CHUMMETPHIO BECOBBIX KOA(PQUIMEHTOB, M MOIYyYUTh PELICHHUE
cucteMsl ypaHeHuii(2) (N, =10), B kotopoii 6 HemsecTHbIX K03 dumentos Cy, C,, C,,C, C,, C; sBusrorcs
pellleHHeM HEOAHOPOIHO# cucTeMbl N, /2+1=6 JmHeliHbIX ypaBHeHHit ¢ 11 anreGpandeckuM MOPSIKOM
TOYHOCTH:

{ : =&07,C _ 4825’ c, - 5675 C 16175 C - 26575C _ 16067
12474 5544

6237’ ° 99792’ * 74844 ° 299376

==

9)
IIpoBeprM Ha KOMUIBIOTOpPE, YTO PANMOHANBHBIA BHJ KOIPPHUIHEHTOB (9)(CHMBOJIFHOE PEIICHHE CHCTEMBI
(2) nnan, =10 ) ynoierBopsier(2) ¢ BOHHON To4YHOCTHIO(16 3Hawamux nudp). B tabmuume 1 B nepoil wactu
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ypaBHEHUH cuCTeMbI (2)

CTCTICHHON (DYHKIIUH).
Tab6muma 1

a(0)=2.0000000000000000

b(0)=2.0000000000000004

a(1)=0.0000000000000000

b(1)=0.0000000000000000

a(2)=0.6666666666666666

b(2)=0.6666666666666669

a(3)=0.0000000000000000

b(3)=-0.0000000000000000

a(4)=0.4000000000000000

b(4)=0.4000000000000001

a(5)=0.0000000000000000

b(5)=-0.0000000000000000

a(6)=0.2857142857142857

b(6)=0.2857142857142858

a(7)=0.0000000000000000

b(7)=0.0000000000000000

a(8)=0.2222222222222222

b(8)=0.2222222222222223

a(9)=0.0000000000000000

b(9)=-0.0000000000000000

a(10)=0.1818181818181818

b(10)=0.1818181818181819

a(11)= 0.0000000000000000

b(11)=-0.0000000000000000

a(12)=0.1538461538461539

b(12)= 0.1554621683809524

1
YKa3aHO TOYHOE 3HAUEHHUE MHTerpaia a(s)=jzsdz,s=0,12, a CIpaBa YUCJIEHHOE 3HAUEHHUE MpaBOH 4YacTH

- b(s) c¢ ucnonb3oBaHMeM 3HaueHWI BecoBBIX Kod(¢uumeHtoB (8) (S — moxaszarenb

W3 Tabmumel 1 BHAHO, YTO anreOpamdecKwil MOPSOOK TOYHOCTH CHCTEMBI ypaBHeHH (2) mpun, =10
1 10

paBerll, a  TOPAMOK  TOTPEITHOCTH  KBaApaTypHOW  (QOPMYIIBI j f(2)dz = ShZ:Ci f(x)), rme
] i=0

10 R
5h =1, ZCi =2,% =—1+41ih,i=010 pasen 12( C, onpenensrorcsa ¢ HOMOIIBIO (9)).
i=0
W3 Beipaxkenus (7) ot N, =10 nomydum coctaBHyIO opMyIty:

b n (b _ a) ) 10
j f(z)dz~5h) C f(x),h="——=x =a+ihn=10k,| > C; =2 (10)
a i=0 n i=0
B KOTOpO#i BecoBble koadduuuentsl C; onpenemnstores anroputMom (11):
ecm j=0 um j=n:C; = 16067 ;
299376
ecu j=1modl0 ww j=9modl0:C; = 26575;
74844
ecu j=2modl0 um j=8modl0:C; =~ 16175 ;
99792
5675 (1)
ecu j=3modl0 ww j=7modl0:C; =——;
6237
ecu j=4modl0 um j=6modl0:C; :—%;
5544
eciu j =5modl10 : Cj = 17807 ;
12474
ecu j=0modl10,j>0,j<n:C;= 16067 ;
149688
Pemrenne cucrems! ypasaenuii (2) (N, =14 ), ¢ nenenmem otpeska[-1,1] Ha 14 paBHEIX dacTeil ecTb:
_ 101741867 . _ 5600756791 ., _ 789382601 . 6625093363
° 13030875 ' ' 833976000 = ° 156370500  ° 2501928000 12)
109420087 ., 770720657 ., _ 44436679 . _ 90241897
‘78185250 ' ° 2501928000  ° 156370500 ' 2501928000

YuciieHHO POBEpUM, 9TO BecoBble Koddduiments (12),- cumMBoIBbHOE pemieHne cucteMsl (2) (o Ny =14),

ynoieTBopsieT(2) ¢ 1BOHHOM TouHOCTHIO (16 3Hauamux nndp). 3HaueHus 3aHecéM B TabIHIy 2.
Tab6muma 2

a(0)=2.0000000000000000

b(0)=2.0000000000000009

a(1)=0.0000000000000000

b(1)=0.0000000000000001

a(2)=0.6666666666666666

h(2)=0.6666666666666665

a(3)=0.0000000000000000

b(3)=0.0000000000000000

a(4)=0.4000000000000000

b(4)=0.4000000000000000
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a(5)=0.0000000000000000

b(5)=0.0000000000000000

a(6)=0.2857142857142857

b(6)=0.2857142857142856

a(7)=0.0000000000000000

b(7)=0.0000000000000000

a(8)=0.2222222222222222

b(8)=0.2222222222222221

a(9)=0.0000000000000000

h(9)=0.0000000000000000

a(10)=0.1818181818181818

b(10)=0.1818181818181817

a(11)=0.0000000000000000

b(11)=0.0000000000000000

a(12)=0.1538461538461539

b(12)=0.1538461538461538

a(13)=0.0000000000000000

b(13)=0.0000000000000000

a(14)=0.1333333333333333

a(14)=0.1333333333333333

a(15)=0.0000000000000000

b(15)=0.0000000000000000

a(16)=0.1176470588235294

b(16)=0.1179107308149041

U3 Ttabnuiet 2 BUIHO, 94TO (hopMyaa

1

14 14 R
[f(@)dz~ThY Cf(x),7h =13 C =2x =—1+ihi=014
bt i=0 i=0
uMeer 15 anreGpanuecKkuil TOPSIOK TOYHOCTH M 16 mopsmox morpemHocTd. Menonssys ¢opmyny (7)
(n, =14 ),n0myunM coctaBHyI0 opMyITy ¢ AeneHHeM oTpe3ka [a,b] a uncno gacreii kpataoe 14:

h o b-a 14
jf(Z)dZ=7thif(Xi),h= ( ),xi =a+ih,n=]_4k,[Z:Ci ZZJ 13)
& n 2
a i=0 i
Becossie koaduiuentsl C; ONpeaesIioTes aaropuTMOM:
i ; 90241897
ecm J=0 wm j=n: i
2501928000
ecu j=1modl4 um j=13modl4:C; = M;
156370500
ec j=2modl4 wmw j=12modl4: C, = _M;
' 2501928000
ecu j=3modl4 umu j=11modl4: C,; = 109420087 ;
' 78185250 "
ecru j=4modl4 um j=10mod14: C; = _W;
2501928000
ecu j=5modl4 um j=9modld:C; = 789382601;
156370500
ecu j=6modl4 ww j=8modld:C; =— 5600756791;
833976000
ccu j=7mod14:C, = 101741867
13030875
ecw j=0modl4, j>0,j<n:C, = 90241897
1250964000

JokaxeM creyroliee yTBepKaeHue:
Jemma. ITycts nana dyskmus f(x) € C™*?[a,b] u cocraBHas kBagparypuas gopmymna (1) ¢ paBHOMEPHEIM

IIArOM TOYHA JUISl BCeX MHOTOWICHOB crerieH pasHoi N, €{6,10,14} . To ects BhinosnHeHO yciosue (Gopmyia (7)):
H hn, & —
Jztdz = 7°Zcizit,t =0,n,, rme: C— cepemuHa otpes3ka [a,b] (15)
—H i=0

c=(@+b)/2,x=z+c,dx=dz,h=(b—a)/n,H=(b—-a)/2,xe[a,b],ze[-H,H]

X, =C+7;,X :a+i(b—a)/n:a+ih,i:0,_n

(R
Torma mopsinox morpemHoctu r(f) cocraBHOW Qopmynsl paBeH N, + 2, APYTHMH CJIOBaMH, aire0panyecKuil
HOPSIIOK TOYHOCTH paBeH Ny +1e{7,1115}.

JlokaszaTennerso. Pasnoxum dyukimo f(x) e C™*?[a,b], B psix Teiinopa ¢ HeHTpoM B Touke X =C:
o f (K 1 2
S 190) v, £90) i, 1Y)

fc+2)=>]

ne+3 <H.
o K (n, +1)! (n, +2)! +O(Z )’|Z| <
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b n
Iokaxem, uro w3 ycmoeus (15)  cuemyer Ix‘dx = (h—g‘JJZCI X' = (hno jZCl X ,t= 0,n, Ny, teN.
i=0

Tx’dx [ jZC J.z+c )'dz - ( OJZHZC,(CH) :Z cse ”[Jz dz- ZC,Z,] 0,¥t=0,n,,¥s =0t

a -H

hn, Y
T.e. m3 (15) cnenyeTJX dx=—2 ZC.X. t=0,n, N, (MapaIenbHBIH MEPEHOC CHUCTEMBI KOOPAMHAT HE H3MCEHSET

anrebpanyecKoro Nopsiaka TOYHOCTH KBaapaTypHoit dopmyisr). C =1t1/s!(t —s)! -GuHOMHaNbHEI K03hHULIHEHT.

b n H( n U] (no+1) (ng+2)
|r(f)|=jf(x)dx-hﬂ2cif(xi):j i OB i O PASS S il OB (PR |
. 2 3 A= (ny +2)! (ny +2)!
n Ny t (ng+1) (ng+2) n £ (t) H n
—h—Z o] S PE elO PE I Al O PRSP RLEN) M) JLALC) ledz_mzqzit .
2 3 \S t! (n0+1)! (n, +2)! e U 2 3

70

2H™  hn e -
(ng +2)! OZC "ol 41

n0+3

t=n,+1 t!

nof f t)(c)[f Z'dz - hng < ZC (H ”0*4)J =

(ny+2)
|f (c)| s z

2 hn ny+2
H 0 O(H),
(ny +2)! |n +3 ZHZ [ j +O )( H

B q)opMyne (16) yuTeHBI paBEeHCTBA CTIPaBEJINBBIE B CHITYy COOTHOIIICHHUH:

Ir(f)]< <1 (16)

JZﬂOHdZ =0, chznu+l 0, mar kaxCp § =Coj.jsZojp§ = ~Zniaijr 2 =0 f==n12,n12

i—n/2 . L L .
z=|——H :—JH,I =0,n,j=i-n/2j=-n/2,n/2,i=0,n,z|<H.
n/2 n
B dopmyne (16) mociemHmii MHOXHTENb HPEACTABISCT COOOH MHOTOUWICH CTEICHH N, + 2, KOTopas
OTIpezieseT MOPSIOoK norpeumocm|r(f)| COCTaBHON (DOPMYJIBI COTJIACHO OMNPEAETICHUIO 2, JPYTHMH CIOBAMH,

areOpayecKuii opsIoK TOYHOCTH paBeH Ny +1=7,111510 onpenenenuro 1 . Jlemma nokasaHa.
®Dopmyny (16) MOKHO TPOAHATU3UPOBATH U YIIPOCTHUTH

f (nu+2)( c) n \Mo+2
|r(f)| | | n+3| 2 _%zci Zi +O(H ng-+4
+2)! In,+3 2H & '\ H
2 n, 7 ny+2
Bripaxxenue 3 =) C (ﬁl) (k = 1) CIIPaBEIJIMBO C TOYHOCTHIO 70 3 3HAKOB (KaK BUIAHO U3 TAOJIUIIBI 2
Ny + i=0

B ciaydae $=16 a(16) wu b(16) ommuvatoTcs B 4eTBEPTON 3Hauamed mmdpe, a w3 Tabmumel 1 B cirydae

s=12 a(12) u b(12) ornmuarorcs B TpeTheil 3Hauamei nudpe). [lostomy ms(16)cnpasennmuso:

(no+2)( ) 2 f(nu+2) (C)
|r( )| | | n +3 ( — | | H ny+3 +O(H nu+4)
+2)! |n +3 (N, +3)!

C npyroii CTOpOHBI, CyMMHpOBaHHe Ha N = KN, y31ax 9KBUBAICHTHO B3ATHIO K HMHTErpajoB HA HHTEpBAlax

JUTHHOM b, —a, b R a V= 1k. 00603HaYUM cpenHee 3HAYCHUE TPOU3BOTHOM
a;+b; 1 \%

f (n0+2) f Ny +2 ~ f (ng+2) X dX )
|2 Z — j ()

Torua HMEECT MECTO OLICHKA
ny+3 3
b b, 2 (b-a)"’ 2H ™"
|I’(f)|[a ] < k|l’(f)|[a ] ‘f n0+2 X . +2 ‘ n0+2 X (17)
(n, +2)! (n, +3)L 2k ~k"2(n, +3)
Hac Oynet mHTepecoBaTh MOPSAIOK MOTPEITHOCTH COCTABHOW KBaJapaTypHOH (OPMYJIBI U JBOIHAS TOYHOCTH

OTHOCHUTEIILHOH MOTPENTHOCTH pe3yibTaTta HHTerpupoBanus (16 3Havammx mudp).
Brrancium onpenenéHubiii nHTerpai (oTBeT ¢ 16 3HaUamuMu nudpaMn):
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2
[exp(2x)dx = (exp(4) ~1) /2 = 26.79907501657212 ,
0

Ipu N =28k =2 nHanmcanHas Hamu Tporpamma ¢ Hcroib3oBanneM ¢opmyi (13),(14) Bo3Bpamiaer 3HaYCHHUsI
(epsilon = (int1—exact )/ exact ):

int 1 =26.79907501657214delta, exact=26.79907501657212 delta =-0.00000000000002=-2*10
epsilon =-0.0000000000000008.

CHOBa OIIEHUM TIOTPEITHOCTh COCTAaBHOW MHTETPabHON KBaIpaTypsl 1o popmyie (17)

2
JUISL HHTETpasia I exp(2x)dx = (exp(4) —1)/2 = 26.79907501657212 :
0

wo|_ (L fcoun (1 as) g, _ (EXp(4) —1) 16
|f _(Ejj f 02 (x)dlx = =5 { (exp(2x))2¢ dx_Tzl ,
17

f £ (0+2) (exp(4)-1) _ 75.10°%
(1)< k”o*2 (n, +3)!| ()| 211 4

Bumo, uro |r(f)| xopomo npubmmkaer uncnennoe suaucnue|delta] ¢ u36biTKOM. JOCTHIHYB IBOMHOIL
TOYHOCTH ¢ TOMOMIBIO(17), MBI MONYYMM M JBOWHYIO TOYHOCTH YHCIICHHOE 3HadeHue. B mporpamme mosydeHa
JIBOMHAs TOYHOCTD, T.K. |epsi|on| =8-107°,

2.ITocTpoenne AByMepHBIX U TPEXMEPHBIX AJITOPHTMOB

Jiist mocTpoeHus IByMEpHBIX U TPEXMEPHBIX KBaJpaTYPHBIX WHTETPAJbHBIX (OpMyNT paccCMOTPHM CHavaja
city4ai (YHKIMH ¢ pa3aessiFoIMMHUCs IepeMEHHBIMU.
1) Iycts (X,Yy) e[a,b]x[c,d], Bocmons3yemcs aBax sl cOCTaBHON GopMyoii (7) i onpeaeIéHHOTO HHTErpaia

(hyHKIMH OHOH TepeMeHHOM:

bd b d hn n*k
FO6Y) = 00 H,(0, [ [ £(x, y)dxdy = j f,(0dx [ f,(y)dy ~ 22 Zc (%) C,f,(y,) =
ac c j=0
hhnz ny-k ng-k hhnZ ngk
OZZCCf(x)f (x;) = 4°chjf(x,,y) (18)
i=0 j=0 i,j=0
. . b d-c .. —
C, »_C,CJ, f(x,,y ) fl(xi)fz(yj),xi :a+|hl,yj =c+ jh,,h =—a,h2 =TC,|,J:O,n

2) Mycte (X,Y,2) e[a,b]x[c,d]x[e, f], Bocmons3ayemcs Tpmxasl coctaBHOM (opmynoit (7) s onpeaenéHHOro
uHTerpana GyHKIHUN OTHOH MepeMeHHOM:

f(x,y,2) = £,00f,(y) f,(2), ﬁj f(x, y, z)dxdydz —j f (x)dxjf (y)dyjf (2)dz =

L) zc f(x) Z C. fy(z,) =" ZZZ o) () Fz2) =

hh: ”glicusf(x.,yj,zs) (19)
Ci;s =CC,C,, f(x,y;,2)= f.06)fly, )fa(z, ) x =a+ih,y, =c+ jh, z, =e+sh
h, =%a,h2 =H,i,h3—%, i,j,s=0n

d)opMynLI (20),(21),(22)nomyunm noactanoBkoi B (18) N, = 6,10,14 coorBeTcTBEHHO
(b—-a) (d-c)
= || f(x, y)dxdy =9hh, Ciifay;ph = h, = ,
" ” O (20)
Ci;=CCyx =a+h i,y;=c+h,-j; i,j=0,n

i~jr N

n-—,a

I'ne: Ci ,C - BecoBble ko duiMenTs! onpenensoTes GopmyIoit (8)

b

=[] o yady ~2500, >3 C, 1y, Wy =25 a) h,=@=9
a j=0 i=0 n (21)
C,,=CCi;x,=a+h- y.=c+h2-j;i,j=0,n

ij i~jr N
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[ne: C;,C; - Becosbie ko3 duuuenTs onpeaensiores popmyinoit (11)
(b- a) (d- C)
= || f(x, y)dxdy ~49hh, Ciflay;hh = h, =
y ” ,ZZ flon) n (22)
C;i=CC;x a+h1-|,yj=c+h2~1;|,1:0,n

jr o

Ime: C, ,C j - BecoBble K03 UIMEHTBI onpesienstoTes popmysoit (14)

Dopmymsl (23)-(25)momyunm noxcranoBkoi B (19) n, = 6,10,14 cooTBeTCTBEHHO

mt—.c

]

Ciix =CC,Cyixi =a+h, iy, =c+h,-j,z, =c+h;-k; i,j,k=071

® —_—p

f(x,y, 2)cbdlydz ~27h,hh, >3y 'C, | f (xiyjzk),hlz(b;a),h (dnc) h, = (=)

k=0 j=0 i=0 n

(23)

[ne: C;,C;,Cy - Beconbie koo duiments onpenenstorcs GopmyJioi (8)

bdf

n n n b_ d _ f _
o= [ ] £ xy.2)dxdydz x125n,0,0, Y>> °C, |, £ (x,y,2, s = ( na),h2 _ - ) b, =L - ) (24)

ace k=0 j=0 i=0

C”’k =CC,C;xy=a+h -i,y; =c+h,- ],z =c+h,-kii,j,k=0,n

Ine: C;,C;,C, - Beconbie ko3 durments onpenensrores popmysioit (11)

f

bd b d f—
6) 3—£Hf(xyz)dxdyolz~343hhhZZZC,Jk f(xy,z hh, = (na)h (nc)h e (25)

k=0 j=0 i=0 n

Ciix=CCCiix;=a+h-i,y;=c+h,-j,z, =c+hy-Kii, j,k =0,n
[ne: C;,C;,C, - Beconbie koadduiments onpenensrores hpopmyqoii (14)
Teopema 1: ®opmynbusie napst (20)-(8);(21)-(11);(22)-(14);(23)-(8);(24)-(11);(25)-(14) cripaBemsuBbl ajis 1000
GyHKIHH f(x,y) e C*?([-11] x [—1,1])(f (x,y,2)e C™?([~11] x[-1.1]) x [—l,l]) HEO0A3aTENBHO c
pa3aemsIomuMIcs nepeMeHHbIMU. [IopsAI0K MOTrpenrHoCTH IBYMEpHOH (TpEXMEpHOIT) HHTETpaIbHOI KBaApaTypHOH
(dopMynBl  COBIIANAET C MOPSAKOM IOTPEIIHOCTH OJHOMEpHO# kBanmpatypHod ¢dopmynsi(paBen 7,11,15
COOTBETCTBEHHO 1 anroput™MoB (8),(11),(14)).
Jloka3aTejbCTBO: IPOBEAEM B JBa dTAIa:
YrBepxaenne 1. Jlyisi  JBOMHOrO HMHTerpana Ha KaHOHHYECKOM KBajpare (X, y) e[-L1x[-11] u Tpoitroro

HHTErpaja Ha KaHOHHYECKOM KyOe (X, y,Z)E[—1,1]X[—l,l]X[—1,1]paBHOyI[aJIéHHI>Ie OT [EHTPa TOYKH HMEIOT

paBHBIC BECOBBIC KOI(D(DHIIMCHTHI.
He Tepsist 0OIIHOCTH, IOKAa3aTEIbCTBO PACCMOTPHM JUIS ABYMEPHOrO Cilydasi, BbIOEpeM KaHOHHYECKYH 00JacTh
kBagpat (X, Y) €[-11]x[-11] co cTopoHoi 2.

i g , .
1.1) Cnenaem JMHEHHYIO 3aMEHY MIEPEMEHHBIX B HHTETpae X | = y|171, y | = Xli ;dx =dy;dy =dx

”f(x y)dxdy ”f(y X' )dy dx —“f(y X ) dy ~AZc,lf(,, )= hh”O Sc Hy, o)

11 11 11 i,j=0 i,j=0
ITocmennsas (I)OpMyna O3Ha4yacT HMHBApHMAHTHOCTL HHTETpalia OT HpOI/IBBOJILHOI/I (I)yHKuI/II/I npH  3epKaJbHOM
OTPAKEHMM KaHOHWYECKOro KBajJpaTa OTHOCHUTEIbHO MpsiMOM Y =X. UTOo B CBOKW ouepenp s f xi,yj)zl

NPUBOJIMT K CAMMETPHHU (PaBEHCTBY) BecoBbIX koo duimentos C;; =C, i, j = 0,n, n,

1.2) PaccMOTpHM HHBEPCHIO KAHOHHIECKOTO KBaJpaTa OTHOCHTEIBHO HeHTpa (moBopot Ha 180°)
. -1 -1 . .
x| =-x ,y|1=—y|1;dx =—dx;dy =—dy

H f (x,y)dxdy :” f (—x',—y')d(— x')d(— y'):ﬂ‘ f(-x,—y)dxdy =

-1-1

-1
1 hh,n (x.y,) hh n0 ( )
= [[1X—y)axdy =27 3¢, Tl y,)- 3 Coins Ty Yo
-1-1 i,j=0 i,j=0
PaBenctBO HWHTETrpaJIOB O3HAYACT MHBAPHUAHTHOCTL HMHTETpaia IPU MOBOPOTEC KAHOHUYCCKOI'O KBaJpaTa Ha 1800

(npeoOpazoBaHue UHBEPCHH), @ B CIIy4ae f(Xi, Y ) 1nns nurerpampubix cymm G, =C, 0 40, j = 0,n, No

0
1.3) PaccMoTpuM MOBOPOT KaHOHHWYECKOTO KBapara Ha 90" .
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><‘|1_l _1,y| L idx = dy;dy’ = —dx

f(x y)dxdy ”f( y x)d(=y Jox ——”f( v x)dy dx —”f( y X )dy'dx =

-1-1 1- -1-1

f(-y, X)d( )jy hh4ﬂ0 ZC,Jf(x,,yJ) hh4n0 Z No- i f (yno i |)

_ i,j=0 i,j=0

PaBeHCTBO MHTErpajoB O3HAYaeT MHBAPHAHTHOCTD I/IHTGI‘paJIa TpH TIOBOPOTE KAHOHHYECKOrO KBaJpaTa Ha
90°, a B ciyuae f (Xi, yj)zlnm unterpanbhpx cymm G, ; =C, 0, j = on, N, -
Ha nenouncnenHoi pemérke ¢ KOopAHHATAMU (Xi Y j) KBajpar ¢ (PMKCHUPOBAHHBIM PAcCTOSHUEM JIO LIEHTPa

2 2
ectb X, +Y,;” =const, HO3TOMY  pEUIEHUEM 3TOrO xKe ypaBHEHHUS OynyT Hapel qycen:

(x, Yj )=x, Yj )% —Yj ) x —Yj ) (y,— %) (y,— ) Yir Xi )= Y% ).

[ocnennue 4 mapsl OTJIMYAIOTCS OT MEPBBIX YETHIPEX MpeodpazoBanueM cummMetpruu 1.1.I1epBas u uerBepras
napsl, a Takke BTOpasi MU TPEThsl Mapbl OTIMYAIOTCS APYr OT Apyra mpeoOpazoBanueM uHBepcuu 1.2. Hakonern,

mepBasi W IIecTas Mapbl COBMEUIAIOTCS MOBOPOTOM  OTHOCHUTENBHO IIEHTpa Ha 90° (npeobpazoBanue 1.3).
CrenoBarensHo, B cuiy 1.1-1.3 BecoBble KOA(@UIMEHTH Ha BCEX BOCBMHU (MM YETHIPEX) YKa3aHHBIX TOYKAX
MMEIOT PaBHbIC 3HAYCHUSL.

JokazanHoe yTBepxIeHHe 1 crpaBeIJIMBO HE3aBUCHMO OT BHUJA alrOPUTMa IOCTPOCHHUS BECOBBIX
k03¢ ¢punuentos (8),(11),(14).
YrBep:xaenune 2. Kpanparypusie nuaTerpaipabie popmynsl (18) mns aBoitHoro mHTerpana u (19) mms TpoitHOTO
MHTETpajJa CIPaBEUIMBBI JUIS MPOW3BOJIBHON HENpephIBHOH (yHKIHMH (HE 00sA3aTEIbHO C pa3IeIsIONIMMHUCS
nepeMeHHBIMHA). [IOpSI0K TOTPEITHOCTH B ABOMHOM MHTETpabHON KBaapaTypHoit ¢popmyse (18) u B TpoitHO# (19)
TOT K€, YTO U B OHOMEPHOH KBaapaTtypHOi popmyie (7).

Jloka3aTenbCTBO A ONpeeIEHHOCTH IPOBeAEM LIS JBOMHOIO HHTETpaia B IMpocTeiinieM ciydae Ny =6.

Ha xBampare (X y)e [-11]x[-11] ¢ paBHOMepHoﬁ cetkoit mnst crayuasn, =6 umeem (n, +1F =49 y3ios
(cootseTcTBeHHO 49 BecoBbix KO3 duumentos C, ;,i, j =0,n, ). Ksanparypnas popmyna s 1BoiiHOro HHTErpana

(anasor (6)) mMeeT BUL:

ﬂf(x, y)dxdy :C_Of(0,0)+51[f(—%,0j+ f(%,0j+ f(O,—%)+ f[O,%D+E{f(—%,—%}+ f(—%,%)+
(2t o(-20)o(20)so[o-2) o) r(2 2)or(22):
GG D DA CY

f(_Z Z]+f( 2 ZD+C(f(0,1)+f(0,—1)+f(—1,0)+f(l,O))+a[f(%,lj+f(l,%j+f(1,—%)+

3" 3 3'3

(Ll )
(Y B e

B dopmyne(26) cormacHo yTBep:KIeHHIO 1 CrpyIIUpOBaHBEI C OJUHAKOBHIM BECOM BCE Y3IBI, PaBHO -
ynajd€HHBIC OT IICHTpa KaHOHWYECKOTO KBaJpaTa (X, y)e [-11]x[-11] xak BumHO U3 GopMyIsI (26), UUCIO TAKUX

y3710B 4 1160 8, 32 UCKITIOUEHUEM IIEHTpA.
AHaJOrM4HO OJTHOMEPHOI MHTEPIOJISILMOHHON 3a/1aue (2) MOKHO MOCTaBUTh JBYMEPHYIO HA KAHOHUYECKOM
KBaz[paTe U TPEXMEPHYIO Ha KAHOHIHYECKOM KyOe 3a1a4l HHTESPIOJISIIIUN:

”dxdy ZC,J. =4

11 i,j=0 (27)
”xzsyz'dxdy ZC. XEy? 2s+21€0,n,
11 i,j=0

B dopmyne (27) f(x, y)eC"°+2([—l,l]><[—]_,1]) HCIIOJIB3YETCS MHOXECTBO JIMHEHHO HE3aBHCHMBIX

CTeNeHHBIX (YHKUMH JBYX IE€pEeMEHHBIX {1,x,y, Xz,xy,yz,..x”",X""’ly,..xy"O’l,y""}. 3nece Ny - anrebpandeckuii
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MOPSAIOK TOYHOCTH KBajapaTypHOU ¢opmyisl (27). 3-3a cuMMeTpun, Kak 1 B 3aaade (2) HETPUBHAILHBIC YCIOBHS
Ha K03((UINECHTHI TOITyYHM IPH YCIOBHUH, 4TO cTeneHn X, Y uérHble, yuuTsiBas Gopmyiy (26), momyqnm:

1) f(x,y)=1:

”dxdy =4 = Zc,j =C, +4C, +4C, +4C, +8C, +4C, +4C, +8C, +8C, +4C,

—1-1 i,j=0

2) f(x,y)=x?(us f(x,y)=Xx?B cHIy CHMMETPHH MOTyYHM TOT XK€ PE3yIbTaT):

”xzdxdy_ =§C +4C_‘+85+20C +EC +2C; +@C +52C +4C,
o 9 '"9g 2T g g g 9 "9

3) f(x,y) = x*(ana f(X,y) = y*B cuny cuMMeTpuM NONYYUM TOT K€ PE3yIbTaT ):
2— 4+ 32— 68 64 — 328— 388

“.x“dxdy—iz—cl S G+ 2+ Cy+— Cy+2C + = C, +——C, +4C,
W 5 8L ' 81 2 81 ° 81 ‘ 81 81 81

4) f(x,y) =x?y?:
32— 64— 8— 32—

szyzdxdy_ 445320 .80 80 25 g,
I 9 8l 2 8l ‘8l ° 9 9

5) f(X,y) = x® (nna f(X,y) = y°B cuy CUMMeTpUM HONYYHUM TOT K€ PE3yIbTaT):
4 — 128 — 260 256 2920 3172

2_
Jl_[xedxdy_ =% C, + ¥ —C, +3—C

6) f (X y) = x* y4 (mns f(x,y)=x’y* B cuTy CHMMETPHUH TIOTyIHM TOT XKe Pe3yIbTaT):
4 — 80—+ 256 360 1872

x*y?dxd ——=—C +—C,+——C, +
1[1'[ y Yy 32T T 5t 30
7) f(xy)=x":
2~ 4— 512— 1028— 1024 — _— 26248— 27268—  —
”xsdxdy— 5= GGt Gt G G20+ =5 G+ =5 G+ 4G,

-1-1
8) f(x,y)=x°y? (ansa f(X,y)=x’y°B CHIIy CHMMETPHH TIOJTy4HM TOT XK€ PE3y/IbTaT):
4 — 272— 1024 2952 — 13968~

6,,2 _ T s'e
Jl_[xydxdy_ [Tl Gty G GG +4C,

9) f(x, y)=x4y“'

J I x*y*dxdy =

-1-1

ézc—,2+§a+10§46 648(,T+1296C +4C
25 3 3 3 3 3¢

Ecin Bepno yrBepxaenune 2 ¢ popmynoii Becop C,; =C,C;,i, j=0,n, n coxpanennem anre6panieckoro
HOpsKa TOYHOCTH TAKHM e, KaK ¥ B OJHOMEPHOM ciydae (paBeH ceMH I Ny =6), To ycnoBus 1)-6) TOIKHEI
BBITIOJIHATHCS TO)KJ:[eCTBeHHO, a ycioBus 7),8),9) IMEIOT MOTPETHOCTh. Y UNTHIBAsA(8) MOTyInM

68 4624 — 68 9 612 — 9 Y 81
CO—CC =——:C,=CC,=— = C,=CC,=| — | =——;
105 11025 105140 14700 140 19600
— 6818 1224 — 918 162 — 18\ 324
C3 = C3C5 Ly = 4C5 ,C5 sCs=|—= | = —_—
10535 3850 14035 4900 35 1225
— 68 41 2788 — 9 41 369 o 18 41 = 738 |
Co=Cls = 17 = b T 8~ “5-6
105 420 ~ 44100 140 420 58800 35420 14700
C C.C, = 41) 1681 28)
420) 176400
INoncraBum ko3hdunueHTsHI(28) a i=09 B MHTETPAJBbHYIO KBaJpaTypHy0 GopMyiy (26) aist ABOHHOTO
MHTErpajia oT NPOM3BOJIbHOM HempepbiBHOH Qynkimu f (X, y) nposepsis cnpasemmsocts C,; =CC, i, j = (),_n0

PesynbraTe! mpoBepku coOpaHbl B Tabnume 3.
Tabmmma 3
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f(xy)=1 num(l) = 3.9999999999999996 exact (1) = 4.0000000000000000
f(xy)=x num(2) = 1.3333333333333333 exact (2) = 1.3333333333333333
F(x,y)=x* num(3) = 0.4444444444444444 exact (3) = 0.4444444444444444
£(X,y) = x2y? num(4) = 0.7999999999999999 exact (4) = 0.8000000000000000
f(x,y)=x° num(5) = 0.5714285714285714 exact (5) = 0.5714285714285714
F(X,y) = x*y? num(6) = 0.2666666666666666 exact (6) = 0.2666666666666667
f(x,y) = x° num(7) = 0.4707818930041152 exact (7) = 0.4444444044444444
£(x,y) = X°y? num(8) = 0.1904761904761905 exact (8) = 0.1904761904761905
F(x,y) = x*y* num(9) = 0.0905820105820106 exact (9) = 0.1600000000000000

B nepBom ctonbue ykasaHa QyHKUIUS, BO BTOPOM - YHCICHHOE 3Ha4eHHE NpaBoil 4yacTh (26), B TpeTheM
CTOJIOLIE TOYHOE 3HAYEHUE MHTErpaja OT yKazaHHOH (yHKuuK (JieBast 4acTb(26)). M3 Tabnuubl 3, 4To KBaaparypHas
HHTErpanbHas Gopmyna (26) UMeeT cedbmol aneebpauieckuti NOPAOOK MOYHOCHU TIO OTIpeaeNeHuo 2 (YIUThIBas

TpuBHanbHOE ToxkAecTBO 0=0 st byrkwmn f(X,y) =x'y®,1+s=7(27)).

Hamu nokaszano, 4mo ¢ UCHOAb308AHUEM MOHNCOECmEa Cij =CiCj,i,j=0, N,

KkeaopamypHas gopmyna (26) umeem cedbMou aneebpauyeckuii NOPAOOK MOYHOCU O/l NPOU3BOTILHOU (PYHKYUU

No=6  Osyxmepnaa

f(x,y) e C™*? ([—ZLl] x [—Ll]) U 5mMom nOpPs00K cosnadaenm ¢ NOPsIOKOM 0OHOMEPHOU QOpMYIIbL.

3ameuanne. Uz ¢popmyn (18),(19) oma GyHKOUI ¢ pa3mensiOnIIMHCS TNEPEMEHHBIME CIEIyeT PaBEHCTBO
anreOpandeckux  MOPSAAKOB TOYHOCTH  ABOHHBIX(18) (TpoitHeix(19)) kBamparypHbBIX (opMyn ¢ yuérom
C.;=CC;(C
dopmynel(7) . JleHCTBUTENBbHO, TMEPEMHOXasi HHTETPalbHbIE CYMMBI, TOYHBIC UII MHOTOWICHOB CTeleHH M,
TIOJIyYHM JIBOMHBIC WM TPOITHBIC HHTETPAIbHBIC CYMMBI TOUHBIE I MHOT'OWICHOB TOTO JKe MOPSAAKA.

IIpoBepuM dYHCIIEHHO, HCIONB3Yys B mporpamme ¢opmynsl (20),(8) mns TpoiHOTO HHTETpania, dTo
COXpaHseTCsl anredpandecKuid MOpsIOK TOYHOCTH TaKOH ke, KaK ¥ B OJTHOKPATHOM HHTErpaje, T.c. PaBHbBIH CeMU,a
HOPSIOK TOTPEIIHOCTH aBEH BOCHMHU:

2
{
Juist HeOompmnx N 9HCIEHHO TOTYYHM:

Eciun N =18, nporpamma BozBpaiuaer 3Hauenue eps=0.0000000000245057

int 3 =436.1595630310208100, exact=436.1595630203324300 delta =0.0000000106883
Ecmu N =36, mporpamma Bo3Bpamiaet 3HaueHue eps=0.0000000000000989

int 3 =436.1595630203755700, exact=436.1595630203324300 delta =0.0000000000431

OmnpenenuM mnopsgok norpentHoctd Gopmyn(20),(8) - mpu yMeHbIIEHMH IIara CEeTKH B 2 pa3a IOTPELIHOCTh
YMEHBIIUTCS B YHCIIO Pa3:

|delta,| 0.0000000106883
|delta,|  0.0000000000431

3. UHTepnoJsinusi HHTETrPAaJI0B B NMOJSIPHON U chepruecKoii cucTeMax KOOPAMHAT

PaccMoTpuMm paBHOBeNMKOE OTOOpakeHHE OOOOIIEHHBIX KOOPAMHAT - ITOJIPHBIX B KOJIbIE (Kpyre) Ha
NpSIMOYTOJIEHUK B JIEKapTOBOI CHCTEME KOOpPIHMHAT, COXpaHSIOIIee IUIOMaau GUryp U paBHOMEpPHBIH IIAr CEeTKH
BJI0JIb BCEX KOOPAUHATHBIX JIMHUIM:
b=r,—r,a=z(+r),

s =CCiC)),i,J,s=0,n, anrebpanyeckomy MOPAIKY TOYHOCTH OJHOMEDHOH KBaJpaTypHOH

5,6 211

eXy*25dxdydz = yscz) (" —1}2 ~(e? —1)% — 436,1595630203324 ( 16 3au. wadp).

O —y
O ey

= 248 ~ 256 = 2° T.e. MOPAIOK MOrPENIHOCTH PaBeH 8(COTIACHO ONPE/ICTCHHIO 2).

rze: I,, I, — BHEIIHNI W BHYTPEHHHUH Paanychl KOJIbLIA,
a,b — cTOpOHBI MPAMOYTOJILHHKA,

Torza miomaak Komblia papHa S = ab = 7r(r2z - rf), e

X_ o a ”(rz + rl) (rz - rl)
0<x<al<y<b—-—=",y=r-r,dx=—dgp,dy =dr,h, =—%2— h =212
y A 2n y 1 o o, ay 1 n b n

82



IIpz Takom otobOpakeHmm o0a Oepera paspesa Kosblla BOONH pagumyca ¢=0-—>X=0,p=27r —>Xx=a

IEepEeXoJAT B  BEPTHKAJIbHBIC  CTOPOHBI  NPSIMOYTOJbHMKA, BHYTPCHHSS W BHCHIHASA  OKPYXKHOCTH
=const - y=0;r, =const — y =T, — I, 1epexoaaT B TOPU3OHTAIbHbIE CTOPOHBI IPSIMOYTOJIbHUKA.

ITo teopeme 4(ctp.282) [SloTobpakenue (X(r,qo), y(r,(p)) JOJDKHO 00JIa/laTh CIEAYIOMIAMA CBONCTBAMMU:

D(x x., x| lo-& a
] y r (4 v .
SAKOOMaH 3aMEHBl KOOPIMHAT = =| 27|=———#0 BO Bcex TOYKAX paccMaTpUBAEMON OOJACTH;
D(r.¢) |v..Y, o r

YacTHbIE MPOU3BOIHBIE X, X,,Y,,Y, HEIPEPBIBHBI BO BCEX TOYKaX o0ONacTH; OTOOpaXkeHHe (X(r,(p), y(r,(p))
B3aWMHO OJTHO3HAYHO B CHITy JIMHEWHOCTH OTOOpa)keHHs 00OOIIEHHBIX KOOpAWHAT. Bece TpeOOBaHMS BBHITIOIHEHHL,
ecau obnacts uHTErpUpoBaHus - koubLo (I, #0). B cayuae xpyra (I, =0) BblnonHeHs! nepBble 2 TpeOOBAHUA U3
Tpé€x Tperbe - HEOOHO3HAYHOCTH OTOOpakeHWs B Touke I; =0- HE BBINOJIHEHO, YTO B JAHHOM HHTErpaie
HECYLIECTBEHHO, TaK KaK Mepa HWHTerpaja B TMOJSIPHBIX KOOPJMHATaX B OKPECTHOCTH YKa3aHHOW TOYKH

dl, = f(r,@)rdrdep = f(o (p)Odrdgo:O :

n2r (r=r) 7(rp 1)
” r,p)rdrdg = ” [y +h, = j(y + rl)dy—dx = 2;[ [ f(y +h, j(r1 +y)dydx =
0 0
(rz rl) (r+1) (rz*rl)”(rfrri)
2w ( ] 2
y+r, (r,+y)dydx =— (y+r, j(r + y)dydx ~
s 1 T e | ] e
2 L 27 _ Ny ?hh, & .2, )
N rL+y., r+ r,+ jh,,—ih, |(r, + jh 29
(r2+rl) 2.2, [1 Vi j(l y;) Ty ZOZO (1 iy~ 1j(1 i) (29)
PaCCMOTpI/IM IpuMep (otBeT c 16 3HaYalUIMMHU mudpamn):
1027 10 10 1% sin2¢|2”
[ [r®sin*(p)rdrde = — > [(1=cos2p)dp =10° - =10° 7 = 3141592653.589793
00 0 0

IIporpamma 1t ABOMHBIX HHTETPAIOB B MOJISIPHOM CUCTeMe KoopauHAT ¢ yuérom popmyi(29),(13),(14):
npu N1=51 =0.0,r, =10.0 Bo3Bpauiaer 3uaueHus (B mporpamme N =n):
n=14 k=1 numerical=3141521192.673302 exact=3141592653.589793 delta =71460.916492n=14
epsilon 14)=0.0000227467161950
n=28 k=2 numerical=3141592655.167346 exact=3141592653.589793 delta =-1.577553n=28
epsilon (28)=-0.0000000005021507
n=42 k=3 numerical=3141592653.589776 exact=3141592653.589793 delta =0.000017n=42
epsilon (42)=0.0000000000000055
n=56 k=4 numerical=3141592653.589798 exact=3141592653.589793 delta =-0.000005n=56
epsilon (56)=-0.0000000000000015
n=70 k=5 numerical=3141592653.589792 exact=3141592653.589793 delta =0.000001n=70
epsilon (70)=0.0000000000000005
v(1)=3141521192.673302 Vv(2)=3141592653.589776 v(3)=3141592653.589792 v(4)=3141592653.589798
V(5)=3141592655.167346
result: k(opt) =5 epsilon(5) =-0.0000000000000005
int(polar) =3141592653.589792, exact=3141592653.589793 delta =-0.000001.
Msbl  BuguM, uro 3HaueHue wuHTerpana B kpyrel; =0,r, =10 pmocturaer nBOHHOH TOYHOCTH

gpsilon = -5*10"°un=70. Yacto Ha MpaKTHKe HEM3BECTHO TOYHOE 3HAUECHHE WHTErpaia, HAaIpHMeEp, OHO He
MOXET OBITh BBIPOKEHO dYepe3 dIieMeHTapHele (YHKIHHA. [lo3TOMy B IporpaMme HCHOJB30BaH alTOPHTM
MeIUaHHON (UIBTPALUH, MO3BOJISIONIUI U3 HECKOJIBKUX 3HAYCHUI MHTErpana npu Manbix napamerpax N =14k
BBIOpaTh 3HAYCHHE C HAMMEHBINEH OTHOCHUTEIHHOW OIMMOKOW, COOTBETCTBYIOIIEE IEHTPATBHOMY JJIEMEHTY OKHA
(ubTpa (JIeMEHT MaccuBa V[(n1 +l)/ 2],n, =5), KaK BUIHO MO Pe3yJbTaTy MmporpamMMsl. MeauanHas GpuibTpanus
MpUMEHNMa 3]ech Onaromaps 3HAKONEPEMEHHOCTH OTHOCHTeNnbHOW morpemHocTr epsilon [7]. Ilomyuaemas
YHCJIEHHAs TOTPEIIHOCTh HE SBISIETCS  CIAy4yallHOM BEJIMYMHOM M TOBTOPSIET CBOE 3HAUEHUE TMpU 3allyCKe
nporpamMbl. OnTUMalIbHOE 3HAUYeHHE uucia y3aoB k(opt) ¢ HauMeHbIIeH OTHOCHTENILHOM OIMIMOKOH MOXKET OBITh
HAMJICHO TpEABAPUTEIBHO W (UKCUPOBATHCS B MUKIC IMPH BBYUCICHHUH HECKOJBKHX THICSY HHTErpajioB. B
anropurMe(14) MBI BUIUM palioHaJbHBIE BecOBbIe K03 duuueHTs ¢ 10 3HavammmMu nudpaMu, Toraa UCHOIb3Ys

¢dopmynst (22),(25) momydnMm mpousBeZieHHE BecoBbIX KodpguuumentoB ¢ 20 u 30 3HavammMu nudpamu
COOTBETCTBEHHO. PacmpocTpaHEHHBIE KOMITWISATOPHl OOECIEUMBAIOT TOJHKO JBOWHYIO TOYHOCTH(16 3HAYammx
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mudp) oTHOCHTENFHOU ToTpermHocTH epsilon . Vicnonp3oBanne KOMIMIATOPOB ¢ 32 BEpHBIMH 3HAKAMH OOCCIICUHT

s dexruBHOE TpUMeHEeHHE anropuTMa(14) 6e3 moTepu TogHOCTH. OLEHUM MOPSIIOK TOYHOCTH(22),(14) Mo mepBeIM
2 3nauenusm delta :

|der[a(14)|:|71460'916492':45300z216 = 65536 ,m.e. noepewnocmo napor (25),(13) umeem mom e 16 — uii
|delta(28)| | -1.577553 |

NOPAOOK, YMO U NOPAOOK NOSPEUWHOCHU UHMESPATbHLIX Keaopamyp 15-20 anzebpauieckoco nopsaoxka moyHoOCmu Ha
ompesKke U NPAMOY2ONbHUKE, CO2NACHO 3amedanuro 3 JeMmbvl, HO NPUMEHEHHBIM Yoie 6 NONAPHOU cucmeme
KOOpOuHam.

1027 10 |10

Pacemorpmy mpinvep: | [ r°sin? grdrdg = ;—0 = 7(10° —5°)/10 = 3138524692.01402
50 5

Jns napamerpoB N1 =51, =5.0,r, =10.0 mporpamMma Bo3BpalaeT 3HAYECHHS:
result: k(opt)=4 epsilon (4)=0.0000000000000024

int(polar) =3138524692.0140295, exact=3138524692.014022 delta =0.0000076

To ectb B kombue QopmyibHas mnapa(29),(14)obecrieunBaeT JIBOHHYIO TOYHOCTH OTHOCHTEIIBHOM
MOTPEIIHOCTH.

PaccmoTpuM paBHOBenmKoe OTOOpakeHHE OOOOMIEHHBIX KOOPOWMHAT - CPEpHIEeCKOW CHCTEMBI B IHape
(mrapoBoM ci10€) Ha JEKapTOBYIO CHCTEMY B MapaijeieuIeie, COXpaHsAomee 00bEMBI TeI U PaBHOMEPHBIM IIar
CETKH BJIOJIb BCEX KOOPAMHATHBIX JIMHUI:

4(r?+rr, +r’
a=z(n+r)b=-| 221271 |c=r, 1,
3 n+n

rae: I, [} —BHEIHUA U BHYTPEHHUHA pajnyChl MIAPOBOTO CIIOs,

a,b, ¢ — croponsl napamwienenunena

. 4
Torna 06bém maposoro ciost V = abc = §7Z'(r23 - rf),

rneOSXSa,OSySb,OSZSc,zzi,gz—,z=I’—I‘1,dX=idgo,dy=Bd6’,dZ=dl’
a 2r 7 b 2 V3

2 =Knh = Siy, =i, =2 ik =hih, =2k j k=0,

[Ipn otobpaxenun X(r, 6, @), y(r,0,9), z(r,0,p) BHYTpPEHHSS U BHEIIH:S cdepa MepexonIT B HIKHIO H
BEPXHIOIO rpaHu napaenenunena L=const >z=0;r,=const >z=r, —1,. Ceuenus:
9=0->x=00p=27>x=8,0=0>y=0,0=r—>y=b. Ilo Tteopeme 9 (ctp.298)[5] oTOOpakeHNE
x(r, 0, 9), y(r,0,9), z(r, 6, p) nomKHO 001a1aTh CBOHCTBAMHU:

002
D ety 27[ b
1) sxoOman nepexoa 2%z Yo ¥o Y| =10 — 0 |= _a_z # (0 BO BceX TOYKax paccMaTpuBaemMoin o0acTu;
D(r,0,¢ ¢ T 27
ZoZopiZy | 1 00

2) yacTHble NPOM3BOAHBIE X, Xy, X,, Y Yy Y, 2,12y, Z, HOUPEPBIBHBL BO BCEX TOYKax o0OnactH; 3)oToOpaxeHue
x(r,0,), y(r,0, ), z(r, 8, p) B3aNMHO OTHO3HAYHO.
[TepBble qBa TpeOOBaHMs BHINOJIHEHBI BCETA.

B cdepuueckom cioe WIM IIape HE BBINOJIHEHO TPEThe YCIOBHE (OJHO3HAYHOCTH OTOOpa)KeHUs) B 2
a3uMyTalbHBIX HampasieHuax ¢ =0,6, = 7 (ocoOble HampasneHus) W B ueHTpe mapalr=0. Mbl MoxeMm

MPOKOJIOTh C(epUUecKUid €10l HACKBO3b BJOJb BHIOPAHHBIX HAMPABJICHUH, YTO TOMOJOTHYECKH JKBUBAJIICHTHO
ctepe ¢ 1 pyuxoit. CkaTh ykazaHHYIO 00JIaCTh OT TOJIFOCOB K DKBATOPY TaK, YTO MOIYIUTCS TOPOOOPA3HBIN CIIOU C
INIOCKUMHA 6OKOBBIMI/I TpaHAMH, pa3pe3aTb €ro OT OCHU CUMMETPHUHN IIIOCKOCTBHIO @Y= OI/I Pa30THYTH NOJIYYEHHOC

TENO0 B Hapaulenenuiesn. Broms 0ocoObIX HampaBIeHWUH HEOAHO3HAYHOCTh OTOOPa)KEHHUsI HapylIaeTcs, dTo,
OJTHAKO, HE CKa3bIBAETCS HA Mepe MHTerpana B chepruuecKnx KOOpAMHATaX, TaK KaKk BO BCEX TOUKAaX HAIPaBICHHUI

0=0,0=r, f(r, 0, go)r2 sin(@)dréde =0 . [Ins mapa umeem emé oxHy ocoOyo Touky I} =0, BBIIOIHEHBI IEPBBIE
2 TpeboBaHMUs MIIAAKON 3aMEHbI IEPEMEHHBIX HHTETPUPOBAHUS KPOME TPETHEro (HEOHO3HAYHOCTh OTOOPAKEHHUS B
touke F =0). UYro ans WUHTErpana HECYIIECTBEHHO, TaK KaK Mepa HHTerpajga B CPepruYecKuX KOOpAUHATAX B

okpectHOCTH ykasannoii Touku: dl, = f(r,8,¢)r’drsin@d@de = (0,8, ¢)0*drsinad@dep =0.
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A cha
I, = J;_([f(r,a,go)rzdrsinéuad(p:_ﬂj; f(r1 +z,%,%x)(q +z)2dzsin(%j%dy2§dx:
4 t2enn+r’
_2n’ r2r13[r2+r1]ﬂ(wl)f ny 27 (r, + 2)? sin| . \dzdyox =
= b [ ] | G +2,7 5o x (2 sing S dedyox =

0 0 0
4 RPenn+r’
r-n 3 n+n 7(r+1)

3

“2ef e 47 !
3 Nohy Nohy Nohy <~xxy nyj 2r 2 i W

~ —— Coinflrn+z,— —x |ln+z ) sin —|=
o7+, +r?) 2 2 2 izoé‘;‘ T T a (i) b

3mhhh, S

T, 27w, . > (T, .
= C. . f| r+kh,—h,j,—h,i|(r, +kh, ) sin| —h 30
16(r22+r1r2+r12)i:0 e ik (1 i 5 ) a 3)(1 1) (b zJ) (30)

2z .
f (rl + z,%,? x](r1 +2) sm(%)dzdydx =

O —y

0

PaccmoTrpum S
107 27 rlo 10 1 20 1 . ﬂ.z
J;.([ .(';(W sin2 (psinﬁ)rzdrsinédaj(p = ) 2 !(1—005 Zgo)d(pa.([(l— c0s 20)d6 = (1010 _510)%

ITporpamma fjist TPOHHBIX UHTETPAJTIOB B cheprueckoil cructeMe KoopauHaT ¢ yuérom dopmy (11),(30):

BO3Bpalaet 3HaueHus (B mporpamme N =n):
n=10 k=1 numerical=4914074506.509758 exact=4929983057.770709 delta =-15908551.260951

epsilon (10)=-0.0032373443340911

n=20 k=2 numerical=4929989554.759921 exact=4929983057.770709 delta =6496.989212
epsilon (20)=0.0000013178505025

n=30 k=3 numerical=4929983057.770734 exact=4929983057.770709 delta =0.000025
epsilon (30)=0.0000000000000050

v(1)=4914074506.509758 v(2)=4929983057.770734 v(3)=4929989554.759921
result: n(opt)=3 eps(3)=0.0000000000000050
int =4929983057.770734, exact=4929983057.770709 delta =0.000025.
o mepsrM 2 3HauenusM delta mpu mamerx N orieHuM mopsimok morpenrHocta Gopmyi(26),(10):

2025 - 5 < |delta(10)| _|=-15908551.260051 |
|delta(20)| |  6496.989212 |

noomeepaicoenuem nemmul oas areopumma(ll) u xeadpamyp ¢ anceopauieckum nopsoKom moyHocmu pasnvim 11,
HO NPUMEHEHHBIM YHce K MPOUHOMY UHMeZPaLy 8 cihepuiecKoll cucmeme KoopouHam.
BriBoabI:

1) TlomyueHs! (GOpPMYJIBI W AITOPHUTMBI IS  COCTABHBIX HHTETPAJIBbHBIX KBAJpPAaTyp C PaBHOMEPHBIM
mrarom,(7),(8);(10),(11);(13),(14) ¢ 7,11,15 anrebpandeckuM NOPSIIKOM TOYHOCTH COOTBETCTBEHHO.

2) Haiigensr ananoru dopmyn (20)-(22), (23) — (25) anst OBOMHBIX HA MPSIMOYTOJBHHKE M TPOWHBIX B
napavieNieuIeic HHTETPaIoB C COXpaHEHHEM MOPsIIKa OTPEIIHOCTH, YTO M B OTHOMEPHOM CITydae.

3) TocTpoeHs! nuHEHHBIE 0TOOpaXeHHsT 000OIIEHHBIX KOOPAMHAT C KOJblia (KPyra) Ha NpsSMOYTOJNIbHHK, C
IIapoBOTO cJI0s (IIapa) Ha MapavIelIeIHIIe 1, a TAK)Ke HHTeTpalIbHBIC KBAAPaTyphi(29) B MOIIPHON cUCTEME
koopauHat u(30) B cdepuyeckoil cucTeMe KOOPAMHAT C COXPAaHEHHEM alreOpanvyeckoro Mopsiika
TOYHOCTH, YTO ITPOBEPEHO YHUCICHHO.
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2449 < 2% = 4096 , umo aensemcs Xopoutum
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Amnacrtacun AnekceeBHe CriepaHCKOM
u Enene IlerpoBHEe AHNCUMOBOM
MOCBSIIACTCS

VIK 519.682 551.465 551.23

Ilpuknaonas MATEMATUKA
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3ATAYA IOCTPOEHUSA MOJISA JUHUAM TOKA IO TEMIIEPATYPHOMY PA3PE3Y

Hacmyxog FO.®@., k.¢p. - M.H., doyenm paxyrvmema ungopmayuonuvix mexronoeui Ioroykozo I'Y
Hacmyxos 1. @., k.¢p. - m.H., doyenm paxyromema unpopmayuonuvix mexronoeui Ionroyxoeo I'V

AHHOTaIII/lHZ B ILaHHOﬁ pa60Te YHUCJICHHBIMU METOAaMH pacCMaTpUBACTCA JABYMEpHasd CTalqluOHapHas
3ajada nepecucTa pa3pesa TEMIICPATYPHOI'0 IIOJId Ha MOJIC HaHpaBJ‘IeHI/Iﬁ CKOPOCTH 4aCTUILl BOABI. TeMnepaTypﬂoe
II0JIE TE€OTEPMAJIBHOI'O 0O3€pa OBLIO HU3MEPEHO MOCTOM ITIOCTOSHHOI'O TOKa. I[HH pemeHusa 3agauyu  JOCTaTOYHO
HCIIOJIB30BaTh YPaBHEHHUE TEIUIOMPOBOAHOCTHU C KOHBEKTHMBHOM YacThl0 M OOBEMHBIM HMCTOYHHKOM TUTaBY4€CTH,
YpaBHEHHE HEPa3pbIBHOCTH, I'PAHUYHBIE YCIOBUS [UIsI CKOPOCTH YACTUL KUAKOCTHU. UMCIIeHHas 3ajada periaercs
METOZOM IPOTOHKH. J{JIs YCHIICHHSI YCTOMYMBOCTH HCIIONB3YETCS METOJ MEANAHHON (MIBTPAIlN TOPH30HTAIEHON
KOMIIOHCHTBI CKOPOCTHU Ha KaXAO0M CJIOC. HoBbIM sBIISIETCS TTOHSATHE CBA3HOCTH KOHBEKTUBHOM CTpyH.

KiaueBble cnoBa:  ypaBHEHMS Temio -  MaccollepeHoca, TypOyJeHTHbIH Ko duimeHT
TEMIEPaTypONPOBOAHOCTH, I10JI€ HAPABJICHUH, YCIOBUE CBA3HOCTH KOHBEKTUBHOM CTPYH.

The Abstract: In given work by numerical methods is considered two-dimensional stationary problem of the
recalculation of the cut of the warm-up field on field of the directions to velocities of water. The Warm-up field
geothermal lake was measured by bridge of the direct current. For decision of the problem it is enough to use the
equation to heat conductivity, equation to continuity, border conditions for velocity of the particles to liquids. For
reinforcement of stability is used method median to filtering horizontal components to velocities on each layer. New
is a notion to coherence heated stream.

The Keywords: equations heat - a mass of the carrying, turbulent factor to warm-up conductivity, field of the

directions, condition to coherence heated stream.

BBenenue

Jlerom 1992 roma Ha o3epo bannoe (banHoe HaxomuTcs B Y30H — ['eli3epHOil MOMMHE, PACMOIOKECHHOW B
100-200 kM ot 1. IlerpomaBnoBcka — Kamuatckoro) wuHctutyroM Byinkanomoruu JIBHI[ PAH u ¢dusmueckum
taxynpTeToM MI'Y Obutla opraHn3oBaHa COBMECTHAsl SKCIEAMIUS, OJHOM M3 3a1ad KOTOPOil ObUIO H3MepeHue
TEMIIEPATYpPHOTO TOJISI o3epa reoTepMmanbHOro tuma[8,9]. T'eoTepMarnbHBle 03epa OTHOCAT K OOBEKTaM Tak
Ha3bIBAEMOrO  “aKTMBHOTO JHA” TpW B3auMojeicTBuu JsuTocdepbl u rugpoctepsl.  MccnepoBareneid,
MPOBOIUBIINX KOMIUIEKC H3MEpPEHHMH B JaHHOM o3epe M B Y30H — Ieif3epHOil monmmHe (a Takke B Kalbaepe
Axanemun Hayk) B IIeJIOM MHTEpECOBaIN pacHpenieNeHHus W IepPeHOC XMMHUYECKHX BEIECTB - PaIMOAKTUBHBIX
ra3oB; 0OIIEcOJIeBOH cocTaB; coxepxkanue Zn, Mn, Fe, Cu, Cr, Al (Kapnos I'.A., @aiizymmua C.M.) [1], [Tockomsky
MEPeHOC BOJHBIX MAacc B aKTHUBHBIX OOJIACTSAX CBSI3aH C IEPEHOCOM OOJIBIIMX MOTOKOB TEIUIA, TO €CTECTBEHHO
paccMmarpuBarh 3a/lady MaccOIEpeHOCa COBMECTHO C TEIUIOOOMEHOM. B cBs3m co cka3aHHBIM, B JaHHOH paboTe
paccMmarpuBaeTcs MaTeMaTHdecKas MOJENb TEeII0 — MaccollepeHoca B aKTHBHOW 00JacTH M ee OCOOEHHOCTH
pelIeHHUs.

Tax ob6cTouT J1eN10 Ha NpaKTHKE C ABYMEPHOH CTallMOHApHOH 3a/iaueii mepecyeTa paspesa TeMIIepaTypHOTO
MOJISI TEOTEPMAIIBHOTO O3epa Ha IOJE HaIpaBICHHI CKOPOCTH BOJBL IIONMHOCTBIO HEsSBHAs YHCICHHAs CXeMa,
pemaemMast METO/IOM MIPOTOHKH TaKOBa, YTO TPEOOBAHMS CXOIUMOCTH, HAJOXKECHHBIE Ha KO3(PPHUIMEHTH ypaBHEHHUS
[11,[4] , BBITOMHSIOTCS, HO 3aMEMISIOT CXOAMUMOCTh pemieHHA. 1loaToMy, TNpH HaXOXIECHHH TOPHU3OHTAIBHOI

KOMITIOHCHTBI CKOPOCTH B I'€OTEPMAJIBHOM O0O3€pE€ Ha KAXKIOM CJIOC HaliIcHHOE PEUICHUEC MOABEPracTCA MeIUaHHOU
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¢unpTpanum 1A ycuneHus ycroianBoctH. I1o 3To#t nmpuunHe MBI Ha3Bany JaHHYIO 3a4ady IIOXO 00YCIOBICHHOM.
TypOyneHTHBIN KOAQPUIIMEHT TEMIIEPaTyPOIPOBOJHOCTH B 00BbEMHAS INIOTHOCTh NCTOYHHKA TUIABYIECTH JINHEHHO
pacTyT ¢ IIyOMHOM, YTO CBSI3aHO C BEIOPOCOM pAacIUIaBa CEphl B HIDKHEH 9acTh o3epa. BBeneHO MOHATHE CBA3HOCTH
KOHBEKTHBHOW CTpyH, MO3BOJIIIONIEE CPAaBHUTH 3HAUEHHA Kod(QHIMEHTa B pasHbIX 00IACTAX TEMIEPAaTypHOTO
noJIsl YMCIICHHBIMEU MeToZamu. [IporpamMma Hanmcana Ha sizsike FORTRANI6,7].
IKCIepUMEHTAIbHASA YaCTh

Osepo banHoe npencrasnser coboif MUHM KpaTep BYJIKaHA, 3alIOJIHEHHBIH BOJOHM, — SJUIMIICOMIHAS Yallla C
HanOonpiieil nomyoceto 20 M M TayOmHoit 24 M. Ha nHe wamm HaxoauwTcs paclUlaBiIeHHas cepa, KoTopas
BBIIUIECKUBACTCA B 03€PO M KPHUCTAUIM3YETCS] HAa JaTYMKE TEMIIEPaTyphl KaXIBIH pa3 MPH €ro MaKCHMalbHOM
norpyxenuu. M3 o3epa BbiTekaeT pydeil ¢ Temneparypoit Boasl 40°C u pacxozom 25 n/c. Harny6une 13 m
HaliIeH MCTOYHMK XONOJHOM BOJBI, BTeKaioliell B 03epo ¢ Temmepartypoit 11,2°C. Xomoanas Boja, BEpOSTHO,
IOMNAJaeT B 03ePO M3 MECTHOTO Py4bs, HECYIIETO Tajlble JIeHUKOBbIE BOJIbI ¢ Temneparypoii 8°C B 100 — 150 M ot

o3epa. IlpocToit mojacueT MOKa3bIBaeT, YTO M3 03€pa C BOJOH YHOCHTCSI TEIUIOBOH MOTOK MOIIHOCTBIO: P =

Jx Kr

M3
cpv At =4200 = 251073 7(40 —11.5)°C ~ 3MBT. IIpu 5TOM He yUUTHIBAETCS MHTEHCUBHOE HCIAPEHHE C

IIOBEPXHOCTH 03epa ¢ Temmeparypoii 40°C B Bo3ayX ¢ Temmeparypoii okono 10°C B HOuHOE 1 BeuepHee BpeMs. B
6e3BeTpeHHOE BpeMs (OOBIYHO BeUepoM, HOUBIO M YyTPOM) Ha MOBEPXHOCTH 03epa banHoe oOpasyercs cynbdunnas
IIeHKa. PacmmaBneHHas cepa Ha JHE O3€pa IOPOKAAET HECKOJBKO KOHBEKTHBHBIX CTPYH, BHANMBIX Ha
MIOBEPXHOCTH IO BBIXOJy Ta3a M PACTAIKHBAHHIO CEPHI B 00JIACTH CTPYH.

Mertonuka n3MepeHnst OblIa CIEAyIOUICH: IO MEPUMETPY 03€pa depe3 paBHbIC MPOMEXYTKH HAaXOIHIHCh
KoJibst OT 1 10 14. Bnone BBIOpaHHOTO pa3pe3a HATATUBAICS KaHAT, KOTOPBIN MPIKUMAI JIOJKY — IUIOCKOJOHKY K
BOJIE U MCKIIIOYaN aper¢ noaku. [1o ropu3oHTanM BAOJIL KaHaTa U3MEPEHUS] TEMIIEPATypbl IPOBOIMIINCH C IIArOM
Ax = 5 M. [lo BepTukaiu M3MepUTEIbHBIA Kalelb morpyxanucs ¢ marom Az = 3 M. J{J1 UCKITIOUEHHsT pacKauku
Kabenpb cHaOXkaJICsl OTBECOM (KYCKOM JKelle3HOit TpyOsl Maccoi 2 kr). HetouHocTh ukcannu y3j10B KOOpIUHATHOM
ceTkr coctaBuna +10 cM. IITaTHHOBEIH JaTYMK TEMIEPaTypsl HMEET NpeenbHyo pabouyio Temmeparypy 200°C
¥ BMECTE€ C M3MEPHUTEILHBIM MOCTOM COINPOTHBIEHHH oOecneunBan aOCOJIOTHYIO HOTPENIHOCTh TEMIIEPaTyphI
AT = 0.05°C. Kaxplil paspes TeMIepaTypHOro Hojis u3Mepsincs B Teuenue At = (2 — 3) uacos. Ha paspese
puc.1 nposeneno npuMepHo 30 M3MepeHHH TeMIlepaTypbl ¢ PaBHOMEPHBIM IIaroM MO BCEMY TeMIEpaTypHOMY
nomo. sl yCTaHOBJICHHUS TEIUIOBOIO PaBHOBECHS ILIATHHOBOIO JAaTYMKa KaXKJ0€ U3MEPEHHE NPOU3BOJMIOCH HE

MeHee 5 MHHYT. XapaKTCpHBIﬁ MNPOMEIKYTOK HUPKYJIALIUU BOJAbI B O3€pC OLCHHUM KAaK YABOCHHOC BPEMs MOAHATHUA

H 20m
BOABI B 00ONAcTH CTpyu T = 2 w2 e 80c. Tlockombky T < At, To Bpemsi m3Mmepenus At sBisercs
oM

JIOCTAaTOYHO OOJBIIMM JUIsI OCPETHEHHUS MPOIIECCOB TETIO M MACCOIEPEHOCa BCETO TEMIEPaTypHOTO MO B LIEIOM,
TaKk U KaXJ0€ OTJeNbHOE M3MEPEHHE B HECKOJIBKO pa3 MpeBbIMIAeT T. Torgaa Bce BENWYUHBI, ONpPEETICHHbIE TI0
paspe3y TeMIepaTypHOTO Moyt puc.l MOXKHO CYMTATh CTAallMOHAPHBIMH  (MaTeMaTHUYECKHE ypaBHEHUS HE
coJiep)KaT YaCTHOW MPOM3BOJHON MO BpeMeHH). KaHaT HaTATMBAJCS TakKUM 00pa3oM, YTOOBI MPU HU3MEPEHHSIX
TEMIIEPATyphl B BEPTUKAILHOHN TUIOCKOCTH pa3pe3a MOoIMald He MEHee 2 KOHBEKTHBHBIX CTPYH, HAOIIOJaeMBIX IO
BCITYYHBAHHIO TTOBEPXHOCTH U BBIXOJY Ta3a. Takoe ycIoBHEe CUMMETPHH 3a/1a4H MO3BOJIAET YIPOCTUTH U 3aMKHYTh
CUCTEMY YpaBHEHUH TeIUIo - Maccorneperoca. Kak BUIHO Ha puc.l MpUCYTCTBYET HE MEHee 2 KOHBEKTHUBHBIX CTPYil.
OTH cTpyd HaOIOJATUCh B CTAllMOHAPHOM IIOJIOKCHHUH HAa TOBEPXHOCTH O3€pa B TEYCHUE HM3MEPCHUS

TeMIlepaTypHOro paspe3a. BBuay Oombmioro moroka Ttemna depe3 o3epo(3 MBT) M mioTHOCTH TOTOKa

3MBT
2

oS = 3 KBT1/M?) GyaeM cuutaTh K03()QHUIMEHTH 0OMEHA TypOyIEHTHBIMH.

Terua(

88



(&

\/ 424
/—._

=

0L
b50
500
%51 syy
570
590 586
04
600
608
M

Puc.1 Pa3pe3 TemnepatypHOIo nojst reoTepMalIbHOTO 03epa

IlocTanoBKa 3agaun

PaCCMOTpI/IM CJICAYIOIYIO CTAlIMOHAPHYIO, HE 3aBUCAIIYIO OT BpEMCHU 3aa4y TCIJIO U MAaCCONICPCHOCA:

( aT aT
u—+w—=V(@VT)+q ,(x,z) € (0,L) = (0,H) (D
0x 0z
Jdu OJw
g-l_E:O ,(x,z) € (0,L) * (0,H) 2)
u=ulxz),w=w(xz),T=T(k,z),(x,z) €[0,L] *[0,H] =D 3)
w(x,0) =w(x, H) =w(0,2) =w(L,z) =0,u(0,2) = u(L,z) =ulx,H) =0 (4)
Koaddunmenr TemneparypornpoBOAHOCTH ¢ = F = L0°Br ~2 10'4M—2 (cmoTpum
t PATYPOTpOBOT T sy 103m2(2) 420085 10315 c RS

aT
puc.l), rme: S - miom@ags MOBEPXHOCTH 03€pa, 5,  BEPTHKAIbHAS KOMIIOHEHTA IPAJEHTA TEMIEPaTypE,

P~10°BT —MOIIHOCTb HCTOYHMKA TJIABYdeCTH B o3epe [9], Cp —YZAENbHAs TEMIOEMKOCTh BOJIbI IPU IIOCTOSHHOM
JIABJICHUH, P —IUIOTHOCTH BOJbl. KO3(pQHIMEHT  TeMmIepaTypolnpoBOJHOCTH « (aKTUUECKH OIpeesisieTcs
MOIITHOCThIO HCTOYHMKA IuiaBydectu P, T.e. a = a(P). Ileproe ypaBuenue (1) B cucTeMe - ypaBHEHHE

TCIJIOMPOBOJHOCTH C KOHBEKTHBHOM YaCThI0 U MCTOUYHUKOM MOMOIHOCTH Ha €AWHUITY obbeMa q, }IeJ’IeHHOﬁ Ha Cpp.

z—z,z—:) — TpagMeHT TemIiepaTypsl; (U, W) - BEKTOpP CKOPOCTH >KHIKOW YaCTHIbl, T.C. €€ TOPU3OHTaJbHas |
BEPTHKaJIbHASI KOMIIOHEHTHl COOTBETCTBEHHO; L, H - nuameTp M MakCHUMaslbHas TJIyOnMHa 03epa COOTBETCTBEHHO.
VYpaBHenue (2) — ypaBHeHHE HEpa3phIBHOCTH. KOMITIOHEHTBI CKOPOCTH M TEMIIEpAaTypHOE IIOJIE 3aBHCAT OT
KOOpAMHAT X, Z Ha npsamoyronsuuke [0, L] [0, H] - Tpetbe ycnosue (3) (MBI paccMaTpuBaeM JIBYMEPHYIO 3a71auy).
YerBepToe yCIOBHE — TpaHWYHBIE YCJIOBHS AJII KOMIIOHEHT CKOPOCTH Ha CTOpPOHAX mpsMoyroisHHKa (4). Bce

BCJIMYMHBI UMCIOT PAa3MCPHOCTDb B CUCTEME CH.

89



Oco0eHHOCTBIO JAHHOH 3a7a4y SIBIISIETCS N3BECTHOE, M3MEPEHHOE TI0JIE TEMIIEPATYPBHI, 4, CIEI0BATEIbHO, U
YacTHbIC NEPBBIC W BTOPHIE MIPOM3BOAHBIE TEMIEPATyphl, HHTEPIIOJIMPOBAHHbIC HA 00JaCTH HpsAMOyronpHUKa. Ha
MOBEPXHOCTH pa3fena oO03epa OTCYTCTBYET BEpTHKalbHAs KOMIIOHEHTa CKopocTH. Ha OOKOBBIX CTOpOHAax
PSAMOYTOJNBEHUKA F HA HIDKHEH CTOpOHE (IHO) 00e KOMIOHEHTHI CKOPOCTH PaBHBI HYJIIO.

Boobmie roBopsi, koopanHaTHasi o0nacTb o3epa D He sBisieTcst MpsAMOYroibHUKOM. Ho MBI moonpenensiem
BEPTHKAIBHBIN pa3pe3 03epa 10 MPsIMOYTOJIbHHUKA T10 IIPABUITY:

T*(x,z) = T(x,z), (x,z2)EDcD
T™(x,20) = T (X0, 2o), (x,2,) € D\D

B mpamoyronsruke D, BHe oGnactu osepa D\D, TeMmeparypa NOONpENENAETCA MO HEMPEPHIBHOCTH €€
3HAYECHWEM B TPAHUYHON TOuKe(X(,Zy) W MpPENCTaBsieT cOOON TOPH3OHTAIBHYIO H30TEpMY, Tak BeAeT celsl
TEeMIlepaTypHOe ToJe B TBEPJIOW OIHOPOIHOM MOpOJE, OKPYKAIOIIEH 03ep0 C BEPTHKAJIBHBIM MOTOKOM TEIUIa.
O060CHOBAaHHOCTH TaKOTO IIpHeMa MO>KHO BCTPETHTH B [2]-MeTo PUKTUBHBIX obmactel (cTp.204).

Hac Oyzner mHTepecoBaTh Oosiee y3Kas 3ajada — ONpPENCIICHHUE IIOJIS HANpPaBICHUH IO OO CKOPOCTEH.
VIMeHHO Takoi MHTEpeCc BO3HUKACT y T'€0JIOr0B, TEOXHMUKOB, T.€. KAKHE BEIIECTBA, U B KAKYIO 00IaCTh EPEHOCATCS
U B KAaKOM (PH3UKO-XMMHUECKOM COCTOSHHH.

IMocTanoBka YKCc/IeHHOIT 3a1a4H

[TepBOHaUYaNbHO Y3JIOBbIE 3HAUEHHSI TEMIIEPATYpPhl ObIIIM M3MEPEHBI Ha PABHOMEPHOW MPSIMOYTOJIbHON CETKe
¢ maroM dx = L/n B n+ 1 Toukax mo ropuszoHTanu u ¢ maroM dz = H/nl B nl + 1 Toukax mo BepTHUKaH,
rae L, H-qiiHa W BhICOTa 03€pa B JIaHHOM paspese. Jlpyrumu ciloBaMu, 3a/laH pa3pe3 TeMIepaTypHOTrO TOJIs
T jl=1.,n1+1,kl=1.,n+1
JononnuM pazbueHHue NpsIMOYTOJIbHOI 00JlacTH, B KOTOPYIO BIIMCAaH pa3pe3 03epa, OCTaBIss CTapble Y3Jbl C
M3MEPEHHOH TEMIIEpaTypoil B HOBOH CETKE Ha IMPEKHUX MECTax.

B mporpamme ymoOHO BbIOpaTh Hawyaao KOOPAMHAT, COBMEIIEHHOE C IPaBbIM BEPXHHWM YIJIOM pHC.l,
TOPHU30HTAIBHYIO OCh X HAIlPaBUTH BJIEBO, BEPTUKAIbHYIO Z HAIPaBUTh BHH3, MOJYyYaeM INPaBYI0 KOOPIHUHATHYIO

CHUCTEMY.
o o L H
PazobneMm KaXXJIbI1 MaJIbIM MPAMOYTOJBbHUK CO CTOPOHAMH h01 = ;, h02 = E COOTBETCTBECHHO Ha nXx,nz

uenbix yacreil. IIpsMoyronbHas ceTka € TOPU3OHTAJIBHBIM HiaroM hy = L/(n * nx) W BepTHUKAJIbHBIM IIaroM
h, = H/(n1* nz) umeer n * nx + ly3noB mo ropusoHtamu unl* nz + 1y3nos no Beptukanu. [Iporpamma
Obuta Hammcana Ha sizeike FORTRAN, B KOTOpOM  1I€JIOYMCIICHHBIE INEPEMEHHbIE B MacCHBaX NPHHUMAIOT
3HaveHus, HaunHas ¢ 1. Torma, Homep cronbma obo3Haumm k = 1,..,n *nx + 1, Homep crpoku j = 1,...,nl *
nz + 1.

TeMneparypHoe Mojie BHYTPH Ka)JOro OOJIBIIOrO MNPSMOYrOJbHUKA IPOAODKUM 110 HENpPEPhIBHOCTH

JIMHEHWHO:
T ji+1

i1 i1 j1+1
(e — X)) + Tl O — Xi1) T (terer — i) + Tila e — Xper)
+(z — 2j1)

) T,
Tli - (Zj“l B Zj) dxdz dxdz
k1=1,.,nj1=1,.,nLk=1.,nxnx+1,j=1,..,nl*xnz+1
Xpp = dx (k1 = 1), X041 = dx * kl,2zj; =dz (j1 —1),zj;44 = dz *j1
xk=(k—1)h1,Zj=(i—1)hz

5)

JanHas ¢opmyna HENpephIBHO IEPEXOAWT B 3HAYCHHE TEMIIEpPaTypsl B 4 YIVIOBBIX TOYKaX Ka)IOTo

60JTBIIOT0 IPSAMOYTOJIBHHUKA!

THG =Lk =k1), T, G=jLk=k1+1),T "G =j1+1,k=kD), T G=j1+1,k=kl+1),
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a TaKKe JUHEeHHa 110 Xk» Zj.

ypaBHeHI/Ie HEPA3PBIBHOCTHU 3alTUIIIEM B BUJC!:

i ] J_ Jj-1
Uiy u")+(w" Mt )=0,j=2,...,n1nz+ 1;k=1,..,nnx (6)
hy h;
j j j-1 - _ = _nh
I/Innz(uk+1—uk)+wk—wk —0,]—2,...,n1*nz+1,k—1,...,n*nx,z-ﬁ

31ech Mo KOOpAWHATE Z IJI1 KOMIIOHEHTBI CKOPOCTU W IIPUMEHSACTCS IPOU3BOAHASA Ha3ad, a IO KOOpAWHATE
X IS KOMIIOHCHTBI U UCIIOJIB3YETCA IMPOU3BOAHAA Bnepeﬂ[Z]. ypaBHeHI/Ie TCIUIOMIPOBOJHOCTU:
j g J g —fJ J
ukf1k+wkf2k_f3k+qk (7)
rac: q]i - oObeMHag MOIIHOCTL MCTOYHUKA IJIaBYUYCCTH, BbIACIACMasA B CAWHUIC O6T)eMa, JCJICHHAas Ha Cpp.

. X .
PazmepHocTh q,J( - [;].3[((301: GbyHKIASA fli OTIpeIeIISIeTCS KaK:

J J
f1k %k—Z nnx,j=1,..,nl*nz+1 (8)

J—fi. gl .
fi1 = fiz finnasr = fipneJ = Lwnlnz+ 1
AHaIIOTHYHO, oTIpenenseTcs (pyHKIHS fZi:

j+1 o j-1
fzk %J{:1,,,_,n*nx+1,j=2,...,n1*nZ ©)
2

f f 'f nlxnz+1 f nl*nz; k — 1’ A NX + 1
2 T 20 )2k 2k

OyHKIHSA f3]’; Jacrionbsyst hopmyny div(k(z) grad T(x,z)) = k(z) AT (x,z) + VT (x,z) Vk(z) = k(z) AT(x,z) +

ar ok
—I

259, L1 71, a(z) = k(2)/(c,p) crpontcs no GpyHKIHH f03k1

j1 j1 j1 ji+1, . j1-1 j1 Ji+1_ 11—1 Ji+1_ji-1
f 0( Tieae1tTie1—172 Ty + Tig Ty 2Ty + (akl k1 ) (Tkl Tia )
03k k1 dx dx dz dz 4dzdz

j1=2,..,nl, k1=2,..,n

(10)

1 1 1 i1, .
fo3i = f03£ if03£1+1 = f03fl ;Jj1=2,..,n1

1 1+1 1
fozy = f03k1:f03n = fo3213k1 =2,..,n

141 1+1
£l fo31 +fo32 e fosy +f03 gt f032 +f03n+1
031 =5 Jo3; —2 T
£l f03n+1 + fosn
03n+1 — 2

)f03,];11 (Xr141 — ) + f03£11+1 (e — xx1) r (-2 )f03£]]-_+1(xk1+1 X)) + f03i11:11( Xje — Xi1)
dx dz 7o dx dz
k1=1,..,nj1=1,..,n,k=1,..,n*xnx+1,j=1,..,nl*nz+1 (11)
Xgp = dx(kl — 1), X141 = dx x k1,z; = dz(j1 —1),zj;,1 = dz *j1
xe=(k—=1Dh,z=(-1)h,

Bumno, uro dopmyist (5),(11) Mo MOCTpOEHHIO COBEPIIEHHO OMHHAKOBEL. B popmye(10) koaduiment

far = (Zj1+1 —Z

TEMITEPATYPOIIPOBOHOCTH 3aBUCUT TOJIBKO OT TTyOUHBI:
4 o
ofy = alfa k) =20 g1 =1, onl +1[4].
W3 dpopmynst (7) BeIpa3uM BepTUKAIBHYIO KOMIIOHEHTY CKOPOCTH:

J _ Bt S
Wk = -t ==
Jj
f2k

(12)

Torma Gpopmainbho, 3amenus B(12) j Ha j — 1, momydmm:
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-1, j-1 j-1_j-1
j-1 _ f3{( ‘HI;]{ —u{{ f1{c
Wi = - 13)
f;
2k

Beipaxenns(12), (13) moacraBum B ypaBHEHHE HepaspbiBHOCTH(6):

j j-1 j-1 Jj j-1 Jj

j j fiy j _ j—1 f1y f3% f3% qdy dx

ZU — U 2+ —F |ty e =~ =+ |\ T TF) Y| =T (14)
fzk fzk fzk ka ka ka

B ¢opmyine (14) ToxaectBeHHO € = 0, HO TIONOKUM €ro MalbiM HE PaBHbIM HyI0 £ = 10710,

B dopmyne (14)u3daBuMCs OT 3HAMEHATEIS:
z ul]c'+1 fz{;_l fz,J{ - u,]{' (Z fz{c fz,];_l + fli fzi_l) + ui_l 3
= _ui_l fz;c fl{;_l + (f3£_1f2;£ - f3£ fzi_l) + (qli_l fz{c - qlifzi_l)
j=2,..,nl*xnz+1L,k=2,..,n*xnx,z= h,/ hy (15)
B ¢opmyne(15) mo-npexnemy & = 1071%(onymen MmuoxuTeNH fz{; fli_l), TaKk Kak yJoOHO BHIOpaTh
K03 dULKEHT TpH u,];_l He 3aBUCAIIMH OT TemmeparypHoro mnois. Popmyna (15) mpeacraBnsieT 4acTHYHO

HESIBHYIO CXEMY C TpeXJIuaraHaibHOW MaTpuiei. Kak mokaspiBacT mpocMOTp TaOmuisl pemieHuii, Gopmyna (15)

HEYCTOMYMBA OTHOCHUTEIBHO MeTOoAa NporoHku. IloaTomy nepeleM K IOJHOCTBIO HESIBHOW UYUCICHHOU CXEMe,

Jj=lgjgj-1 j-1 J.
THIEpPEHECs BJIEBO CIaraemMoe Uy [ X fi x> M 3aMEHHM U Ha Uj.

joopi-lgd _ j £ -1 j o J1 j £ -1 j
zul ol ok~ (2l o7+ (Rlfe,  — Flfil D) + b e

= (fs{;_lfzi - f3£f2{;_1) + (Ch]c._lfzi - ql{;fzi_l)

j=2,.,nl*xnz+1k=2,...,,nxnx (16)
U3 popmynsl (7) Ha oBepxHOCcTH 03epa wi = 0, gi = 0, cieyer, uTo
1
u,lc=fi’1‘,k=2,...,n*nx (17)
1k

Meto TPOrOHKH IO3BOJIAET peliaTh HWTEPAIMOHHBIC YPAaBHEHHS C TPEXJAHATOHAIBHONW MAaTPHUICH,
BOCIIOJIb3yeMCsl METOI0M B hopme[5]:
Apxp_q — Cexp + Brxgyr = F, k=1,...,n—1 (18)
Xo = AoXq + Vo, X = AyXp_q + v, (19)
X = WXpyr1 + Vi, k=0,...,n—1 (20)

Vg vy By, Agvi—1 — Fy

=—, Ay =—m——, = 21

N1 A T G Ade T G- Ak, @D
VYcnoBue ycTOMUHMBOCTH YHUCIEHHON CXEMBI:

[Cl = |Ail + |Bi| = |Ak| > 0,]40I< 1,4, = 1 (22)

CpasuuBasi ypasHenus (16) u (18), B jaHHOM citydae MoJIyduM:
. . - , . — Loj-1 . ,
Av=e  Bl=z2£7fah  Cl=z2fufal  + (fihfe, —fafil ) (18)

F =60 - 6D+ (@7 fl —alfe ) k=2,..,n*nx, j=2,.,nlxnz+1

J— ) = Y = ) —0j=
= Uppesr = 0,70 A3 = A5 s = 0,v] =V, =0j=2,.,nl*xnz+1

Tak kak u ol

IIporonka Bnepen:

M=0v=0j=2,.,nlxnz+1

j By J _ Vi ~Fi - ,
A 5 Vi= 77 k=2.,nxnx+1, j=2,.,nlxnz+1 (219
Cie= A1 Co A1
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j j j
j _Annx+lvnnx +Vnnx+1 .
Up nx+1 = P : ¥l —2,...,711*71Z+1
1-2 A
nnx+1"nnx
IIporonka Hazan:
j _ j A
Annx+1 - O’VTLTLX+1 = O] = 2,...,n1 *NZ + 1
u, =AM u,, +vik=1..,n*nx,j=2,.,nlxnz+1 (20"
1
f3
ut ==L k=2, nxnx
flk

N 1
B nocnemneil Gopmysie uj MOKET HEOrPAHMYEHHO BO3PAcTaTh, €CIH fi, CTPEMHTCA K HYJIIO, TIOITOMY B

1
TIporpaMMe peau3oBaH 10 HEMPEPHIBHOCTH aJITOPUTM Ui = Uj_4, ECIH f; e = 0.

j—1

K .
n2 nzo) [?]’J =1,..,nl*xnz+1

ql =451075 « (

o z
31ech MCMOB30BaNach JIMHEHHAS armmpoKCUMaIiis O0BEMHOTO HCTOYHHKA IUIABYUeCTH q(Z) = qp * =, |
H

H
yCJIOBUE HOPMHUPOBKH: fo q(z)dz = Y Uz YCIIOBUS HOPMHUPOBKH
D
2P 23 105Br _s[K
HOJIY4YHUM: Gy = — = yTRT =45107° [—]
CppPL*H 4200 103M—3 (40M)220m c

Kr*xK

KpOMe TOT0, €CTCCTBCHHO MNPCANOJIOXKNUTH, YTO DHEPrusad HCTOYHHKA IIaBy4YCCTH 8bl0eIUNACh TOIBKO B

j _ it iy j-1 j
YacTHIAX BOJBI, €CIM OHU MABIKYTCS K TOBEPXHOCTH  O3epa: W =T' e w,  <0; w, =
2k
J_J ¢d
[~ ux fa j—1
=k 2k ecmw] T >0 (12)
f:
2k
YcaoBue ycTOHYMBOCTH:
J J J J J J '
|Cel = |4e] + [Be] = |4e] > 0,141]< 1,12} e < 1 (22)

k=1.,nxnx,j=2,..,nl*snz+1

J—

JBa 1nocieaHUX HepaBeHCTBa oOecleyrBaeT IPaHUYHOE YCIOBHE 3aJadd U; = u]n nxt1 = 0, =1,..,nl %
Jj _ Jj _ J| — Jj j
nz+1(4; =0,2, ..., =0). |Ak| =¢> 0. YuurbiBas HENPEPHIBHOCTb KOIPQUUMEHTOB fi; M fr;, MOKHO

0KHJATh, YTO 3HAUCHUE flI]; fzi_l - f2£ fli_l ~ 0 B popmyne (18"). C,{ = Zfzi fzj,:l + (f1£ fzi_1 - f2£f1£_1) =
B,{ + (f1£f2£_1 - fz,];f1,];_1) ~ B,{. Jlo6aBuM K C,{ Majoe iA{; U C TEM K€ 3HAKOM, 4YTO U C,g (C,f’ ~ C,g):
Gl = 1C4] + Ly |= |BY] + |4L| = |B]] + 4] = |4l lex | = & (22")
KoHeuHo, B 3KCIEpUMEHTE | f1£ fzi_l — f2£ fli_ll HE BCErJa Majo, HO 3aMEYeHO, YTO | fli fzi_l -

le{; f1£_1| < |B,£| ITockonbpKy 3HaK BBIpaXKEHUS (flifzi_l - fZ;; fli_l) OBICTPO OCHWIUIMPYET W OOHYISET CBOE
CpelHee 3HAYCHHE HAa HMHTEpBaJie Mopsiaka dx, TO MOXKHO NPUMEHHTh METOJ MeIHaHHOW (HIbTpalud Ha
macmrrade dx. HepasenctBo(22') dakTuueckn NpeBpaiiaercss B paBeHCTBO (MPEEIbHO BBIMOIHIETCS YCIOBUE
CXOJIMMOCTH), B 3TOM CMBICIIE Mbl Ha3BaJIM 33/J1a4y II0X0 00YCIOBICHHOM.

Onucanne mporpamMmbl. Bce eiicTBUTENbHBIE MEPEMEHHbIE W IMapaMeTpbl  HUMEIOT JBOWHYIO TOYHOCTB:
real(8).Jys crabunmM3anui yCTOWYHMBOCTH gucieHHON 3amaun (18') — (21') npumeHsuicss MeTOn MeIHaHHOM

¢unpTpanuu. CyntHOCTh METO/Ia 3aKIII0YAETCS B YAAJICHUN OOJBIINX IO MOIYIIO 3HAUEHUH CTaTUCTHYIECKOTO psizia

YHUCCII. I[J'ISI 9TOro I1mpu (I)I/IKCI/IPOBaHHOM CJI0C ] JUIsL IIGH’I‘paJ'II;HOﬁ TOYKH u,}(, NOCJIE€ TOTO0 Kak HporpamMma Hallia
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pewenue res(k,j) = u,](., k =1,..,n*nx ,crpourcs Bekrop um(kkk) pasmeproctn 2 Im + 1 ,rne lm napamerp
OKHa (HUIBTPALIUK:
dok=Im+1,nl*xnx0+1—1Im; kkk =0;
do kk = —-lm,lm; kkk = kkk + 1; um(kkk) = res(k + kk, j); enddo
call sort_real(um,uml);, resl(k,j) = uml(lm + 1); enddo

k, kk, kkk uenouncnenusie nepemennsle. Bexrop um(kkk) copTtupyercsi 1o BO3pacTaHHIO 3HAuCHHMH,
nonyyaercst Bekrop uml(kkk) Toii xxe pazmepHOCTH HO OTCOPTHPOBaHHBIN. BbiOMpaeM neHTp oTGUIBTPOBaHHOTO
okHa uml(lm+ 1). Ecmu ycTpaHuTh BBIOPOCH pelleHUs (OTQMIBTPOBAaTH) Ha HPEIbIIYyINEeM CJoe, TO B
CIIEOYIOIIEM CJIoe PellieHHe He OyaeT MMeTh OOJIBINNX 3HaueHWH. [IpocMOTp TaOmHIBl pelmeHud Mpu pasInIHOM
YHCIIe y3JI0B CETKH IOKa3bIBAET, YTO BO3MYLICHHWE PCLICHHs, BO3HHKIIEE Ha HEKOTOPOM CJIO€, MEIHaHHOI
¢unpTpanueld GBICTPO MOAABISACTCS Ha CICAYIOLINX CIOSX.

st Be13oBa noanporpammbl call sort_real(um,uml) HeoOX0auMO HCIOJIB30BaTh OHOMUOTEKH Fortran:
use dfimsl; wuse DFLIB,; use sort_real_int[5].ns Bu3yanuzauuu OpUMEHsUICS rpadUuecKuil  MOAYIb
Compaq Array Visualizer v1.6.C ucnonp3oBanuem 6ubnorek use AVDef; use AVViewer|6].

BepTrkanbHy0 KOMIIOHEHTY CKOPOCTH MOXHO HaiiTi u3 hopmymbi(12”):

; f3j+qj_ujf1j i i f3 f1 i
Wé=%, ecnu wy t<o; w) ==k Jk k ecmdw,g 1>0,f2i;;to,k=2,...,n*nx,j
ka 2K
=2,..,nlxnz+1 (23)

Jj— ) i —
Wi = Wj_y, €0 fop =

w
HarmoMunM, 94TO KOHEUHAs 11eJTh 3a1a4H - OTHICKAHUE OIS HanpasieHuit: napr (j, k) = arctg (—]k) uk > 0;
Uk

Jj

i [
)uk<0napr(]k)—p?uk—Owk>0napr(]k)——% ul =0, w! <0

w;
napr(j, k) = pi + arctg (u
k

ITone nHanpaBiieHU# o03epa puc. 2 pacKpaiieHo.

-0.

z(m)

12.

15.

18.

21.
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Puc.2 . TTone muanii Toka. nx0 = 20,nz0 = nx0,nl = 7,n2 = 7,1l = nx0/2,lm = nx0
i1 . _ ]1 -1 M2 i
of} = alfaq k) = 2107 (=) |5 j1= 11 +1

g =4510"° (L=

n2nzo

K] .
) [;],] =1,..,nl+*nz+1
Temple yacTWIBI BOABI, MOJHUMAIOIIMECS BBEPX K IMOBEPXHOCTH O3€pa C HANpaBIICHHEM CKOPOCTH
. pi . o
napr(j, k) + 5 < pi/8 , IMEIOT HACHIIIEHHO KPacHBIN [BET. YaCTHIIBI BOJBI, TOJHIMAIOIIHECS MEHEE OTBECHO K

[IOBEPXHOCTH, HMEIOT CBETIIO-KPACHBIH [BET:
pi . pi| _pi . .
— = |napr(j, k) + —| > —, pi = 2 arcsin(1.0)
2 2 8
AHAJIOTUYHO, XOJOJHBIC YACTHIBI BOJbI, OMYCKAIOmMEcs 0oliee OTBECHO, OKPAIICHBI B TEMHO-CHHHI

I[BET: |napr(j, k) — %| < pi/8. Hactuupl ¢ 6oJiee MOJIOTUM OIyCKaHUEM UMEIOT OMPIO30BBIH LIBET:
i > |napr(j, k) —E| > pi/8
2 2

Kpome Toro, rpadgudeckuii Moaysb MPOrpaMMbl HCIOJB3YET HPUHLIUI LIBETOBOI'O OCPEIHEHUS. A MMEHHO,
orpezieseTcss 1IBET MaKCHMAaJbHOTO YKCJa JJIEMEHTOB, NONABUIMX B KBAJPaT CO CTOpoHOH 2 * [l + 1, koTopsIit
BeCh IporpaMMa OKpallMBaeT B TOT ke IBeT. B mporpamMme wucmonb3oBaHbl mapamerpel: nx0 = 20,nz0 =
nx0,nl =7,n2 =7,ll =nx0/2,lm = nx0.

AHaJIN3 YMCJIEHHOT0 peleHus

1)Kaxk Ha puc.] BUIHBI 1Be KpPYIHbIE KOHBEKTHBHBIC CTPYH, BBIXOAAIINE HAa MOBEPXHOCThH 03€pa B TOUKax x = 15 —
20M,x = 25 — 30M, tak u Ha puc.2. x = 15 — 20M, x = 25 — 30M. OO1acTH KOHBEKTHBHBIX CTPYH, rpaHUYAIINX
co cBOOOJHON IOBEPXHOCTbIO Ha puc.l M Ha pHC.2 TOJHOCTHIO MHOBTOPAIOT Apyr apyra. Kpome Toro,
MPOCTPAHCTBEHHO COBIAJIAIOT Je)OPMUpPOBaHHbIE 00NAaCTH TeMIepaTypHOro moiisi pwuc.l C BBIXOJIOM
KOHBEKTHBHBIX CTPYH M NOJS JMHUA TOKa puc.2 B HIDKHEH dacTu o3epa. Takum oOpa3om, yuCIEHHas cxema
(18") — (21") npaBUIIEHO OMUCHIBAET ITOJIE HATIPABJIEHUI CKOPOCTH.
2)CTpyKTypa pacKpameHHbIX 00J1acTel U MX B3aUMHOE PACIOJIOKEHNE COXPAHSIETCSl IPU YBEJIIMUEHUN YHCIIa Y3JI0B
cetku - uyucen nx0,nz0, T.e. cymecTByeT INpeles peleHHs C YBEIMYeHHEM 4YHCIa Y3J0B, Kak TpeOoBaHME
CXOJIMIMOCTH YHCIICHHOW CXEMBI.
3)Meron MenuaHHOW (PUIBTpAIMKA TMPUBOAUT K pejaKkcanud OOJBIIMX MO MOIYJI0 3HAUYEHUH TOPU30HTAIHLHOM
KOMITOHEHTBI CKOPOCTH.
Hllotpebyem nasi TOJISI HAMPABICHUN YC08UE C8AZHOCHMU KOHBEKMUGHOU cMpyu. DTO 3HAYUT, YTO MOXKHO
MOJHATHCS BIOJIb HETIPEPHIBHOM KPUBOHM OT JHA 03€pa IO ero MOBEPXHOCTH HCKIIOUUTEIHBHO 110 KOHBEKTHBHBIM
KpacHbIM ob6macTsiM puc.2. ITockonbKy BU3yaJIbHO OOHapy)KE€HbI KOHBEKTHBHBIE CTPYH Ha IOBEPXHOCTH 03€pa I0
BBIXO/ly Ta3a M OypJIEHHIO NOBEPXHOCTH, a TaKKe€ MHOTOKPAaTHO 3acThIBIIAs cepa Ha JAaTYUKE TEMIIepaTyphl, TO
ycnoeue CéA3ZHOCMU KOHEEKMUGHOU cmpyu SBISIETCS BIIOIHE €CTECTBEHHHIM. Ha puc.2 MBI BUAMM MOIIHYIO
KOHBEKTHBHYIO CTPYIO, HOJAHUMAIOIIYIOCS OT JHA JI0 MOBEpXHOCTH X = 25 — 30M. TakuM 00pa3oM, B YUCICHHOMN
mozemu (18") — (21") ycnosue céaznocmu KoneekmueHoi cmpyu Takxe BHITOJHEHO.
5) Ha puc.2 MBI BUAMM, 4TO CKOPOCTh YacTHIl BOJBI B cTpye X = 25 — 30M HampaBiieHa OTBECHO B BEpXHEH U
HIDKHEH y JIHA 4acTH o3epa. B CpelHIO 4acTh KOHBEKTHBHOW cTpyn Z = 15 — 20M, BEpOSITHO, BOBJIEKAETCS
XOJIOJTHBIM MOTOK BOJIbI, U3MEHSIONINN BEPTUKAIBHOE JBMIKEHUE YaCTHI] BOJbL. DKCIIEPUMEHTAIBHO OOHAPYKEHO,

410 Ha TyomHe Zz = 13M (X = 35M) ¢ MaKkCHMaJbHBIM I'PAJAMEHTOM TEMIEPATyphl Ha puc.l B 03epo MOMamaroT
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XOJIOJIHBIE TIPECHBIC BOJBI U BTATUBAIOTCS B CTPYIO, ABHTAACh YCTONUYMBO IO TOpSTEMY KHCIOTHOMY PacTBOpY B
HWOKHEHW 9acTH o3epa. VIMeHHO, 3TH BOIBI MOTYT CTaTh MPUYMHOHN JeNieHUs cTpyH Ha aBe. Kpome Toro, riayOuHa
OITYCKaHHS XOJIOJHBIX BOJ B IIPABOH YacTH o3epa puc.2 OoibIle, 4eM B JEBOH JacTh. B eBoi BepxHei yacTu puc.2
BUJIHA OTHOCHTENIFHO Temas o0JacTh, CBHUCAIOIAs C IOBEPXHOCTH, YTO COOTBETCTBYET YCTBIO pPydbsi C
TeMIepaTrypoi BOJIBI 40°C , BBIXOAALIEMY M3 O3epa. YKa3aHHbIE OCOOCHHOCTH TaKke COTNACylOTCS C
9KCIIEPUMEHTAILHBIMA TaHHBIMU.
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MATEMATHKA
YK 519.6 BbK 22.18 22.193

OB DOPEKTUBHOM NOUCKE BE3YCJOBHOI'O SKCTPEMYMA TJIAJKUX ®YHKIIMOHAJIOB B
KOHEYHOMEPHBIX 3AJTAYAX

ITactyxoB 10.®., [TactyxoB [1.®.
ITonoukuii rocy1apCTBEHHbBII YHUBEPCUTET

AnHoTanus: ITomyueHs! ycioBHs OBICTPON CXOJUMOCTH IPOCTOM UTEpallMi B KOHEYHOMEPHOW 3agaue Ha
AKCTPEMYM JUIsl (PYHKI[MOHAJIOB C TPETHHM MOPSAKOM IiiafkocTu. IlpuBeneHsl  (GopMysibl HEOOXOAMMOro YHcia
UTEpalid Ul JIOCTIDKEHUS 3aJaHHOil (HauOoJpliel) TOYHOCTH pelleHHMss | 3HadeHus  (QyHKIMOHAIA B
CTallMOHApHOM TOYkKe. Bo BTOpOil Teopeme BBIBeJECHA PAa3HOCTHAS WTEpAIlOHHAs (OPMyIa, paccMaTpHBAaIOIas
aIlIpUOPHO TJIAIKHEC (I)YHKLII/IOHEUILI, BO3MOXXHO HE HPEACTAaBUMBIC B BUJC KOMIIO3UIIUN 3JIECMCEHTAPHBIX (I)YHKHHP'I
ITokazaHa >KBHBaJICHTHOCTH nopsaaKka TOYHOCTH UTCPAIUOHHBIX (bOpMy.H B 00eux TCOpEMaAX, OIpCACiiCHa BECPXHAA
I'paHulla ONTHMAJIBLHOI'O IIara. HpI/IBG,ZleHBI IporpaMMbl U MPpUMEPLI, IMMOATBCPIKAAIOIINC 3(1)(1)6KTI/IBHOCTB METOAOB
JJIA TIOUCKA TOYCK 3KCTPEMYMA UM TOYCK IIEpeBajia.

KaioueBble ciioBa: FHa,I[KPII)'I q)YHKLlI/IOHaJ'I, CTpOroe AruaroHaJbHOC Hpeo6naz{aHHe QJICMCHTOB MaTpUILbI
T'ecce, neHTpanpHas pa3HOCTH IIEPBOTO MOPSIIKA, ONTUMAIBHBIN IIar HTEPAITHOHHON (OPMYIIBIL.

About efficient searching for of the unconditional extremum smooth function in certainly measured problem
Golubeva O.V., Ehilevskiy S.G., Pastuhov YU.F., Pastuhov D.F.
Polockiy state university

The Abstract: are Received condition to quick convergence iteration idle time in certainly measured
problem on extremum for function, having third order to smoothness. The Broughted formulas of the necessary
number iteration for achievement given most accuracy of the coordinates of the stationary point and importances of
the function in stationary point.In the second theorem is received iteration , considering a priori smooth to functions,
possible not presented in the manner of compositions elementary function. It Is Shown equivalence of the order to
accuracy molded in both theorem, is determined upper border of the optimum step.The Broughted programs and
examples, confirming efficiency of the methods for searching for point extremum and point of the mouting pass.
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The Keywords: Smooth function, diagonal prevalence of element matrixes Gesse, central first-order
difference, optimum step of iteration idle time.

Beenenne

B nanmoii paboTe paccMaTpuBaroTcs dPQPEKTHBHBIE METOIBI IMOMCKAa OE3YCIOBHOTO 3KCTPEMyMa TJIaJKUX
(YHKIMOHAIOB KOHEYHOTO YHCIIA IEPEMEHHBIX.

I'pajreHTHBIC METOBI MMOUCKA IKCTPEMYMa SBIISIOTCS O0Jee PACIPOCTPAHEHHBIMH B YHCICHHBIX METOJAX,
TaK Kak pCIICHHE MPUHAIIC)KUT IIUPOKOMY KiacCy HempepbiBHO auddepeHimpyemMbix ¢yHkiuid. OmHako,
rpagueHTHbIC METO/ABl HE MOCTaTOYHO O(P(EKTUBHBI C TOYKHA 3PEHUS] TOYHOCTH, MNPAKTUYCCKH HEBO3MOXKHO
HOJyYUTh TPATUCHTHBIMA METOJaMH PEIICHHE C JBOWHOI TOYHOCTBIO, Ha YTO W yKasbiBaeT B.M. Tuxomupos
[1,2,3]. Bo3MOXHO, OTOMY, YTO UTEPALIMOHHBIC TOUKH JIOKATCS MO Pa3HbIe CTOPOHBI OT CTAIIMOHAPHON TOUYKH, B TO
BpeMs Kak B (opMmylie KacaTenbHbIXx HBIOTOHa HTEpalMd HaXOIATCS 1O OJHY CTOpOHy. B maHHo# paGote
paccMaTpUBAlOTCA TPIXKIBI HENpepblBHO auddepeHnupyeMble (QyHKIMOHAIBI CO CTPOTUM JHaroHaJbHBIM
npeobnamanueM Matpuubl ['ecce. Ilpu 3THX YCIOBHAX MOXKHO HMOJNYYHTb PELICHHE ¢ OTHOCHUTEIBHOW TOYHOCTBHIO
10 (mBoitHo# TouHOCTBIO double ms umcen ¢ ruTaBaromel 3amsATOM) Bcero 3a 60 WTepalMii ¢ HAYATBHBIM
yaaneHHeM OT crandoHapHOod Touku Ha 100 exunmn. Hawubosee ObicTpble HTEpalrOHHBIE (GOpMYIBI yaaércs
NOCTPOUTH NP COBMEIIICHUH MaTpudHOro Metoaa HetoTona u metona 3eiinens [2].B marpuunom meroae HetoToHa
HYKHO BBIYHCIHTH N’ 3IEMEHTOB MATPUIB! SIKOOH, MOrPENIHOCTh JOTOTHUTEILHO YBEINUHBACTCS TIPH OTHICKAHMH
o0paTtHo# MaTpHIbl K MaTpuile SIkoou:
XML ym _(F'(Xm)jl* F(Xm): rae (F'(Xm))*l— MaTpuIla oopaTHas Kk MaTpuiie Slkoou. Merox 3eitens UCIOIb3yeT TOJIBKO
JMaroHaJbHBIE IIEMEHTHl Matpuubl Skodu, T.e. N ajgeMeHTOB. [l09TOMy NpH OXMHAKOBOM 4YHCIE WTEpaLli B
¢dopmyne 3eiinens - HploToHa MeHbIIE SJIEMEHTapHBIX Olepalnui, 4yem B MaTpuuHOil ¢opmyrne HbroToHa W,
CIIeIOBATEINIbHO, OIIHOKA OKPYTIICHHSI.

OTMeTHM, YTO KJIacC TPYKABI (Kak M OECKOHEYHOE 4YHCIO pa3) AuddepeHuupyeMbix QyHKIMA HE TaK YXK
oenmen. Hanpumep, moka3aTtenbHble (YHKIUH, MOJHHOMBI MPOU3BOJBHOW CTENECHH HECKOJBKUX IMEPEMEHHBIX,
TpuroHomerpuueckue QyHxiuu sin(x),cos(x)(a, cienoBarensHO, JH060e NPUOIIKEHHE HENPepbIBHONH (GYHKIHH

KOHEYHBIM YHUCIIOM ClIaraeMbIX psinga Oypbe) sBIIOTCS OECKOHETHO TU(PepeHINPYEMBIMU (PYHKITHSIMH.

Omnpenenenne 1. Cpenm OBYX METONOB, NAIOMIMX pEIICHHE 3aMa4d C OJUHAKOBHIMH HadaJIbHBIMH
YCIIOBHSMH, HA30BEM Oosee Ipghekmusnvim Metoqn, oOmajaromuii  Ooiblield TOWYHOCTHIO. [Ipm ommHaKOBOH
JIOCTUTHYTOW TOYHOCTH PEIICHUS HA30BEM 0o/iee Ighpekmuenvim METOH C MEHBIINM YHCIOM 3JIEMEHTapHBIX
apu(PMETHYCCKUX OTEepaIuii (CII0KCHHEM, BHIYUTAHHEM, YMHOXCHUEM, JICIICHUEM ).

IMocranoBKa 3a1a4n
Mycts B R"3anana otkpeitas o6macts A R", Bektop X = {Xl, Xy peeny Xn}e A. Paccmotpum 3amady Ha
GE€3yCIOBHBIN JKCTPEMYM JOCTATOYHO TIAAKOr0 (GyHKIMOHana f :R" —» R, a HMEHHO MHOXECTBO (DYHKIIMOHAJIOB

TPWXKABI HEMpepblBHO auddepeHInpyeMbIX B OTKPBHITOW oOmacTu A,T.e. WMEIONINX HENPEePHIBHBIC YaCTHBIC
MPOU3BOJHBIE 0 3 — IO MOpsiAKa BKIIOUUTENBHO[1].

f (X, Xy, X,) — EXIF
f(x) eC*(A)
Jl1st moncka 3KCTpeMajbHBIX Touek 3aaadu (1) MOXHO HMCMONb30BaTh 2 moaxoaa. IlepBolii 3akirodaeTcs B

IpSIMOM  MCCIIEZIOBAHUM OCHOBHOTO (DYHKIMOHAlIA, HAlpuUMep, TpaJueHTHbIMH MeTojamu. Jlpyroit moxxon
3aKJIF0YAETCS B HCIOJIB30BAHNN HEOOXOAUMBIX YCIOBHUH AKCTpeMyMa (pYHKITUH HECKOJIBKUX NepeMeHHbIX[1]:

f o (X Xo s X, ) = B (X, Xg e X, ) = 0

1)

f o (X, X000 X, ) = Fp (%0, X e, X, ) =0

@)
o (X Xg0ee, X)) = FL (X, X400, X,) =0
e X = (X, Xy, X, ) € AC R" - CTALMOHAPHAs TOUKA, T.¢. PEIICHHE CHCTEMbl ypaBHCHHIA (2).
OGozmaanm i = 1,n  KOOpJAMHATY WTEPAlMOHHOHW TOYKH, y KOTOPOM HIDKHHN  WMHIEKC i (HOMED

KoopauHaThl) u ¢ Homepom urepauu M=0,12,... (Bepxuuii wuunekc). Bynem pemars cucremy ypaBHeHui (2)
YHCJIEHHO METOAOM NPOCTON uTeparun|2].
Merton 3eiigens 1t CHCTEMBI YpaBHEHUN 3aJaHHBIX B HESIBHOM Buje:[2]:
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®)

m+1 ,m+1 m+l ,m+1)_
F (x1 Xo ey Xpg s Xn )_0
To ectp wmcxomHas cuctema (2) CBOOUTCS K IIOCIIEAOBAaTEIBFHOMY pelieHnto N ypaBHeHHit cuctemsl (3),

KaXKJI0€ M3 KOTOPBIX Fi(xlm*l,xgn*l,,,_,xim*l,,_,,xr:“)z0,i =1,n npeicTapiseT ypaBHEHHE C OJHOM HEU3BECTHOM

Xi””1 MIEPEMEHHOM, a BCE OCTAJIbHBIE TIEPEMEHHBIE ITPU (PUKCHPOBAHHON CTPOKE OCTAIOTCS ‘3aMOPOXKECHHBIMHU, T.€.

nocrostHHbIME. CoBMelnast sBHyo ¢opmyiny 3eiizens u  (opmyny kacarenbHbIX HboTOHa 11 OTBICKaHMS | - OH
NEepPEMEHHOM, MOXKHO HCIIOJIb30BATh |- O¢ ypaBHEHHE C OIHOM HEHU3BECTHOM NEPEeMEHHOI:

Xm+1:Xm— FI]_(X]r_nﬂxyaerT) ,
lel(xlm,x;“,...,x;“)

Xm+l: m F(Xm+l’ > --1X|T)
TR 00X X])

1 1 1
m+1 —ym F(Xm+ m+ yere X|mI ) Im’ X )

i i m+1 m+l m+1l ,m
le (X 1---1Xi,1 ,X' ,...,Xn)

m+l m+1 m+1l ,m+ m+1
m+l _ m _ F(X yee 'Xi—l’xi nllx )
n 7 %n m+1 m+l m+l |, m+l m+1
(x ooy Xitg s X X X

O6o3HaunM BeKTOp (HEBS3KY, NOTPEIMHOCTE) X" = (5x1m,5x2m,___,5xnm): (le — X711 X — Xj,..., X" — ;)-

n
Pa3HOCTh MEXAY MTEPAIMOHHONW Toukoi X" Ha Imare urepanuu ¢ HOMepoM [N M CTAallMOHAPHOM TOYKOM X,
aHAJIOTUYHO:
&M (5X1m+1 5X2m+1,...,5xnm+l) ( ML Xy, X — Xy e, X — xn) HEBS3Ka UTEPAIUH HA [IATE UTEPAIMH C HOMEPOM

m+1.
TIycTh cHCTEMa MTEPAIlMOHHBIX ypaBHEHHIA (4) MeeT MpeiebHYI0 TOUKY X ,B Uiy (2) 1 (4), moTydum :

lim X" = 1im X" = X, < f, (X, %, %,) =0,.. . lim X" = lim X" = x, < f, (X, X0 X,) =0
m—o m—o0 m—0 " (5)
fxlxl(xl,xz,...,xn) #0,i=1n

=X X =X =X

BbruteM u3 mpaBoii M M3 NEBOH yacTh (4) KaXIOTO i- ro ypaBHeHUs X; KM= X"

Kpome TOro, apryMeHThl HacTHbIX MPOU3BOAHBIX f , f ¢ mopsakaMum Mm+1BbIpa3uM 4epe3 HEBA3KH X,
i

§X m+1.

m+l

X=X+ XX =X, + X k=1n
m m v m
K= le(xi+§xl ,xi+§x2 ,...,XL+5Xn)
m m my '’
o (X Xy + 3K, X+ OKy)
ST sy f (X + X", ;+5x?,... X, +X™)
X, X —
2 L]
X2Xz(x F XXy + KT e X+ XT)
(6)
v m+l m+1 m+1 v m
S = ém_ f (% + K x7+5x x,1+§x,1,x7+6x,, xl+5xn)
o, O+ X, +5xm*1, X+ XX+ X X+ KT
m+l m+1 m+l m
5m+1 6”‘— f (x + | xi+5x peony Xy F X0 X, +OX)
o O X Xy K Xy X X+ KT
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CucTeMa UTepallMOHHBIX T10CIIEI0BATEILHOCTEH (4) CXOIUTCS K CTAIMOHAPHOI TOUKE X €CIIM U TOJIBKO ECiIH
> H m+1 H m T
HEBS3KH B CHCTEME UTEPAIMOHHBIX YpaBHEHHMHA (6) CXOIATCA K HYIIO |im &M =lim " =0,i=1,n. To ects

m—oo m—oo
CUCTeMBI ypaBHeHNUH (4) 1 (6)9KBUBAICHTHEI.

m+1

Omnpenenenue 2. I'oBopst[2], 9T0 YKCIIOBast UTEPALMOHHAS ITOCIEIOBATEIHHOCTD X CXOIUTCS K IPENEeIbHON

m+1

TOYKE X C TOPSAIKOM CKOPOCTH ), eciit 3 C, p>0:lim Sup‘i <C
m—o| puo ‘5Xm‘p

CxoauMoOCTh MeToAa
Teopema 1. (ycroBust cXoguMocTu urepanuu (6)).

[yctsb oTkpwiTas o6macts A R" comepsxut HavanbHyro HTepammio (xf, X3 ey X2 )e AW CTalMOHAPHYIO
TOUKYy X = (Z,xj, ,__,,Yn)e A(pemenue cuctembl ypasHenuit (2)). @ynkmms f :R" — R konewnoro wmema n
TnepeMeHHBIX:
1)Tpwiast Henpepsisro muddepermmpyema T (X) € C3(A)
2) TlycTs MaTpHIA BTOPBIX YACTHBIX IPO3BOHBIX (MaTpHIta ['ecce) ¢ aneMeHTaMu H, | = f.' (X)

o0amaeT CTpOTrMM JHAarOHANBHBIM Ipeo0IajaHueM:

o, ()] > Z o, (0, Vi=1nvxe A
=L j#i
> [ )
j=1, j=i

O003HaYUM g; =sup <li= ﬁ B CHJIY AMAarOHaJILHOTO Mpeo0IaiaHus

xeA

o, ()]
OGosnaunm = max g, <1
i=Ln

Torma cuctema ypaBHeHHi (6) CXOAMUTCSA K €AMHCTBEHHOH CTallMOHapHOW Touke(S), Mo KpaiiHei mepe,
nepBLIM nopsaakoM ckopoctu (C =, p =1) ¥ UMEET MECTO OLEHKA IIOTPEIIHOCTH II0CE€ M UTepaluii:

0|m m
L @rq)ocla” @+ 2
1-q (1-q)

urepamuamu X°, x5, k° = (xf =X, X0 = Xy, X° _Xi)

n

- pacCTodHUEC MEKIY HadaJIbHBIMH

-

xm—x‘ ly » FHC|O=‘X1—XO

Joka3aTejibCTBO NPOBEAEM MO HHAYKUMHU (I0CTATOYHOCTD).
Pa3noxxum mocie1oBaTeNbHO MEPBYIO YaCTHYIO IIPOU3BOAHYIO

o (X + KX + ™ Xy + KX+ 0K X, + KT, =10, BXOJSIILYIO B KaXI0€ ypaBHeHue cuctemb (6)
B paz Teilopa ¢ HEHTPOM B CTAIIHOHAPHOM TOYKE, I IEPBOTO YPABHEHHS HMEEM:
Di=1:
.  —_—— — . - 2 no. - 2
O XD X0) = Ty (K K %)+ D (XIOKT + o[\gxm\ ) =1, (0K + o(\axm\ jB cuny
= =y

, Vj=1n,vYym=012,.... @)

dhopmysr (5). ['ne ‘5)(”“‘ = max
j=1n

5XT

5x}"‘ < ‘5xm

B cmny ycnoswii (5),(6),(7) u ycnoBus 1) TeopeMsl peoOpaszyemM, ApoOs B IpaBOW YacTH MEPBOro ypaBHEHUs (6)
N 2. = 2
f,. (x)+ 2 Fa, (0T +O(‘5xm‘ ]
=1

e m m v m
S = s o (X + K, X, + 3K, X+ X) s _ N N _
' ' L (X O Xy + K, X+ OKT)

Fro, (X + X X, + OKJ' o, X, + KT

X' — ] =
4 = — —
fr X+ X X, + X, X + KT

1, (O +0[laer | o
= m 1

X, — ——— = — _
fr X+ X Xy + X, X + KT
fex, (X0 Xp000 X5)

(B cuy ycrosust 1) reopemsi) f (x) € C3(A):
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D f (0K
= — O&
f (X F X Xy + XKy ey Xy +X)

n

N

D o (X X X )T
1+
fxixl(xllxzi“"xn)

Z oo, (S Z oo, (S
- = =& — &' — + (|5x | )
(X +5x1 Xy + X, X, + XT) (X +5x1 Xy + X X, + XT)

><1X1 >(1 Xy

m 2] =8 - X +OO5X”‘

).

> o (KT
S — j=2 J m|2
K +OU5X ‘)
fx, (X + K X, + Ky, X, + KL

OueHnM TOCIEIHEe BBIPAKECHHE IO MOXIYNIO (B CIEAyIOLIeHl OICHKE HCIIONB30BAaHO HEPaBCHCTBO
TPEYTOJFHUKA TSI MOIYJISl CYMMBI BEJTMUMH U HEpaBeHCTBO (7)):
2)

fox
L — +O(‘§xm2)s
fr O+ X X + KTy X, + K

Hcnonp3ys ycnoBue 2) Teopemsl 1:
j=Lj#1

2 2 2
<[ox"la, +ofjax"[* ) <ol + of o ) <Jo |+ oo (8)

3) Hcnone3ys pasznokeHue B psa Teinopa, mpeoOpasyem mnpou3BoibHoe | —e ypaBHeHuwe cuctembl (6) B
OKPECTHOCTH CTAllUOHAPHON TOUKH.

fo, )

+O(‘§xm

‘éxl”‘*l <

"y m m
frn (X + K, X, +0K5

fo, 0=, (X e A,

— = . =
fox, (% + X X+ X,

m+1
‘éxl

m+1 ‘5Xm

1, Ttorma moBTOpSS

[lo wWHOyKUMM TOPEeAnojoXKUM BBIIOJIHEHUE HEPaBEHCTB ‘5x

npeoGpasoBaHie ¢ | —M ypaBHEHHEM CHCTEMBI:
i-1 n
Crymil  ml m m "y v v L m+1 Ay m m|2
F O X X0 = Ok X %) D T (ST 4D £ (X)0K] +OO§X ‘ =
=1 j=i

i-1

‘ frx J(x)5xm*1 Z (x)5x +O(‘5x U

m+l

f'(;+§xm*1, ,x,1+6x,1,x,+5x X XM

6 m+1 6 m__ - - N —
(x O Xy XX A K, X+ KT
-1 _ n . _
Z ., 00 +Z oy (X)X +OU5X’“‘2J
__ =% - _ 2l _
o, (X + X X 1+5x,m§1,xI + X", X, + XT) o (X XX+ K

fx;xi (Xl’X_27""Xn
i-1 _ N, -
D fx"ixj (K + > o, ()]
= L +0fjo
(x F X X X

m ZJZ _ % +0f o
f(xx (X)5Xm+l +Z fx(>3(x (X)5X

X

).

J:l

f, (Xl,Xz, 5 %y)

i B oo i-1 R
Do KT+ D, ()T D QKT + Z o (KT
_ J=l ! =+ ' = &M — J=l K j=i+l ! +O(‘5Xm‘2)
o (X AL X+ KT ' o (X O+ KT

COKpamaﬂ MIPOMEKYTOYHBIE 3aMTUCH, TTOJTYUHM:
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i-1 n

Fo, QO™+ D7 ()]

XM — X" = — k" — j=1 - L +OO5X"“2] Jm:
(x1+5x yeeny Xy +OX)
i—
Z f, " (x)5xm+1 + Z f, N (x)5x
2
P - i +0[Jax j (©)
(x1+5x oo X+ X™)

YuutsiBasg UHAYKTUBHOE IPEIIIOIO0KEHUE ‘5xL“*l g‘é‘xm =1,1-1, noxy4yum:

Haxm“  (0)oc o (1)
< s o . o(5xm 2) < i i +o(\5xm 2]
f (x + 0K, ,xn+5xn) f (x FK e X, K]
| < ‘5x”“q. <|ox"|q <|ox"| (10)
WHAYKTHBHO JOKAa3aHo, 4TO ‘é‘x””1 ‘6x”“q < ‘5Xm‘npu k =i, mosTomy B CHJIy IOKa3aHHOTO MO MHAYKLIUH
BEPHO
37 <[ex™|a < ™Y = max o, S <[oxm|q <|ox™-

Taxum 06pa3oM, CXOJUMOCTh CUCTEM UTepaLuii (4) 1 (6) MpH BHIIOIHEHUH YCIOBUI TEOPEMBI JI0Ka3aHa.
OlieHUM MOTPEUTHOCTh METOA.
HyCTL ‘5Xm+1 < ‘5Xm < ‘5mel

m+l

q

)(.0 — )(i ‘ Ha4daJIbHOC ap HOIMKEHHE CTaL[PIOHapHOP‘I TOYKH, HavajlbHasa TOYKa

Q<. g‘&xl "< ‘5X0

-0, (11)

5x = max

i=Ln

rae ‘5x°‘ = max

i=Ln

x° = (xf, x2 ooy X,?)e A. TlepBvIif TOPSIIOK CKOPOCTH CXOAUMOCTH cienyeT u3 ¢opmynsl (11) n onpenencHus 2

(C=q,p=1).

X
m+1 m
X X
Puc.1
Ha mnpaktuke uW3BECTHbI HE BEJIMYMHBI ‘5 m-1 ‘é‘x , @ PAacCTOSIHMUS MEXAY MOoCIeq0BaTeIbHBIMU
urepamusamu X, xm (puc.1). M3 HepaBeHCTBa TPEYrONIBHUKA HOTYYHM:

xm*l—>_<—(xm —x]:‘éx””l—éxm <(1+ q)‘&xm‘,

< ‘5xm‘ + ‘5Xm+l

‘5Xm‘ _ ‘Xm+l _ Xm‘ _

YUHUTHIBasl JOKa3aHHOE HEPABEHCTBO ‘é'xm*l < q‘é‘xm‘ Y MCIIOJIB3YSl HEPABEHCTBO TPEYrOJbHUKA, MOIydnM rocie M

UTEepaLun:
‘Xm _;‘ < ‘Xm XM+t +‘Xm+1 xM+2 ‘Xm+2 —x™3 +‘Xm+n _xmn+d +‘Xm+n+1 ™| o
= i X —x m‘ +(1+ q)‘&xm+1 +(1+ q)‘&x”’+2 +..=(1+ q)(‘ "+ ‘6xr”*l + ‘§xm*2 +.)<
<@+ q)\ax"\qmid _ @rapld”
i-0 1-q

0 , 3aIlIUIIEM HEPABCHCTBO TPCYTOJIbHUKA C H30BITKOM H C HEAOCTATKOM, OJYUUM:

a- q)|5x°| = |5x°| - |5x1| <l,= |xl - x°| < |5x°| + |5x1| =1+ q)|5x°| .

OKOHYATEJILHO OLICHKa HOrpeHIHOCTH(HeBﬂ3KH) HNMECT BU:
~ ;‘ . 1+ q)\éx"\q L (1+9)q", " 12)
-9~ (-af

‘5x"“ = ‘xm
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3ameuanue 1 (He00X0AUMOCTD). YCIIOBHE 2) - CTPOTOTO JUATOHAIBHOTO Mpeodiamanus MaTpuibl ['ecce sBIsETCS
TaKKe U HEOOXOTMMBIM YCIIOBHEM cXoaumocTH. JloctaTouno mpusectd | mpumep ¢ yernosuem (> 1, B kotopom
utepauus (6) pacXogurTcs:

2 2 vV
f (X, %)= X7+ X,° +3%X, , f,, (X%, )= 2%, +3%,, f, (X,,X,)=2X, +3x, . CraumonapHas Touxa (xl, xz): (0,0).

fxlxl (;1’;2): szXz (;1,;2): 2, fxixz (;1')(72): fxle (;1.;2): 3,q= 2 >1

Cornacuo(9): ( )5

ma fXlxz X X, X B

B == fr (x_1+5§(1'“ ,zx_z-icix2 )+005X ‘ j - _55)(2 o = %5X1m_l +OU‘SXm‘2)
— — <~

e X, X X" m 3 mel _ g m- ( m 2)
e B of) B (o ol
o= S+ OU&X ) | = o+ 0f o)

Mm=246,.. 4 Mm=246,..

a3l +ofacf ) | = JJaxe 2|+ ofjax~ )

OTKyaa BHUJHO, YTO BO BCEX UYETHBIX M HEUETHBIX HTEpAIMsIX HEBsS3Ka pPacTéT, a WTEPAalMOHHAS TOYKa
YAAJSIeTCS OT CTAI[HOHAPHON TOUKH.
3ameuanue 2. @opmyna (9) BBHIIONHAETCS JTOKAIBHO, T.€. ycIOBUS T.l1 JOMKHBI BBITIOMHATHCS OOSI3aTENILHO B

o o n
OKPECTHOCTHU CTAlTMOHAPHOU TOYKH. Taxk xax yciaoBus T.1 BEIIOIHSIOTCS aOCONIOTHO BO BCel 001acTH A (@ R , TO

OHH BBITIOJIHEHBI U JIOKAJIbHO B TOUKE (x Xgyyee ,xin)e A.

m+1

3ameuanue 3. Ecnu urepauus mst HeBs3ku  3apaéres Gpopmyinoit X = AX™ - ananorom dopmyist (9), rae A

JMHEHHbIA oneparop, W A- CKHMalollee OTOOpaXkeHue, T.e. ‘é‘xm*l

< q‘é‘xm‘ < ‘5xm‘ (ato  obecrieunBaeTcst

ycnoBusaMu 2) T.1) , To mo TeopemMe O HEMOJBIDKHOW TOYKE B METPUUYECKHX INPOCTpaHCTBax[4] cxumaromiee
oToOpakeHHEe HMeeT eAMHCTBEHHOE pelleHHe. TakuM o0pa3oM, €IMHCTBEHHOCTh M CYIECTBOBAHHE pPELICHUS
nutepanuu(6) g0Ka3aHa.

3ameuanue 4. CxomuMOCTh (6)BBIIONHAECTCA NPH Pa3HBIX 3HAYEHHAX ( <1i=1n. Ecmu mo BceM mepeMeHHBIM

_ 2 f
. X
I =1,n B urepanuu (6) HeqMArOHATBHBIE DIIEMEHTHI MaTpHILl ['ecca A =

OX;0X;

0,]j, 1_ J # 1. B aTOM ciiyuae

CKOPOCTb CXOAUMOCTH (6) HEC JII/IHCfIH&?[, a KBaJpaTu4Has.
3ameuanmue 5. OTMCTI/IM, 4YTO C IIOMOIIBIO HCpBOﬁ n BTOpOﬁ TEOPEM MOKHO HAXOAUTHb HC TOJBKO MHUHUMYMbI U
MAaKCUMYMbI, HO U IPYTrU€ CTAllUOHAPHBIC TOYKHU, B TOM YHCJIC U CCJIOBBIC TOYKU B MATPUYHBIX UT'paX. HaHpHMep,

2 2 T
(% %) = %" —%,",(%,%,) =(0,0).

B xadecTBe mpuMepa 3a7aud Ha IKCTPEMYM, PEIIEHHON YUCIEHHO, paccMoTpum[ 1]:
f (X0, Xy, Xg) = X2+ X5 + X5 — X X, + X, — 2X; —> xtr .

Bammem rpaauent u Matpuity 'ecce mst dyaxmmn T (X, X,, X;3) :

VI (X, Xg, Xs) = (2% — X, +1, 2X, — %,,2%, —2).

- |2 =10
2
H, (X, X,, %) = m =|-1 2 0|. YcnoBus TeopeMbl | BBIOTHEHHI:
i, j\7 1 29 A3
OX;OX; 0 0 2

‘Hm‘:2>‘H1,2‘+‘H1,3‘:1+0:1,q1 :%<1

‘Hz,z‘=2>‘H2’1‘+‘H2’3‘=1+0:1,q2 =;<1,

N

Hys| =2>[H;y|+[H;,|=0+0=0.0,=0<1q= max{% %,0}:

3anwmmem uteparuio o popmye (6):
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mid _ om (2x{“—x§‘+l)
X=X - ,
2
1
m+l _ ,m (ZX;T]_X;{TH)
X=X
2
2x3 -2
Xg =y - 32 =1

In 6X0(1+q]
"facila-e

Inq Inl/q

X >'”{5|X:[(1112)2N '{a’(@lm »

Inq Inl/q

U3 (12) nHeobxoaumoe uucio urepauuit N > (13)

5x°‘ =102, moTy4nM HEOGXOIUMOE YHCIIO N = In(lO” * 3y = 58 uTepanuii.

m| _ —15
BLI6epeM‘5X ‘ =107, 2

CocTaBUM Ha SI3BIKE C nporpamMmmy:
#include<stdio.h>

#include<math.h>

double fx1(double x1,double x2, double x3);
double fx2(double x1,double x2, double x3);
double fx3(double x1, double x2, double x3);
double fxx1(double x1, double x2, double x3);
double fxx2(double x1,double x2, double x3);
double fxx3(double x1, double x2, double x3);

int main()

{

intn,i;

double x1,x2,x3;
n=60;
x1=-100.0;
x2=100.0;
x3=100.0;
for(i=1;i<=n ;i++)
{

x1=x1-fx1(x1,x2,x3)/fxx1(x1,%2,x3);
x2=x2-fx2(x1,x2,x3)/fxx2(x1,x2,x3);
x3=x3-fx3(x1,x2,x3)/fxx3(x1,x2,x3);

printf("x%:%.16If,x2=%.16|f,x3=%.16If,extr=%.16If\n",xl,x2,x3,xl*x1+x2*x2+x3*x3-xl*x2+x1-2.0*x3);

3ouble fx1(double x1,double x2,double x3)

return 2.0*x1-x2+1.0;

}double fx2(double x1,double x2, double x3)

¢ return 2.0*x2-x1;

3ouble fx3(double x1,double x2,double x3)

¢ return 2.0*x3-2.0;

éouble fxx1(double x1, double x2, double x3)

return 2.0;

by
double fxx2(double x1,double x2,double x3)
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return 2.0;

}
double fxx3(double x1,double x2,double x3)
{

return 2.0;

}

[Iporpamma Bo3BpamaeT pemeHue 3a1a4y 1 3HaueHne GpyHKInoHana:
X, = —0.6666666666666666, X, = 0.3333333333333333, x, =1.0000000000000000

extr = —1.3333333333333330. Matpuua ['ecce NOJI0KUTENBHO ONIPENETICHA U, CIEN0BATENBHO, TOHKe} — (_ E E 1)

JIOKAJIbHBII MUHUMYM (DyHKIHH.

TouHOE pemeHne ecTb: x, — _2 X, = 1

M 1\ ’

3 3

PaccmorpuM paszHOCTHYIO (hopMyITy, HOITy4eHHYIO U3 (6), B KOTOPOH IepBasi IpOU3BOAHAS 3aMEHEHA [IEHTPAIEHON
Pa3HOCTBIO C maroM h/2:

Teopema 2. IIycTb BHIIONHEHO YCIOBUE CTPOrOr0 AUATOHAJIBHOIO Mpeobnananus MaTpuusl Iecce (Kak U B
. 6
nepsoit  Teopeme), a ¢ynkuponan f(X) e C°(A)umeer rnagkoctb He XyKe LIECTOro mopsaka. Toraa

2
uTepanroHHble (opMyisl (6) u (16) cpaBHHUMBI IO TOYHOCTH CO BTOPBIM IIOPSIKOM O(hz)zOO§Xm‘ ), T.€.

UTEpalMoOHHAas TOCJIEAOBATEIbHOCTh TOYEK CXOAMTCS K €IMHCTBEHHOM cTannoHapHOM Touke. OleHKa BepxHEH
TPaHHIIBI T ONTHMAaNbHOTO mara h™ onpesensercs Gpopmynamu:

24019 (x)t, (x)

x "(il | [20ff)(i)fxi“)(i)—3fx(f”(§)f*'; (;)]

IlOKa3aTeJ'lBCTBO:

Pasnoxum B psia Telnopa uucauTens U 3Hamenarens Gpopmyi (6) , o6ozHaunm X" = (le peeey X )Z

2 3 4 °
f()(lm’__,xim ig Ximj _ f(Xm)ig f (Xm)+% f (Xm)i% fx(l3)(xm)+% fxf4)(xm)iﬁ fx(|5)()(m)
m m h m m m m
f[xl yooy K +E,...,Xn )_ f(xl ooy K _2""’an h2 h4
=1, ("} 2 £ O+ —— £8(x" }+ Ofn

h 24 1920 *
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f(le,...,Ximih,...,XrT): f(Xm)i thI (Xm)+hz2 fxl (Xm)ih; fx(i3)(xm)+2; fx(i4)(xm)i1|;50 fx(iS)(Xm) 7hzo f(G)(Xm)
f(xlm, X" +h, ,x;“)+f(xlm,...r,]i<im—h, ,X,T) 2f(X1m,X;n,---:X;n) fx.(m) ;‘;fm( ) ?E)fx(is)(xm)Jro(hG)
f(xm+h X ey X —f(x"‘—h X ey X
1o R N AR hz)
le+1:X1m_ m m m h '
FO 0, X3, X7 )+ F (X :ZXZ, )= 2f(x1,x2, %) O(hz)
f[x{“,...,x{“Jrh, .\ nj—f(xl, ,xlm—h,...,X;“j
2 2 +O(h2)
X‘m+l:X_m_ h
QL o e ey o
f(x{”,x;“,...,x;“ +h)— f(x{“,x?,...,xnm - hj
2 hZ)
Xm+1=Xm_ h
" " f(xl”‘,x;”,...,x;”+h)+f(x{”,x;“,...,x;“—h) 2f(xl,x2, ,X) O(hz)
h? (15)
OTkyna BUIHO, 4TO (6) oTnmuaercs ot (15) ¢ TOYHOCTHIO O(hz). 3amennm hua X" —x"|=h", raeh"

abCOJIIOTHAST PAa3HOCTH i - Ol KOOPIMHATBI MEKIY COCCIHUMH UTePalisiMU ¢ HoMepamu M, M+1.

Ho [0k"|(1—q) =[o"| =[x < %™ = x| < ‘5xim‘+‘§xim” =|ox"|(@+q)
e ) Xim+1_xim ) le+1_ X
o a g g OB

[To ompenenenuto cumponuku “O”0onbmoe (b. I1. lemunoBuu - COOpHUK 3aiad M YIPaKHEHUH 110
MaTeMaTHYEeCKOMY aHaJIHu3y):

3amuce @(X) = O(l//(x)) mpu X € X 0O3Ha4aer, 4To CYIIeCTBYET MOCTOsIHHAsT A > 0 Takasl, 4To:

‘(D(X)‘ < A‘l//(X)‘ st X e X
JI151 IMCKPETHOTO BapHaHTa 3a1aHus (yHKIMH aHAJOTMYHO MBI MOYKEM 3aITHCATh:

O = O(l//m) npu M=0,1,2,..., eciu cymecTByeT MocTOsHHAs A , 4TO
‘(Pm‘ < A‘(//m‘ ws m=012,...

Hockonbky i Benmuun N, 1 OX; panbiie mosnydero HepaBenctso 0 < h™ < ", T.e. cymectByer

nocrosiHHas A =1+ (, Takas 4to: h" < &éXim ,

h =0(, )i=1n.

CrietoBaTeIbHO,

< 1h' ,¥m=0.12,... . Torma & =0O(h,),i=1n ¢ nocrosuuoit A=———.
-q

. 1
C npyro#i CTOpPOHBI,
1-q

m
i

Mmeem O(h?)=0(0(5% )*O(5, )) = 0(0(sx? )) = O[5 )
MBI UCTIONIB30BaIN 2 U3BECTHBIX CBOMCTBA CUMBOJIUKK O 0OJIBILIOE:

o(x")o(x")=0(x""}o(O(f (x)))=O( f (x))

AHAJIOTHYHO, [OJIyYaeM, 4TO O(é‘xi2 ) =0(0(h)*O(h )) = O(O(hi2 )) = O(hi2 ) .
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Tostomy s modoro m=0,12,.. O(( )) de ‘ j u cucreMbl ypaBHeHui (6) u (15) cnpaseniuebl

OJTHOBPEMEHHO CO BTOPBIM MHOPSAKOM TOYHOCTH. Ecimu B Teopeme 2 BBINOJHEHBI YCJIOBHS Teopemsl 1, ToO
CYIIECTBYET €IMHCTBEHHOE perieHue urepamuu (15), cxopsmieecs K PELIEHUIO CUCTEMbI(2), YMCIO HWTEpaIui
orpezensercs, 1o — npexuHemy, popmynamu(13),(14). Teopema 2 noka3zaHna.

Kpowme toro, cucremy ypaBHenwuii (15) yno6Hee npeodpaszosatsb k popme(16). Ha nepsbriii B3rmsia, Gopmyisl
(16) or mara h™ He 3aBucAT. JleHCTBUTENIBHO, YHCIUTENb U 3HAMEHATENb APOOU MPAMO MPONOPLHOHAILHBI B

2 o
IEpBOM HpI/I6HI/I>K6HI/II/I( im)ZI/I COKpAIIalTCI Ha (him) . [losToMy 111 MOMCKAa ONTHMAJIBHOTO Iara € JIydInei

TOYHOCTBIO YEM O(him)2 HYXHO Y4ECTb WICHBI O0JIee BEICOKOTO MOPSIIKA.

m+1 m m m (16)
% X —h f(xlm ..... X" +h",..., x;“)+ f(xlm ..... x"—h",..., x:‘)—Zf(xlm X3 ey X )+O((hl )2)
f(xm Xy xm+h':nJ f(xm X3 yerey XI1 rr‘nJ
1 2 yery n 7 - 1189 4y n —7 ,
mil o mpm m
X=X F O X X+ ) (X XD X =B )= 26 (X, X0, xQ‘)Jro((”))

LRI  RERY

no BT o x 1920 *

| bt 1), b 10) g,
Xi_fx;<xm>+(hi“>2f(»(xm)Jhi"”)“ ofeolie]) e e o)

! 360

. S

Xi

+<hm>4[144(f“’<m>j gt Ol ohepl

1920f x") 360f ) 288f (xm) £ (x")

B mocnenHeM pasnoXKEHWH HUCHONB3yeTcs (opmyna Z a)k A i1 €€ NPUMEHHMOCTH JOCTAaTOYHO
1+a
1|y (o)
) . @ (ym (6 (18)
‘a‘<ZL2 da\ 7—” B f. (X )+ 360 f,(x (

1
fx(xm‘

f(4)(xm]+ 1 (hm

W_mjsﬁof e 1<1

(O cofemy, O oy 2 O0F
o W) g NS e 22

X
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(4)( ] ( }
O6o3HaUnM A — = , TIOCJIeTHEE HEPABEHCTBO MEPEHIET B
f X" f X"

Ay +By?—1<0,y >0, pemas 1Ba HepaBeHCTBA, OLCHAM MPHOMIKEHHO BEPXHIOK IPAHUILY IIAra HTEPAIlHH
~ A+ A 4B _ 4B _ 2 _2 _1_ i (x") (19)
2B 2B[VA 4B +A) JA1aB+A 2A A [OK"]
UYrobsr hopmyna(l7) nmena TOYHOCTH O((him )6) HE00X0anMoO:
fx‘f)(xm) ZfX(i‘”(xm)
e f(e) -t )
| 1 fx(i‘”(xm) ‘ fx‘f”(xm) fx(f)(xm) ff’(xm) f‘l“’(x”‘)
[ ] “80f, (") 15 (x‘”)+12f (x) £, (x)
240(fx(.3)(xm)fxl: (Xm) f(4)(xm f (Xm)) (20)

16101 () 20191 k)30 )1 (x7) 40 fxl(xmf)f&ﬁ:gxm))z

0<y<

i=1n.
YuuteiBas cucteMy ypaBHEeHuUi (2) f'l (Xm)z fx'l (}): 0, ynpoctuM (20):

v 24019 (x" )t (x") 2400 (x) (x) - )
) _(201“3)( MO x") -3t (") (x") )| 2082 (x)f, 4 (x)-3£.2(x)f, (x) A= ey
Heo6xoaumo BeimomHUTE yenosus (19) u (21)onHOBpeMEHHO, B pe3yabTaTe BEIOMpaeM HaUMEHbIIEe 3HAUCHUE U3

f, (") 2401 (x)t; () )
190 | 2976310 R ) )

PP = min

Jlng nomHOMOB N MEepeMEeHHBIX He BBIIIE YeTBEPTOM cTeneHn U3 (22) noaydum hPPer = (23)
nockodbKy (19) m (21) naroT paBHBIC 3HAYESHMUSI.
Pacemorpum ipumep (X, X, ) =1+ X" + X,* — XX, + X2 +%,7,
(= -3 — = (= —3 —  _— — —\, [2 —2 ——
f., (x): a4x, =%, +2% =0, f, (X): 4x, =X, +2X,=0= (x1 - x2X4(x1 +X, + xlx2)+ 3)= 0
2¢(v ¥ 52 2
- s _ ( ) _ -
S X =X, & 4X +x1=0<:>x1=><2:0-afxl’x2 =12X1 +2 721 =
OX,0X, -1 12x, +2| |1 2
ITo Teopeme 1 marpuma ['ecce mMeeT cTporoe muaroHaidbHOE npeodnaganue. ONTHMATBHBIN Mar HaiaEM 1o

12*2
dopuyse 23) (0 f = (' === =107 =ty =1,
3ameuanuel. CyiiecTBoBaHHEe ONTHMAIBHOrO mwara Q< h™ < (him )appernoz[TBepmnaeT YUCJICHHBI JKCTIEPUMEHT,

TIOCKOJIBKY MOTPEIIHOCTh BBIYMCICHNH CTALMOHAPHOH TOYKH YBEIMYMBACTCS KaK MPH h™ < (h_m

. )apper, TaKk U IIpU

h" > ( " )apper.HpI/IMepLI OLIEHKH ONTUMAJIBHOTO Il1ara MOXHO BCTPETUTH B [5].

3ameuanne 2. HecMOTps Ha anpropHYIo IN1aIkocTh GpyHKIHoHaa B (14), olleHKa ONTHMaJIBHOTO H1ara TpedyeT Kak
MHHHMYM T'JIaJIKOCTH YeTBEPTOTO Mopsijika (B 0OIIEM CIIydae YacTHBIX IPOU3BOIHBIX 5 MOPSIIKA).

3amumeM mporpaMMy Ha f3bIKe C (B JAHHOM TNPUMEPE MBI  HCIOIB3yEeM hlm = h;‘ =1.0- nomyuyaem
pelIeHne ¢ MaKCUMaJIbHO BO3MOXHOM TOYHOCTBIO — 16 3Havammx mudp):
#include<stdio.h>
#include<math.h>
double fx(double x1,double x2);
int main()
{
int n,i;

double al,b1,a2,b2,a3,b3,deltal,delta2,delta3;
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double h1,h2,h3,h;
n=60;

a1=100.0;
a2=100.0;

h1=1.0;

h2=1.0;

for(i=1;i<=n;i++)

{
bl=al-h1*(fx(al+(h1/2.0),a2)-fx(al-(h1/2.0),a2))/(fx(al+h1,a2)+fx(al-h1,a2)-2.0*fx(al,a2));
deltal=sqgrt((bl-al)*(b1-al));

al=b1i;
b2=a2-h2*(fx(al,a2+(h2/2.0))-fx(al,a2-(h2/2.0)))/(fx(al,a2+h2)+fx(al,a2-h2)-2.0*fx(al,a2));
delta2=sqrt((b2-a2)*(b2-a2));
a2=h2;

printf("x1=9.301f x2=9%.30If extr=%.301f\n",b1,b2,fx(b1,b2));

printf(" h1=%.161f h2=9%.16f h3=%.16IA\n" h1,h2);

¥
double fx(double x1, double x2)

{

return

¥

1.0+XI*XI*XI*XTLHX2*X2*X2* X2+ X1 *X1-X1*X2+X2*X2;

Hpoepajwwa 8o38pawaem o h1 =1.0, h2 =10
%, = 0.00000000000000011, x, = 0.00000000000000011, extr =1.00000000000000000000
BriBoabI

1)

2)

3)

[Momyuens! ycmoBust Ui OBICTPOH CXOOMUMOCTH HTEPAIMOHHOM MOCIECIOBATEIBHOCTH K CTaI[OHAPHON
TOYKE B 3aJa4e Ha OC3yCIOBHBIA JKCTpeMyM. TpeOyercss TIagkocTh 3-TO TMOpsaka (YHKIIHOHAIOB,
[TpuBenens GpopmMynbl HEOOXOIUMOTO YHCIIA UTEPALIUH IS IOUCKA SKCTPEMYMa C 3aJaHHOM TOYHOCTBIO B
KOHEYHOMEPHOH 3ajaue.

Bropas Teopema mokazaHa i alpHOPHO TIAAKUX (DYHKI[MOHAIOB, BO3MOXHO HE MPEICTABUMBIX B BHJIC
KOMIIO3UIHHU 3JICMCHTAPHBIX (byHKHHIZ, TMoKa3aHa 3KBUBAJICHTHOCTb TOYHOCTH HUTCPALMOHHBIX (l)OpMyJ'I B
TeopeMax, olpeielieHa BepXHss T'PpaHUIla ONTHMAJIBHOTO IIIara.

[IpuBeneHsl mporpaMMbl W TPHUMEPHI, TMOATBEpXKAaomUe 3PPEKTHBHOCTE MeTOMO0B. Hcmonms3ys
MOJYYCHHBIE TEOPEMBI MOXKHO HAaXOIHUTh KaK HSKCTPEMYMBI, TaK WM IpPYTHE CTAIlMOHAPHBIC TOYKH
(manpuMep, TOUKH TepeBaja).
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MATEMATHKA

YK 517.6: 517.958
MOJUPUIIUPOBAHHOE PABHOCTHOE YPABHEHMUE K. H. BOJIKOBA JIJI5S1 YPABHEHUS
IIYACCOHA HA MPSIMOYT'OJIBHUKE C YHETBEPTBIM INOPAAKOM ITOI'PEIHNTHOCTH

Bonocosa Haranesg KoHcTaHTHHOBHA, MarucTpaHT MOCKOBCKOTO TOCYAapCTBEHHOI'O TEXHUUYECKOTO
yHuBepcurteta uM. H. 3. baymana
Bonocos Koncrantun Anekcannposud, npodeccop, 1oktop ¢us.-mat. Hayk Poccuiickuii YHuBEpcurer
Tpancnopra (MUUT)
Bonocosa Anexcannpa KoncrantnHOBHA, KaHIUAAT Gu3.-MaT. HayK Poccuiickuii YHUBepcutet Tpancmopra
(MHUAT)
MMactyxoB Jmutpuit @enukcorud, KaHAUAAT (HU3.-MaT. HayK, TOoUeHT [10JI0nKoro rocy1apcTBeHHOTO
YHUBEPCHUTETA,;
[MactyxoB IOpwuii dennkcoBny, kaHAUAAT PU3.-MaT. HAYK, JOLEHT
IMosomxoro rocyaapcTBEHHOI'O YHHUBEPCUTETA

Ipeonooicen aneopumm peutenust obugeti He0OHOPOOHOU Kpaesoll 3adauu [Jupuxie ons ypasuenus Ilyaccona
HA NPAMOY20TbHUKE C HemEepmbiM NOPAOKOM NOSPEUHOCMU U ¢ MUHUMATbHLIM 9 MOYeuHbiM WAbIOHOM HA
He0OHOPOOHOU pPAsHOMepHOU cemKe. [ yCmouuugocmu Qopmyasl npocmol umepayuu Ucnoab308aH NPUHYUN
coicamuix omodpadicenull. Pewenue mecmogozo npumepa CpagHeno ¢ YUCIEHHLIM peuleHueM, noOMEepIcOAIOuUM
yemeepmulii NOPAOOK NOZPEUHOCIU OISl YOPMYL NOYHUeHHO20 aneopumma. Ilpueedena npoepamma.

KaroueBble cioBa: neoonopoonoe ypasnenue Ilyaccona Ha npamoyeonvHuke, HeOOHOPOOHO-Kpaesas 3a0aud
Hupuxne, npunyun corcamoix omoopasdcenuil.

Beenenue. I3BecTHO pazHOCTHOe ypaBHeHHe Ilyaccoma Ha 9 TouedyHOM ImIAbJIOHE C TOTPEIIHOCTHIO
4yeTBepTOro mnopsnka Ha paBHoMmepHOil cetke K.H. Bonkosa [1]. B nanHO#l pabGore BmepBble mpeaiokeHa
pa3HOCTHasA cxeMa C 4 MOpAIKOM IMOTPEIIHOCTH AJs ypaBHeHus IlyaccoHa Ha MpsAMOYroJbHHKE Ha PaBHOMEPHOI,
HO HEOJHOPOJIHOI ceTKe (C HEepaBHBIMH IIAaraMi MO OCSIM X,Y) ¢ MHHUMAaJbHBIM CHMMETPUYHBIM L1abiioHoM (9
y310B). IlomydeHHBIII anropuTM YHCIEHHOTO peuleHus ypaBHeHHA IlyaccoHa Ha NPSIMOYTOJIBHHUKE MOXET
NPUMEHSATBCS B KpucTaiuiorpaduu, creranorpaduu([7,10],B 3amayax MaTeMaTHdyeckod (QH3MKU C TPEXMEPHBIM
onepartopom Jlarmiaca, HanpuMmep, B BOJTHOBOM ypaBHEHHUH[8,9].

IMocranoBka 3agaun. PaccMoTpuM HEOTHOPOIHYIO KpaeByto 3amady [upuxie st ypaBHeHus [lyaccona
Ha MPSIMOYTOJIBHUKE JJIs1 JOCTATOYHO TJIAJKOTO PEIICHUs u(x, y) KakK (YHKIIMHU JIBYX NEPEMEHHBIX:

(U +u, )= F(x,¥), xe(ab),ye(c,d)
u(a, y) = m(y).u(b, y) = 1,(y), y €[c,d] )
U(X,€) = (0, u(x,d) = 42, (x), x < [a,b]

B 3amage(1) f(X,Yy)- HeonHopoaHas npaBas yacThb ypasHeHuUs Ilyaccona Ha npsmoyronsHuke [a,b] x[c,d], ,ul(y) ,

1, (), 115(X), #4,(X) - HeonHOpOAHBIE KpaeBble yc10BHs, (X, Y) - KOOPAUHATBI TOUKH.

B knaccuueckoil 1mocTaHOBKe 3ajad MaTeMaTH4ecKod (GHU3MKM HEO0OXOJUMO TpeOOBaTh HENPEPHIBHOCTH
TPaHUYHBIX YCJIOBUM Ha 4 CTOpOHaX NPAMOYroJIbHUKA[2] M WX DPABEHCTBO B 4 BepIIMHAX MPSIMOYIOJbHHKA,

Harpumep,
#(0) = 145(0)

PaccmoTrpuM anmpokcumanuio 3agauu (1) Ha cuMMeTpHYHOM 9 ToYeyHOM ImabioHe

® o ©

Puc.1. Knaccudukanus 9 y310B kBajpara (psMOYroJIbHUKA) TI0 PACCTOSHHUIO OT IIEHTPa U CBOMCTBAM CHMMETPUH
cootBercTBeHHO(1,4,4) y310B.
ATmpoKCUMHUPYEM Pa3HOCTHEIN omepartop Jlammaca B IHeHTpambHOM y3ie (M,N) JHHEHHOH KBaapaTypHOM

hopmynoit
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Au :Cl(u,m‘,hz +Uu Uy U, )+C ( 0+uhlo)+C ( U, U, )+C‘,u0’0 (1)

hy

.y
Teopema 1. Ha HeoqHOpOAHOI paBHOMEpHOH ceTKe C 9 TOYCYHBIM CHMMETPUYHBIM [IA0JOHOM PA3HOCTHOE
ypaBHEHHE ITyaccona HpeICcTaBIMO B BUJE:

h? +h? J( ) [Shz2 —h/ j( ) [5h12 —h? J( )
22 U, F U U U )| R Ul U o )+ | 5 o, + Uy, )+
[12h2h2 Pt T b TR D 6h?h? oo R

2 2f  h2f
(hh 1? Juo,o = fo, +%+ zlzyy +O(h14 +h?h? +h§‘)

Hoxa3zareiabcTBo. Vcnonb3yem dopmynsl paznoxenus(6) [3, ctp. 65], (2),(4) [4, ctp. 155,166], B psn Teiinopa
JUTSL CYMMBI y3JIOBBIX 3HAYCHUH Ha 9 TOYCUHOM IAOJIOHE 10 OTACIBHOCTH B KOXKJOU Kpyrion ckooke Gpopmynbi(1)

1
= 2 2 4,4 21(4) 4 (4)
Upy o, HUyp Uy T U = AU, + 2(hl u, + hzuw) 6( u,” + 6hl h; u(zgx + hzuy j+

6,,(6) 2,,(6) 4. .(6) 6 ,(6) 8 (8) 2..(8) 6, (6) 4@
+]_80(hlux +15[h h 2 U +h, hgugzng-l'h u ]+1008 [hl < +28[h hzu(ggx+h hzu(z)xj+70h hyus! +

2 2 (4)x
@y (6)y (4)y

5
+hiu® )+ o(z h? h;Hij
i=0
h/' h® he
U, o+U o =2Uy,+h2u, +—2u®+ 2 u® 4+ L _y® 0k
~h,0 h,0 0,0 1 Y xx 12 360 X 20160 u, ( )

h, hS h?
Ug_p, +Ugp, =2Ugo +hou, +—2ul® + 2y 4 —2— u‘8)+0(h1°)

12 360 7 20160
T'ne: nns coxpameHus Ufff?x BBEJICHO 00O3HAYCHHE YaCTHOH MPOM3BOJAHOHN 8 mopsaka, YeTBEPTOTO MOPSIKa
(4)y

M0 KOOpJIMHATaM X,y COOTBETCTBEHHO. [loacTaBisis mocienHue TpH (GOPMYIBI pas3iIokeHHWs B psax Teinmopa B
. 2in2j
dopmyxy(1) u, rpynmupys ciaraemsie ¢ oauHakoBoii crenenbo N hy!, momyunm

AU, =U,, +Uy, =Uo(4C, +2C, +2C, +C,)+hu,(2C, +C, )+ hju, (2C, +C,)+ hlu(“)(% fz}

(o s GG )
2y

1158% (hl hzu((ff)’x h h“u((ﬁ))xj +O(he +hhZ + h2h? + ) @

N3 ypaBHenwust (2) crneayet, 4To mpaBas 4yacTh (GOpMYJbI(2) Kak U JieBask HE COJEPIKUT y3JIOBOTO 3HAYCHUS
Uy o B y311€(M,N) TOT/Ia ¥ TOJIBKO TOT/Ia ECITH

4C, +2C, +2C, +C, =0 (3)
W3 dopmynsr (2) craemyeT paBeHCTBO K0I(GUIMEHTOB B €€ NpaBoii u 1eBoH yacTax mpu U, u,, , To ectp
MOJTy4UM
1=h2(2C, +C,) < 2C, +C, —iz
hll @)
1=h2(2C, +C,) = 2C, +C,
z
B dopmyie (2) BBeeM 0603HaYCHUS
ie3)
—|C,+—|=a
6 2
4
6 2
h’h’C, =a+b

B cucreme ycioBuii(5) TpeTbe ypaBHEHHUE SIBISAETCS CIICACTBHEM IEPBBIX IBYX, TaK KaK B CHIIy ypaBHEHHS

_ @ @ @ @
Hyacconay +u, = f(xy), f, =ul +u§2§x, f,, ugzgx +uf?,
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— (4 (4) (4) [CORN [P (4 (4 4
monysum Af +Bf = A{u +u(2)x]+ B[u(z)X +u§ j_ Au® +uly) (A+B)+Bul?.
2y @y (2)y
To ecmb, umobwvl nepegecmu npousBooHvie 4 nopadka om pewerus 6 ypagrenuu Ilyaccona 6o émopvie
npou3600Hble OM NPABoll Yacmu 00CMamouHo nompebosams A+ B = (A+ B) (mpemve ypasnenue(5)).

3ammmrem ycnosus (3),(4),(5) B ogHy cucteMy ypaBHEHHIH(6)
4C, +2C, +2C, +C, =0

2C, +C, -t

(o)
o)

(6)

h’hC, =
VYuureisag 4,5,6, ypaBHeHUs cucTeMbl(6),3aTeM ypaBHEHU 2,3(6) momydnm
2
12h2h2C, = h*(2C, +C, )+ h?(2C, +C,) =2 +h? & C, = ;‘12;122 7
o 1 o _ 1 (hithi)_shi-h:
? hz "' h2 [ 6hh? 6hZh?
2 2 2 R2
C3=i2—2C1 iz_ hljhzz :5h12 2‘2 (8)
h h? | 6h2h2 6h?h
2 2 2 B2 2 K2 2 2
C4 :_4C1_2(C2 +C3):_hl -:hzz -2 5h2 2 r2]1 +5h1 2 ?2 :_§ hl z—Hz12
3h?h 6h?h?  6h7h 3| hh

LG, Ca)_hlhz) nilhi—n) R (C, G\ Rl +hi) nelhi-hg)
‘6 12 72h? 72h? 126 12 72h? 72h? 12
B urore ypaBHeHHe(2) mepenuiieM B BHIE (uxx +U, = f (X, yn))

C, C C, C
AU =u Uy Hhul| =R 22 e hful) = =2 e h?hjul), C +Olh +hZhy +hy )=
by 1Yx (6 12} 27y [6 12j 1772 8;)}([ 1 (hl hl 2 2)

h f o

=f, LA O(h4 +hZh +h; ) , Bo3Bpamasich K popmyine(1), momyanm

12
( hyoh, FUp o FUn +uhlh2)+C ( hl,O+uhl,o)+C3(u0ﬁhz +u0,hz)+C4uov0 =

h2+h 5h2_h2 5h2_h2
- [112hfh§ J(“—hl,—hz Uy, +Uy U ) ((Silzhzzlj(”—hl,o o)+ [(Slhlzhzzzj(uo,—hz gy, )-

2

+h? f
{hlhl o juo,o = fo. hllzxx 212W +0(h +h?hZ +h) ©)
Teopema 1 okazaHa.

Teopema 2. Ha HeogHOpOIHOW paBHOMEPHOH CeTKe € 9 TOUEYHBIM CHMMETPHYHBIM MIA0JOHOM HEBO3MOXKHO
YIYYIIUTh HEBS3KY Pa3HOCTHOTO ypaBHeHUs IlyaccoHa BbIlIe YETBEPTOTO anredpanyeckoro[6] mopsaka O(h“ )

Jloxa3aTeJbCTBO TIPOBEJAEM OT NpOTHBHOrO. PaccmoTpum crmaraemeie B Qopmyne(2) ¢ MIECTHIM IMOPAIKOM
MOTPENIHOCTH, 1 00CMAMOYHbIE YCA08UA ISl TOTO, YTOOBI IPOM3BOAHBIE 6 MOPAIKA OT PELICHUS BBIPA3UTH Yepes3
MpoM3BOJHBIE 4 TOpsIKa OT MpaBoid YacTH ypaBHeHHs Jlammaca (mpom3BoaHble 4 TMOpsAAKa OT IMPaBOM yacTh
BBIYUCIIAKTCA aHAJIUTHYCCKHU, TO €CTh TO‘IHO). 3anuiem cjaaraeMnie

C, G, C, C,) 15C
Gu(G)(+j+h6u(6)(l+3j+ L h'h2u® +h’hiu®
U 280 T360) T (180 T360) T 180 | M e v &

Taxk xak

112



@ ) @ _o y® Ly® 6 ., y® ©® 4 y® ©® 4 y®
cf,” +df;), +ef,” = c(u + u(m] + d(u(m + u(z)x] + e(u + u(z)x} cU,” +Ug, (C+d) +
(2)y (2)y 2y (4)y (4)y 2y
© ®
+Ug, (d+e)+eu;
(4)y
W3 cpaBHEHUS MTOCTIENHUX ABYX (hOPMYI BHIHO, C OHOW CTOPOHBI, YTO

d=(cid)_c=1 4h22_h16(01+cz]:h14h22(hf+h§J_ h? =hf‘(1—j hZh?

180 180 360 12 |\ 12h’hZ ) 360h/ 144 360) 144
C npyroii CTOpOHHI,

4 2 6 2
d=(e+d)—e=1501 ’hy —h; G, G _fh hl+hz - h22=h4 1 L) h'h,
180 180 %o 12 (12022 ) 360m2 2\ 144 360" 144
h2h2 h2h2
=hf[1—lj+»12 =d=h§(l—:lj+ AU
144 360 144 144 360 144
Z[OKa?)aHO, YTO almpoOKCUMalius YpaBHCHUS HyaCCOHa Ha OpsAMOYTOJIbHUKE C 9 TOYEeYHBIM CUMMECTPHUYHBIM
HIa6HOHOM c6b MOpAAKOM MOrp€HIHOCTH BO3MOYKHA TOJIBKO Ha OZ[HOpOHHOﬁ paBHOMepHOI7I cetke. Ho HeBO3MOKHA

Ha HeO)IHOPOL[HOﬁ CCTKEC, CCJIN 1Iaru CETKN HCPABHBIC hl * h2 . TeopeMa 2 JJOKa3aHa.

3ameuanue 1. [Ipu paBHBIX II1arax ceTku h1 = h2 , KaK 4acTHBIN ciry4aid nonyuum ¢popmyny Bonkosa K.H.[1,
ctp.137]:

6h? 3n?
10 h?(f, +f,)
_Wuo,o =font—5

W3 dopmymsi(9) BepasuM HEeHTpanbHOE 3HaveHHe Uy, =U

1 2
[ (um—l,n—l + um—l,n+1 + L‘m+1,n—1 + um+1,n+1)+ (um—l,n + uerl,n + um,n—l + um,n+1)_

+0(h*) (10)

mn> TPUCBOMM eMy Homep urepaumuu (K+1), a

BCEM OCTAJIbHBIM Y3JIOBBIM 3HAYCHUAM UTCPALHUIO C UHACKCOM k:

21n2 2 2 2
U;Jr:; = § ?1 h2 7 hl +2h22 (Ukm—l,n—l + Ukm—l,n+1 + Ukm+1,n71 + Ukm+1,n+1) 5h r;l (Ukm—l,n + Ukm+1,n )+
"5 W2+ h? )| | 1200 6

+[5t6]1;2_h?22j(ukm‘nl+ukmn+l) [f -|'h1 fxx 2 (hl +h1h2+h )]} (U man-1+U m1n+1+U m+1n1+U m+1n+1)+
2

+l£M](u m-1,n +U m+ln) [5h1 hzzj(u mn-1+U mn+l) ( hlhz Jf
10( h +h, 10\ h? +h; 5( b/ +h?

2
m(hh }hf+hf)+d@+ﬁ@+mw+@) (1)

h? + h?
Dopmyny(9) anmpokcumanuu ypaBHeHus [lyaccoHa Ha HEOIHOPOJHOHN CETKE W SBHYIO (POpPMyIy MpocTOit
utepanuu (11) Mbl Ha3BaIM MoOugpuyuposannsvimu gopmynamu Bonkosa K. H.

B dopmyne mpocroii ureparmu(11) Bepxumii mumexc K - Homep wrepanmu. B ¢opmyne(11) 3HaueHus
¢dynkuun f(X,y) ¥ ee yacTHbIE MPOM3BOAHBIE BBHIYMCISIOTCA B y3ie ¢ mHaekcamu (M,n). @opmyrny (11) moxHO
3anmcaTh B BHJC

ust =G(uk,, . )+0(h® ) h = max{h, h, k =04.2,...m=1n ~Ln=1n,-1 (12)

mn mn? “mn

I'ne ynkims G( ' fmn) coBrajaer ¢ npaBoi gacteio Gopmynbi(11). ITo anamorun c¢ (12) paccMorpum
UTEPAIMOHHYIO MOCIeN0BaTenbHOCTR(13) y KoTopoit cxumaromuit koadduuenT 0 < <1, (13) MOXHO TOTYyYHTH
n3(12), ecnu B mpaBoit wacTtu (12) nmpoBecTH 3aMeHy ur‘;n - qur‘;n

ust =G(quf,, f, )+ Ok =042,..m=1n —Ln=1n, -1 (13)

BBenem  ¢QyHKIMIO  HOPMBI B IIPOCTPAHCTBE  CETOYHBIX  (DyHKIMIA Uy, € R R‘(”Z*l),

Sk = Hu‘”‘“m—ueXZiCt "~ max ukmm - (u)ed k =0.12,..., conamaiomeii ¢ Merpuueckodl  dynxumei B
c 0<men, 1 &y
0<n<n,

MPOCTPAHCTBE ur';n e R 5 Rt} ornpezaensieMoit popMyoi p(u”“m, uexa“): (Konmoropos A.H., C.B.

num exact
—u

u
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®omun) [5,cTp.139]. Tnme ur‘;”n“m, (uexac‘)mn0603Haan0T COOTBETCTBCHHO 4YHCJICHHOE perieHue 3amaun(l4) B

y3ne(m,n) Ha urepauronHoMm tare(K) u ciaen[6,ctp.102] rounoro perenus 3aaadu(1l) Ha y3en cetku (m,n).
OnucaHne YMCJICHHOTO AJITOPUTMA.
Baeznem Ha npsiMoyronpHUKE JUTs 3a1a49u (1) HEOJHOPOJHYIO CETKY C PAaBHOMEPHBIM IIaroM
Q= [a,b]x[c,d],® O s1n, 1 { X,=a+hmm=0,n,y, :c+hzn,n=0,n2}
h = b-a h, = d-c Jns cerouHoit QyHKIMU ur';;l 3alUIIeM CHUCTEMY Pa3HOCTHBIX ypaBHEHMH COOTBETCTBYIOILEH
My n,
3ajaye B YaCTHBIX NPOU3BOIHBIX (1)

Ut =G(qu ,, 1, ,)+O(h®) h=max{h,h,}k=012,..m=1n -Ln=1n,—1
U = s Us's = 10,1 =0,k =01.2... (14)

s+l

U :u3m' mn2 :u4m'm Onlk 012

TeopeMa 3. (06 ycroitumBoctn wurepaunoHHBIX (Gopmyn (13,14)). Oneparop G( Ur s fmn)L[J'IH UTEPaLMOHHOU
mocie10BaTeIbHOCTH (13) SABIASTCS CKUMAIOIITUM
B METPHUYECKOM IPOCTPAHCTBE ur';n e RM* 5 R+ 16 ecrp CYIIECTBYET €JMHCTBEHHOE MPEEIILHOEC YHUCICHHOE

peuieHue, CoBaaaroniee ¢ aHaJIUTHICCKUM:

lim uf, = lim (uexaCl )mn ,¥Ym=0,n,,n=0,n,, lim (uexaCl )mn =G| lim (uexaCt )mn, fin
k—o0 h—0 h—0 h—0

q—>10 0 h,—0 h,—0 h,—0

o

JoxkaszarenabcTBo. [lokaxkeM, yTo omepaTop G(qumn, fmn) B UTEPAMOHHOW mocienoBatenbHOCTH (13) sBisercs
CKUMAFOIIMM OTOOPaKCHHUEM:

k k k An n_nn
0003HaIMM & 'mn = Y'mn — X'mn, YM=0,n,n=0,n,

WXyt e RO S R e i) (G (gn, £, ) Glayy, f )

= ‘G(qx;m fmn )_ G(erl:m, fmn)(;1 (2(:)5km—1,n—1 + 5km+1,n—1 + 5km—l,n+l + 5km+1,n+1

k+1 k+1

Yoo | T

_|_

5h’ — . 5h2 — . 4q 2q(5h}-hZ 5h2—h .
q T ‘é‘kmln‘l'é‘ m+L,n +& 5 ‘5kmn1+5 mn| < j q >t 22 21 aX |0 mnk|=
10 hl +h, 10| h + 20 10 h1 +hy  hi+hy Geneny
Osksn;
q,.q 4(h12 + h22 ) K K Kok Kok
—+—=| ———=4 || max|0"m Max [0 mn| = 0o\ X s Yo ) < P\ X s Yoo |
(5 5( ST 20 Vo< A ¥
K+l k | To ecTh ( kil k”) ( ) (15)
= OmaX ‘5 a ‘5 m,n PXin + Yn ao\Xon ymn
<n<ng <n<n, .
0<m<n, 0<ms<n,
I[To A.H. KommoropoBy, ompenenenue 1[5,ctp.74] omnepatop G( TN fmn)B nocneaoBareabHOCTH(13)

ABJIACTCA CIXKUMAIOIIUM U CYHICCTBYCT GI[I/IHCTBCHHHﬁ npeaei, 0003HAYUM €ro umn (TeopeMa o HCHOHBH)KHOﬁ

TOYKE [5 CTp.75])
limu® =u u = G(qumn, fmn)+ O(he) (16)

k—o0

Ho Tounoe pemenne ynposnerBopser (opmyne(12) Iim(uexa“) —G(hm( exac‘)mn, fmn), ormeparop
h—0 h—0

(qu,ﬁm, fmn) B (13) siBisieTCSt TMHEHHBIM M HENPEPBIBHBIM T10 U::m n 1o q. [lepeiinem k nBoitHoMy npeneny B(16),

HCIIOJIB3Ysl HENPEPBIBHOCTD G(qumn, fmn)

_ H * L exact
qILrTJO U qILT G(q mn’ fmn)_ G qILn] umn ’ fmn = qILTOumn - Ihlg(])(u )mn
h—0 h—0 h—0 h—0

Teopema 3 mokasaHa.

PaccmoTtpuM TecToBbIM IpUMeEp:
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Ug +U, =sin(x), 0<x<rz, O<y<r
u(0,y)=u(z,y)=sin(y), 0<y<r. 17)
u(x,0)=u(x,z)=sin(x), 0<x<rz
C TOYHBIM peLICHuEM
u(x, y) =sin(y)(sh@(1 - ch(pi))/sh(pi) + ch(¥)) +sin(x)(sh(y)(1- ch(pi))/sh(pi) + ch(y))+
+sin(X)(sh(y)(1- ch(pi))/sh(pi) + ch(y)-1) (18)
[Iporpamma Ha s3eike Fortran mist GpyHKUMi ¢ IBOWHOW TOYHOCTBIO, C HCIIOJIB30BaHHEM anropurMa(l4) u
cxatreM 0=0,9999999999999990 npuBeneHa HIXKE U JaeT 3HaYeHHe HOpMbI YeOblieBa /Uil pa3HBIX I1aroB CETKH

hl= 0.10471975511 h2= 7.85398163397E-002, =25000,n1=30,n2=40
uknum_(u) 29 = 2.02955184E - 007.

mn m,n

Au = max
fuhy 0<m<n,
0<n<n,

A 17 mapaMeTpoB CETKU
hl= 5.2359877559E-002 h2= 3.92699081698E-002, m=25000,n1=60,n2=80

JAacT 3HaYCHUC HOPMBbI YeObieBa

Uk num _ (U) exact

m,n m,n

AU, , = max —1.268928E - 008.
22 oonean

To ecTp anrebpandeckuii MOPsIOK MOTPEUTHOCTH paBeH 4.

Au,;, 2.029551846027822E - 007
Au,,  1.268928928599422E - 008

22

=15994~2' p=4

module stolb;integer(8), parameter::m=25000,n1=30,n2=40; end module

program puasson;use stolb;integer(8):: i,j,k
real(8)::u(0:m+1,0:n1+1,0:n2+1),delta(0:n1+1,0:n2+1),mm,res(0:n1+1,0:n2+1)
real(8)::al,a2,b1,b2,f,x2,y2,a,b,c,d,x1,y1,x,y,z,h1,h2,q
real(8)::pi,cch,ssh,c0,c1,c2,c3,k1,k2,k3,k4
cch(x)=(dexp(x)+dexp(-x))/2d0;ssh(x)=(dexp(x)-dexp(-x))/2d0
al(y)=dsin(y);a2(y)=dsin(y);b1(x)=dsin(x);b2(x)=dsin(x);f(x,y)=dsin(x)
pi=2d0*dasin(1d0);a=0d0;b=pi;c=0d0;d=pi;min2=1d3;mm=-1d3
h1=(b-a)/dfloat(n1);h2=(d-c)/dfloat(n2);do i=0,n1;do j=0,n2
x=a+h1*dfloat(i);y=c+h2*dfloat(j);c1= (cch(x)+ssh(x)*(1d0-cch(pi))/ssh(pi))*dsin(y)
c2=dsin(x)*(cch(y)+ssh(y)*(1d0-cch(pi))/ssh(pi));c3=dsin(x)*(cch(y)-1d0+ssh(y)*(1d0-cch(pi))/ssh(pi))
res(i,j)=cl+c2+c3;enddo;enddo;k1=5d-2;k2=(1d-1)*(5d0*h2*h2-h1*h1)/(h1*h1+h2*h2)
k3=(1d-1)*(5d0*h1*h1-h2*h2)/(h1*h1+h2*h2);k4=(5d-2)*(h1*h1*h2*h2)/(h1*h1+h2*h2)

print*,"h1="/h1,"h2=",h2;q=1d0-1d-15;do k=0,m;do i=0,n1;x=a+h1*dfloat(i)
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u(k,i,0)=

u(k,0,j)=

b1(x);u(k,i,n2)=b2(x);enddo;enddo;do k=0,m;do j=0,n2;y=c+h2*dfloat(j)

al(y);u(k,nl,j)=a2(y);enddo;enddo; do j=0,n2; do i=0,n1; x=a+h1*dfloat(i)

y=c+h2*dfloat(j);u(0,i,j)=(b1(x)+b2(x)+al(y)+a2(y))/4d0; enddo;enddo;do k=0, m-1

do i=1,n1-1;do j=1,n2-1;x=a+h1*dfloat(i);y=c+h2*dfloat(j);y2=y+h2;yl1=y-h2;x2=x+h1;x1=x-h1;c1= k2*(u(k,i-

1,j)+u(k,i+1,j)+k3*(u(k,i,j-1)+u(k,i,j+1))

2=K1* (U(K,i+1,j+1)+u(k,i+1,j-1)+u(k,i-1,j-1)+u(k,i-1,j+1))

c3=k4*(f(x1,y)+f(x2,y)+f(x,y1)+f(x,y2)+8d0*f(x,y));u(k+1,i,j)=g*(c1+c2)-c3;enddo;enddo;enddo;do j=0,n2,1;do

i=0,n1,1;x=a+h1*dfloat(i);y=c+h2*dfloat(j);

delta(i,j)= dabs(u(m,i,j)- res(i,j));if( delta(i,j)>mm)then;mm=delta(i,j);endif

if(mod(i,10)==1.and.mod(j,10)==1)then;print*,x,y,u(m,i,j),res(i,j);endif

enddo;enddo;print*,"norma=",mm;pause; end program puasson
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MODERNIZED ITERACIONNOE EQUATION K.N. VOLKOVA FOR EQUATION of the POISSON ON

RECTANGLE With 4 RATHER INACCURACY
Volosova N.K.,Volosov K. A., Volosova A. K., Pastuhov D. F., Pastuhov YU. F.

The Offered algorithm of the decision of the general lumpy marginal problem Dirihle for equation of the
Poisson on rectangle with 4 rather inaccuracy and with minimum 9 point patterns on lumpy even net. Principle of
the compressed images is used For stability of the formula iteration idle time. The Decision of the test example was
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compared to the numerical decision, confirming fourth order to inaccuracy for molded the got algorithm. The
Broughted program.

MATEMATHKA
YAK 517.6:517.958
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BEKTOPHBIN AHAJIOT METO/IA ITPOTOHKMY JIJIS1 PEHIEHUS TPEX- U IATAIUATOHAJBHBIX
MATPUYHBIX YPABHEHUI
H.K. Bonocosa (acnupanm MocKo8cKkozo 2ocyoapcmeennozo mexuuueckozo ynueepcumema MI'TY um. H.D.
baymana);
K.A. Bonocos, npogpeccop, 0.¢h. - m.n. (MHHUT), A.K. Bonocosa, k.¢p.- m.n. (000 "Tpamnaun), 2. Mockea;
K. ¢p.-m. H., oou. /1.®. Ilacmyxos, K. ¢p.-m. H., ooy. 10.D. Ilacmyxoe
(ITonouxuii zocyoapcmeennulit ynugepcument)

IIpeonooicen anzopumm 6eKmMOPHO20 AHAN02A NPOSOHKU OISl PeuleHls NPOU3BOTbHBIX MAMPUUHBIX YPAGHEHUI
¢ K8AOPAMHBIMU Mpex- U NAMUOUALOHATLHBIMU MAMPUYAMYU 34 KOHEUHOe YUCIO APUDPMEMUUecKUX Gbl4UCTeHU.
Hoxazanvl docmamounvie yCno6us KOppeKMHOCMU GeKMOPHLIX (QOPMYL NPO2OHKU Ol NPOU3BOTLHBIX MPexX-
OUa2oHANbHLIX Mampuy (meopema 1) u Odocmamounvie YCIOSUA Ons NAMUOUALOHANLHLIX Mampuy Tennuya
(meopema 2). Ilpusedennvie npozpamma u 06a npumepa NOKA3bIBAIOM, YMO OAHHLlE ANCOPUTNMbL AGLAIOMCS
mounvimu. Ilpednodwcen uucieHHbI an2opumm O NPeOelbHbiX 3HAYeHUll KOIP@DUYUeHmos npocouKu enepeo
(meopema 3), nokazamo, ¥mo NoyueHHble YUCIeHHble npedenbHble SHAYeHUs He npomugopeiam meopeme 2.

Knrouegvie cnosa: sekmopuwiil ananoz memooa RPO2OHKY, mpex- U NAMUOUASOHATIbHbIE MAMPUYbL, MAMPUYA
Tennuya, gvinyKivie MHOJICECMBA, NAPAIETbHBIE GLIYUCTEHUSL.

BBenenue. Matpuilpl ¥ MaTpU9HBIE YPaBHEHHUS CICIHMAIBPHOTO THIA NMPHMEHSIOTCS BO MHOTHX paszenax
NPUKJIAQTHOW MaTeMaTHKH. B KBaHTOBOM MexaHHWKE IWHAMHKAa YacTHII CO CIIMHOM OIPEACNIACTCS MaTpHLIAMH
KBAaTEPHUOHOB (MOJyKBaTepHUOHOB)[1,2]. Jlpyroif mnpuMep, OJHHM H3 METOIOB pELICHUS JIIHUNTUYECKUX
ypaBHCHHI MaTeMaTWYecKOi (DU3MKKM YMCICHHBIMH METOJAaMHU sIBIILETCS Metona mporonkw|3,4,5,12,13]. 3aech
UCTIOJNIb3YIOTCS MAaTPHILBI AUArOHAIBHOTO BHIA. ANreOpandecKuii MeTo]l IIPOrOHKH, MCIOJIb3YeMbId TIOCTPOYHO Ha
NPSMOYTOJILHON CETKE COBMECTHO ¢ (POPMYJIOi MPOCTO# utepanuu(S] sBisercst NPUOIMKEHHBIM METO/IOM, TaK Kak
YHCIIO WTEpalii He OrpaHWYeHO, HO uMes (QOpMyJbl ¢ ammpokcuMmanuei aupepeHIranbHbIX OIEepaTopoB C
BBICOKHM IIOPSIIKOM MOTPEITHOCTH MOKHO 3HAYMTENIFHO CHU3UTD YHCIIO U BpeMs BRIYMCICHUH[S]. B naHHOM paboTe
paccCMOTPEH BEKTOPHBI  aHAJOr METOJa IPOTOHKM JUIS DPEHICHWS MAaTpPUYHBIX YPaBHEHHH C KBaJpaTHBIMHU
MaTpHIaMHU TPEX- U MIATHAUATOHAIEHOTO THIIA 32 KOHEYHOE YHCIIO apudMeTHIeckux neicTsnii. Ecnm auaronansHas
MaTpHIia, COOTBETCTBYIOIIAsl PAa3HOCTHBIM YPABHEHMSIM MPOTOHKH MMEET MOCTOSHHBIE KO3()(UINEHTH! Ha TIIaBHON
JVaroHaJIW W Ha NBYX (YETHIPEX) AMAaroHANAX MapajulebHBIM TJIaBHOHM, TO MaTpHuna Ko3(G(HUINEHTOB Ha3bIBACTCS
marpuuei Termmna. B nannO# paGore moka3zaHbl HEOOXOIUMBIE YCIIOBUS KOPPEKTHOCTH (POPMyI NMPOTOHKH JUTSA
MPOU3BOJILHBIX TPEXJHAaroHaJbHBIX MATPULl WU JUIA TNSATHAMArOHAIBHBIX CHMMETPUYECKHX Marpul Teruia,
peliaeMbIX BEKTOPHBIM aHAJIOTOM MeToja NporoHkH. CerofHs HEOOXOAMMO paccMaTpHBaTh TAaKXKe YUCICHHbBIE
3a/laud C MapajuleldbHBIMU BbruucieHusMu[3,4,7,8,11]. TloatoMmy g peuieHus MATHIMArOHAJIBHBIX MAaTPUYHBIX
ypaBHEHHH B paboTe pacCMOTPEHBHI JIBA aJITOPUTMA MOCIEI0BATENBHOTO U MapalIeIbHOTO BEIYUCICHNUS.

ITocTaHoBKA 3a7a4n

PaccMoTpum mMarpu4HOE ypaBHEHHE, B KOTOPOM HeM3BecTHas MaTpuua X, a TakkKe 3aJaHHble MaTpuisl A —
MaTpHlia JeBOH YacTH, U MaTPHUIIAa IPaBOi YaCTH ypaBHEHHMs F SBISAIOTCS KBaIpaTHBIMU MOPsAKa N.

AX =F @)

Kpowme Toro, B MmarpuuHoM ypaBHeHuH (1) paccMoTpuM Matpuily A TpeXJuaroHaIbHOTO, WK TATH-
JIMaroHaJbHOTO THIIA COOTBETCTBEHHO, Y KOTOPHIX KO3()(QUIIMEHTHI yI0BIETBOPSIOT YCIOBUSIM (2)

a,;=0fi-j>1_ = — a;=0]i-j>2 = —
i, j=1n i, j=1n (2)
a,; #0,[i-j<1 a,; #0i—jl<2

VYuursiBas yciaosue(2), ypaBHenue (1) 3amuiiemM moapoOHO I TpEeXIHaroHaaIbHbIX MaTPHII

i 0 0 |r 7
a:ll a12 Xll X12 e Xl,l'l—l Xl,l'l f f f f
8, 8y, Ay 0.... 0 X X X X 1 T T Tin
O 0 O 21 22 2n-1 2,n f f f
as, Aoy a,, U... . . . . | ' 22 lant 2.n
oo : : . N . . : : : : 3)
0 0... an—l,n—Z an—l,n—l a‘n—l,n il Lz it Lo fnl fn2 e fn,n—l fn,n
| 0 0... 0 an,n—l an,n JL Xn,l Xn,2 Xn,n—l Xn,n _
Tpaucnonupyem ypasaenue(1) u ero noapo0OHy0o 3amuch (3), MOIydUM COOTBETCTBEHHO (opmyibi(4),(5)
AX=Fo X" AT =FT 4
_ H4a. a 0 0... 0 |
X1 Xa o Xpag Xag noTa f f f f
X, Xy o Xons X1z a, ay 3y 0 0 1 2 n-11 nl
. . . . . 0 ay A3 a,;0 0 _ f, Ty fn-1,z, fn,Z 5)
X X X X '
Ln-1 2n-1 n-1n-1 nn-1 an—2,n—1 11 8ppa 'I:1 N f2 n fn in fn n
X X X X ‘ ' h '
L "un 2n n-1n n,n J 0 an—l,n an,n
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ITocnemnee MarpudHOoe ypaBHEHHE(S) C ydeTOM YCIIOBHI(2) paBHOCWIBHO CHUCTEME BEKTOPHBIX ypaBHEHHUH (6)
Xy8yy + Xy = f11’ X;pQy + X8y, = le""leall + X8, = flj V] :1:_” = anxl + alzxz = f!

X11851 + X189 + X31855 = f21’--X1jz’121 T X5 89 + X3j853 = f2j V] =1,_n < a21X1 + a22X2 + azsx3 = f?
X118 k1 XiaBe T X1 @ca = T X j @ + X8+ Xier jAka = Tijr VI = ﬁk = m<:>

(6)

S A X T HaEx +a Xt =15 vk=2n-1

oA n-1 n n
Xno11@n g T Xy n = fnll"x At Xn,jan‘n =f VJ =lne ay X+ an,nx =f

n-1j nj?

B BekTopHO#i cucteme ypaBHeHuit (6) B K-oe ypaBHeHue BXxomaT cTpoku ¢ Homepamu K-1,K,k+1 permerns X —
MaTpHIEl ¢ KoahoummenTamu u3 K-oit ctpoku Matpuisl A 1 ¢ K-0#f cTpokoii Matpuisl F(ero npaBoii yact).

a, X' +a,x* = f*
A X X +a,, X =15 vk=2,n-1

)
a,, X" +a, X" =f"
Bynem mckats perieHne peKyppeHTHO 3a1JaHHON CHCTEMBI BEKTOPHBIX ypaBHeHHi (7) B Bune(8)
X = A x4y, k=1Ln-1 (8)
U3 nepBoro ypaBHeHHs CHCTeMbI(7) HMeeM
f f
Xl :__&XZ @j,l :_%,Vl =—,
ay ay &y Ay
Tak Kak u3 ®) Xt = /11(_1Xk +Via TO npeodpazyem cpenHee ypaBHEHUE cuctembi(7)
k k k+1 k k k+1 k
ak,k—l(ﬂk—lx +Vk—1)+ QX"+ X = 5, x (ak,k—lﬂ'k—l +akk):_ak,k+1x +f —QyqVa &
k k
-3 f'—a, Vi -4 ' —a, Vi —
o Xk k k+1 k+1 k,k-1" k-1 — k k+1 — k,k-1" k-1 ,k — 2’ n-1 (9)

= + o ,
(ak,k—lj'k—l + akk) (ak,k—lﬂkfl + akk) (ak,k—ljk—l + akk) . (ak,kflﬂkfl + akk)

Anamns pasmepHocTH[6,9] MoKasbIBaeT, 4To B popmynax(8),(9) BemuauHbl A, 8, \ 1,y s 8y i1 ABIAIOTCA YHCTIAMH, A

K
f*,v, - Bektopamu. Kpome Toro, nocieasee ypaBHeHHE CUCTEMBI(7) UMEET HA OJHO CIIATAEMOE MEHbIIE, YEM Yy
CPEIHETO ypaBHEHHs, TIO3TOMY H PEIIEHHE IS OCIEHETO ypaBHeHus(7)CIeyeT UCKaTh He B BUIE(8), HO B BHJIE
1
X" =v, . Ucnonb3ys(8) npu k=n-1 ypasnenue X"~ = 4_,X" +v, ;, mocneanee ypaBHenue cucteMbi(7), IOTyIuM
n-1 n_ n n_ gn n __f§n
a'n,n—lx + an,nx - a'n,n—l(ﬂ“n—lx + Vn—l)+ an,nX =f"ex (an,n—lﬂ“n—l + an,n)_ fr— a'n,n—lvn—l Aad

n
X" = f — 801V _

(—) v, 10
an,n—l/ln—l—i_an,n ( )

Cucrema ypaBHeHuii(9) Ha3biBaeTcst popMysiaMu NporoHku Brepen, a ypaBHeHwusi(10),(8)- dbopmynamu mporoHku
Ha3aja. PaccMoTpum TecToBsit mpumep (11) (BEIUUCICHNS TPOBEPSAIOTCS HAIPAMYIO IEPEMHOKEHHEM MaTPHII):

(4 -1 0 0 0 0 Of1 2121212727272
-1 4 -1 0 0 0 02121212 |6060606
0 -1 4 -1 0 0 01212121 |06060°©6°0
0 0 -1 4 -1 0 021212 12|=|606106T0F6 (11)
0 0 0 -1 4 -1 01212121 /0606060
0 0 0 0 -1 4 -1/2 121212 |/6060°%6T0°FE6
|0 0 0 0 0 -1 41212121 (272727 2

TpexanaronaneHass MaTpuia u3 tecroporo mnpumepa(ll) mnpumensercs st penieHust ypasHeHus [lyaccona Ha
npsMoyrosibHUKe ¢ mabdiaoHom “kpect” [3,ctp. 584]. IIporpamma, Hanucannas Hamu Ha si3bike FORTRAN([7,8] ¢
ucnonb3oBanueM anroputma(8)-(11) BosBpamaer pemrenue (HensBecTHyo Marpuimy X B mpumepe (11)) mo
3amaHHbM MaTpunaMm A,F (cmotpuMm Tabnuiry 1)

Ta6nuna 1. Penrenue, mojay4eHHOe IPOrpaMMOii ¢ Ucrosb3oBanueM anropurma(8)-(10)

il |1 2 3 4 5 6 7

J

1 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000
00000 00000 00000 00000 00000 00000 00000

2 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000
00000 00000 00000 00000 00000 00000 00000

3 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000
00000 00000 00000 00000 00000 00000 00000
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4 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000
00000 00000 00000 00000 00000 00000 00000

5 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000
00000 00000 00000 00000 00000 00000 00000

6 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000
00000 00000 00000 00000 00000 00000 00000

7 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000 | 2.000000000 | 1.000000000
00000 00000 00000 00000 00000 00000 00000

3ameuanne 1. CpaBHeHme 3HadeHHH TaOmmiel 1 1 BTOpoit Marpuisr X u3 nmpumepa (11) mokaspBaeT UxX MOIHOE
COBIIAJICHUE C IBOIHO# TouHOCTHIO. Takmm oOpazom, anroputm(8)-(10) ABIsSeTCA TOYHBIM METOIOM PEIICHHS TPEX-
IaroHaNbHBIX ypaBHeHHH (1) (3a KoHewHoe dmcio apupmerndyeckux omepammid[3,4]) . OueHuM dmCIO

apumernueckux onepamuit. s seraucnerus X' (mo gpopmyne(10)) - 3*n+2 onepamwmii, mis 4, - (3*(n-2)), mns v,

- (3*n+2)*(n-2)(mmo dhopmye(9)). st BEIIUCICHHS X“ ancro omeparuii coctaBuTt 1o popmyie(8) 2n*(n-1). Hroro

ancio apupmernaeckux onepamuit: N =3n+2+3n—6+3n° —4n—4+2n° —2n =5n° -8 ~ 5n°.
Teopema 1(nocTatounsie ycioBus ycroitanBocta anroputma (8)-(10)). ITycTh BHIIIOIHEHBI YCIOBUS:

1) |aI I| |aII 1| |aI i Vi=Ln-1Vi=2,n-1) TpexmuaronanpHas Marpuna A  ypaBHeHms(l) c¢ HecTporum
JIMArOHaJBHBIM MpeobiaaHueM 3JIEMEHTOB U JJIsl IEPBOM U MOCTICAHEH CTPOK |a1’1| > |a1'2 a,,|>a,qa>0.;
2) || <) fl<oe,vi=1n-1
Torma:1) |/11<| <1vk=1n-1
2)opmymsl mporoHkH (9),(10) KOPPEKTHEL, TO €CTh
"Vk" < oo,k =1,n—1,||xk|| < oo,k =ZI]
Joka3aTelbCcTBO poBezeM o HHayKiwu. 1) 6a3bl uaaykuun npu k=1 umeem
[eual “2 | [l [Basl P2yl
an|>la, =4 <1]A | 28 J< < < =
e e W L P wwy o oy Py ey o
baza nnykumu nposepena. MHAyKTUBHBIN nepexod. Tak kak
1 1
Qis1ina| 2 [Qni| T [Risnivz] [ Bisnisg| T |Risni] 2 [Riniva)s < > u myCTh BEPHO
| i+1,i+l|_ ai+1,i ai+1,i+2|
|ﬂk| Sl, vk =]j :>| +1|(_) | a'|+1|+2 < a‘i+l,i+2 < a'i+1,i+2 < a'i+1,i+2 =l
QA i |ai+1i+1|_ Ay |/11| |ai+1i+1|_ Qi |RKeivz
IlepBas yacTh Teopembl 1 nokazana VK =1,n—1.
2)O6o3Haln/1M||f " =max| f; J" ||f|| = max||f " " " = max|\v; J" ||v|| = max||v " Tak xak
j=ln i=1,n j=Ln i=1,n-1
|/11<| <1vk=] n_l1|ak,k—lﬂ'k—l +akk| = |akk| _|ak,k—1||ﬂk—1| = |akk| _|ak,k—1| = |ak,k+1| >0(8y ., % 0) &
1 < <oo,Vk=1,n-1
|ak,k—lik—l + akk| |ak,k+1|
Basa  mmpykwmn:  [a,] > [a,]> 0, = ||| ||| < || If "| <oo—nposepena . VIHAYKTHBHBIi  mepexoa,  MycTh
&yl [ay
o gemp L 1l [ d I did
|akk 1 +akk| |ak ket |ak ket |ak ket
B o T o S .
BV oot < [£1+[8n0-1 Ilo dopmymne(8) |4 |<Lk=1n-1
A, lln 1+ 8, Ann| ~ |01 A0l ~ |00
[l <[]+l < e+ < o+ 2 < | | <0, vk =T

Teopema 1 mokasaHa.
Paccmorpum MatpuuHOe ypaBHeHHE(l) ¢ MATHIMArOHAIBHOH MaTpHIEH, TO €CTh CO BTOPHIM YCIOBHEM Ha
ko3 uumentsi(2). [loBropss paccyxaenns ananorugasie (3)-(7), moIyduM cUcTeMy BEKTOPHBIX ypaBHeHHH(12)
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1 2 3 1
A X +a,X +ax =f

A, X"+ 8y, X0 + 8, X3 +a, X' = 2

QX P A X T+ X + A X, X = T vk=3n-2

n-3 n-2 n-1 n n-1
a'n—l,n—sx + an—l,n—zx + an—l,n—lx + a'n—l,nx = f

(12)

n-2 n-1 n_ ¢n
Ay X A X ta X =
B cucreme ypasHeHuii (12) kpoMe U3BECTHBIX 3JIEMEHTOB & j IATHIMArOHAIbHON MATPULIB! 3a/[aHBI BEKTOP

—crpoxu f',i =1,n npasoii yactn ypasrermsi(1), X',i =1,N - HensBecTHBIE BEKTOP — CTPOKH ypaBHeHus(1).
Anamormaro  (7), (8) Oymem wWckaTh pemieHHe TpeTbeil  CTpoku  cucteMbi(12) B BHAe
X =, X+ 4, X4y k=1n-2 (13)
Teopus pasmeprHocTeit[6,9] nokasbiBaet, 4t0 B(13) 4, |, A, ABIAIOTCSA YUCIAMH, &, V, KaK U X< - BEKTOpaMHU.
1

Bripazum u3 nepBoro ypasHenus(12) ctpoky X' = % x? ) x® + — . CpaBHMBas IOCTIC/IHEE BBIPAKCHHUE
1 ay ay
1
X" ¢ ypasuennem(13) pu k=1, momyanm
1
3 3 -
11’1:__2,12’1:__3,‘/1’1_:—'J:]_,n (14)
all a11 1
1 2
IMoacraBum X~ Bo BrOopoe ypaBHeHHe(12), n3 KOTOpPOTO0, BRIpaXas 3aTeM X, MOIy4InM
f 1
A, X! +auXE +a,X° +a, Xt =ay, VG I Ay, X* + X + A, X*t = f2
8y 8y 8y
a a a, f*
ay, _M]XZ +| ay _M X3 + a24x4 =f 2_"a1°
8y &y ay
2 B3y — 8y | 3 08y 4 a11f ‘- 4y f*
Xt = 2BE B e x* +
Ap8; — 8p8y 8p8; — 84,8y Ap8; — 8p8y

CpaBHuBas nocieanee Beipaxkenue u popmyny(13) npu k=2, momyanm ko3 HUIIHCHTBL:

Ay = Q3851 — 8p38y; oy =— 85481 Wy = ailfj2 _a21fjl i =1,_n (15)
Ap8y; — 818, Ap8yy — 818, A8y — 818,

B pa6ote[5,cTp.69] nosmyueHs! HOPMYIIBI IS PEHICHHUS CKAISIPHOTO PA3HOCTHOTO YPaBHEHHS

A o+ AuX 1 —CoX + By X +ByX = T4, vk =2,n-2 (16)
C ko3 unmeHTaMu MPOroHKU

+ + B
o = By + Ao + Auduc o Aot o 2k

Ck - Aikﬂ’lk—Zﬂik—l - AlkAQk—Z - Azkﬂ'lk—l ’ B Ck - Aik/’)'lk—zﬂlk—l - Aikﬂ’zk—z - Azkﬂ'lk—l ,
_ AtV + AuVics + Aavia — R K=3n-2
Ck - Aikﬂlk—zﬂik—l - Aikj’Zk—Z - Azkﬂ'lk—l

CpaBHuBast ypaBHeHUsA(16) ¢ TpeTbuM ypaBHeHHeM cucTeMbI(12), momydnM (opMyIBl A BEKTOPHBIX (HOPMYIT
METO/a MPOTrOHKH B cOO0TBeTCTBUH ¢(17)

Ay =— By 1 + st + Ak Ao ~ ke
K=

Mok = '
O SV Y T - VO P WA D By Ay Ao + A dais + Badua
A ko oVir i T oVuoz i T Ve i — Fii S — —
K k—21k—2Yk—1, kk—2Yk-2, kk-1Yk-1, K, :
Vij = ! 1 ! Llk=3n-2j=14n (18)
’ A+ oAk oA T A 2k 2 T A
ik -2kl T A -2ok-2 T S k1M
Dopmyiei(14),(15) coBmectHo ¢ (18) Ha3pIBatoTCS (hopMyTaMu IIPOTOHKH BIIEPE.
B mHacrosiiee BpeMs B UMCICHHBIX METOJAaX AaKTyallbHO paccMaTpWBaTh 3aJadyd C TapauieIbHBIMH
BBIYHCIICHUSIMH, KOTJa HECKOJBKO sJep Tpolleccopa MPOBOAST OJHOTUITHBIC BBIUYWCICHHS IS COKPAIICHUS
BpemeHu. Hampumep, 3amady(l) MoryTr mapauienbHO pemaTh 2 siipa, €ClIM W3BECTHO peIleHHe OJHOW CTPOKH

a7

k

matpuipl X. Jis mpoCcTOThI, Oy/IEM CUMTAaTh M3BECTHOM IMOCIENHIO CTPOKY pelleHHs X' U yKakeM (OpMYJIbl

-2
TOJTy4€eHH sl OCTAIBHBIX CTPOK. Bripaskas u3 nocnennero ypasuenus(12) X", momyuum
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X"2 = ynl_ TN gy (19)
a a

n,n—2

Hcnomssys ypasrerne(13) moxem samicats X' = Z.Ln%Xn*z + 22’”73Xn71 +v, 5, K=n—-3, xoropoe

MOJCTaBUM B UETBEPTOE ypaBHEHUE cucteMbi(12)

n-3 n-2 n-1 n n-1 n-2 n-1 n-2 n-1 n
an—l,n—SX + an—l,n—ZX + an—l,n—lX + an—l,n X = f < an—l,n—3 (jl‘n—SX + /12,n—3X + Vn—3 )+ an—l,n—ZX + an—l,n—lx + an—l,nX =
= (an—l,n—3/1l,n—3 +8,_ 102 )Xn_z + (an—l,n—s/,lZ,n—S + an—l,n—l)xn_l + an—l,nxn =fri- &, _1n-3%-3

B rocieiHee ypaBHEHHE MOACTaBHM X ° - IpaByio  gacthb Gopmyisi(19)

an n-1 . n-1 an n n f ! n-1 n n-1
(an—l‘n—aj'l‘n—a + a'n—l,n—z - X - X"+ + (an—l,n—SiZ,n—S + an—l‘n—l)x + a'n—:L,nX =f - an—l‘n—avk—S &
n,n-2 an,n—2 an,n—2
a a
n-1 n,n-1 N n.n
X an—l,n—3ﬂ2,n—3 + an—l,n—l - (an—l,n—Sﬂl,n—S + an—l,n—Z) =X - an—l,n + (an—l,n—3ﬂ’l,n—3 + an—l,n—Z) +
n,n-2 n,n-2

n

n-1
+f A s (an—l,n—?ﬂ’l,n—?- +a, 102 ) =
n,n—2
n
n

o )iy . |
Xj - a'n—l,n + an—l,n—Sﬂ‘l,n—S + a'n—l,n—Z + i a'n—l‘n—3vk—3,j - an—l‘n—3j’1,n—3 + a'n—l,r'l—z

n-1 n,n-2 n,n-2 -

X, = ,j=4n (20)

/1 a'n‘n—:L ( )
an—l,n—3 2,n-3 + an-1,n-1 - an-1,n-3i1,n-3 + an—l,n—Z
n,n-2

CpasauBas popmyry(20) ¢ pemeHreM BTOPOii CTPOKH CUCTEMBI(23) BUAHO, UTO

a
- an—l,n + ai(an—l,n—sﬂi,n—?s + an—l,n—Z)

-2
Al,n—l = o

an n-1

an—l,n—3ﬂ'2,n—3 + an—l,n—l - (an—l,n—?,ﬂl,n—?: + an—l,n—z)

n,n—2 . _
,j=1n (21)
n
n-1 j
fj — A 1 n-3Yk-3j (an—l,n—3ﬂ’1,n—3 + an—l,n—z)
— an,n—2
Vo =

an n-1
an—l,n—:’ﬁ?,n—s + an—l,n—l - (an—l,n—sﬂi,n—:s + an—l,n—z)
n,n-2

Takum 00pa3oM, MOJYYCH AITOPUTM [MAPAUICIBHOTO BBIUYMCIICHUS, CHAYAIA BRIYHCIISIEM KO3()(UIIUEHTHI 110
“bopmynam nporouku snepen” (14),(15),(18),(21). Janee, no uszsectHoli cTpoke X" 1o Gpopmyse(20) momyuum X"
a mo “dgopmynam mporouku Hazaxm’ (20),(13) crpoku permieHus X, k=n-21. Umes ypaBHeHue (1) ¢ Marpumamu

nopsiika 2n+1 ¢ U3BECTHOM CTPOKOit X" ,TIEPBBII IIPOLIECCOP BBIYHUCISIET CTPOKH C 1 1Mo N,CBEpXy — BHU3, (I HETO
mocJeqHsas CTpoka ¢ HoMepoM N+1). BTopoit mpomeccop BeramcisieT cTpoku ¢ 2n+1 mo N+2,cHu3y-BBepX, (¥ s
HETo MOCIeHsAsA CTPOKa ¢ HoMepoM N+1).

Paccmorpum  TecroBblid  mpumep(22), B KOTOPOM  KOI(GQHUIMEHTH  MaTPUIBI  B3SATHI U3
pa6otsI[5,popmyna(34),ctp.73].

3necy mepBas M IMOCIEIHSAS CTPOKAa MATHAMArOHAIBHONW MAaTPHIBI CHCTEMBI COJIEp)KaT IO 3 HEHYJIEBBIX

3JIEMEHTA, BTOpasd W MNPCAINOCICAHASA CTPOKHU IIO 4 HCHYJIEBBIX J3JICMCHTA, OCTAJIbHBIC CTPOKHU II0 5 HCHYJIEBBIX
OJICMCHTOB.
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w12 o o o]
13 ?o% 2 r ]
_ - -31 -31 -31

> = = 2 0 0 o0 -7 == -7 = 7 = -

5 3 5 3 363636 3 T T T T

2 1 1 2 , ,|68363636 |-15 -6 -15 -6 -15 -6 -I5

3 6 3 6 3 3636363 |-4 -11 -4 -11 -4 -11 -4
2 1 10 1 2

0o - - -= = = 063636 36|=-11 -4 -11 -4 -11 -4 -11 (22)
3 6 3 6 3

0 0 2 1 0 1 2 |36 36 36 3 -4 6 -4 6 -4 6 -4
3 6 3 6 3 (6363636 |-15 -6 -15 -6 -15 -6 -15

o o o 2 1 W 1l3636363 |7 3t , 8 o, -3 4

3 6 3 6 | L 2 2 2 ]
o o o o 2 L1 10
L 3 6 3]

IIporpamma Ha FORTRAN c yuerom anropurma(14),(15),(18),(21), (20),(13), ¢ u3BecTHO! mNOCNEAHEH

crpokoii pemenus X" = (3,6,3,6,3,6,3) Bo3BpaIacT OCTANBLHEIE CTPOKH PELIEHHs, 3aICAHHbIE B TaOIUIE 2.
¢ wucrons3oBanneM  anroputma(14),(15),(18),(21)(20),(13),

Tabnmuma 2. PemeHwe, mOTydeHHOE HPOTPaMMOM

X" =(3,6,3,6,36,3) .

Tabnmna 3. Pemenne, momydeHHOE MporpaMMoii ¢ ucrions3oBarneM anroputma(14),(15),(18),(21),(24),(20),(13).

il |1 2 3 4 5 6 7

J

1 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000
00000 00000 00000 00000 00000 00000 00000

2 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000
00000 00000 00000 00000 00000 00000 00000

3 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000
00000 00000 00000 00000 00000 00000 00000

4 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000
00000 00000 00000 00000 00000 00000 00000

5 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000
00000 00000 00000 00000 00000 00000 00000

6 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000
00000 00000 00000 00000 00000 00000 00000

7 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000 | 6.000000000 | 3.000000000
00000 00000 00000 00000 00000 00000 00000

CpaBHeHue TabuuIpl 2 U pelleHus npumepa(22)nokassiBaer, uro aiaroputM(14),(15),(18),(21),(20),(13) ¢

onHol u3BecTHOM cTpokoii X" = (3,6,3,6,3,6,3) sABnseTcs TOUHBIM MeTONOM (pElIaeMbIM 3a KOHEYHOE YMCIIO

apuMeTHYeCKUX ACHCTBHUIT), TaK KaK COBNAAAIOT 15 3Hayamumx udp y Bcex 3JeMEHTOB HEM3BECTHOW MaTpPHUIIbL.
Paccmotpum anroputm pemeHus 3ama4n(l) ¢ mATHAMATOHAIBFHONH MaTpHUIEH OJHMM SIpOM Ipolieccopa, B

ClIydae eCJM BCe CTPOKHM pEIleHUs] HeU3BeCTHhI. B cucreme ypaBHeHmii(12) TpeThe, 4eTBEpTOE, MATOEC PA3HOCTHHIE
YpaBHEHHS COJEPIKAaT COOTBETCTBEHHO 5,4,3 pa3HOCTHBHIX claraeMbIX. [IOCKOJBKY peIIeHHEe TPEThErO YpaBHEHHS
(12) umeer Bum(13) u comep uT 2 pPa3HOCTHBIX CIAraeMbIX M | IOCTOSHHOE CllaraeMoe, TO YETBEPTOE U IISTOE
ypaBHCHHE UMEET pelIeHUe Ha OJIHO, Ha J1BA Pa3HOCTHBIX CIaracMbIX MEHBIIIE COOTBETCTBEHHO

Xn72 = ﬂ'l,n—z)(m1 + ﬂ'z,n—zxn + Vn—2

n-1 n
X = j’l,n—lx + Vn—l

(23)
X" =v,
B nocnennee ypaBuenue cuctemsl (12) moacTaBum nepBbix JBe GOpMyIibl U3 cucTeMbi(23), Moaydum
Ay, X P+, X e, X =" e an,nfz(ﬂmfzx”‘1 + Ay X" +vn72)+ a X e, X =" e
= (an,n—zﬂ’l,n—z ‘*“rj‘n,nfl)xni1 +(an,n—222,n—2 + an,n)xn =f" ~ & n2Yn2 &
= (anynfzﬂi,nf2 + an'HXAnflx” +VH)+ (an'nfz/?z,jf2 +an,n)x” =f"-a,, V.,
= ((an,nfzﬂiynf2 +ay 0 Minatanodon st an,n)xn =f"—a, Vi —vnfl(an'nfzﬂmf2 + an,n71)<:>
- Xjn _ fjn — 8, n-2Vn-2,j _Vn—l,j(an,n—Zﬂl,n—Z +an,n—l) i=1n (24)
(@0 noine+8nn s s +annodona+0n)
o £ =2, Voo~V (an'nfzﬂiynf2 + an,nfl) _1n (25)

: ((an,n—Zﬂl,n—Z+an,n—l)ﬂi,n—l+an,n—2ﬂ'2,n—2+an,n), o

3ameuanmne 2. [lpu pemieHun marpudHOoro ypaBHeHMs(22) ¢ KBaapaTHOM Marpuueid nopsaka n=101
pemenne, kak u B Tabmmue 3(mpu N=7), anropurmom (14),(15),(18),(21),(24),(20),(13) Bo3BpamaoTcst IpOrpaMMoi
C IBOWHOM TOYHOCTHIO 32 KOHEUHOE YUCIIO apu(hMETHISCKUX OTIepaIinii.
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TTocnemnue ypaBHeHwmsi(24),(25) cormacyloTcs C TOCIETHUM ypaBHeHHeM cucTeMbl(23). B aByx
npuBeaeHHbIX TpuMepax(11),(22) mabJoHBl TpeX W MATHAWATOHAIBHBIX MATpPHI[ HCIIOIB3YIOTCS IS
anmpokcuManuu auddepeHnuanbHoro oneparopa Ilyaccona, n3-3a 4ero cymma BecoBbIX kKod(hduimeHToB mabdioHa

1
paBHa HymO (TaK KaK NPOM3BOJIHASA KOHCTAHTBI €CTh HOIB)[3] Au,, =F[uk’k_l+uk,k+l+uk_l,k+uk+1’k—4uk,k],

1

1( ) 2( ) 10
Ay =— s Ug k-1 T Ui ke T U1k H U1k +§ U k-1 F Ui ko1 T Uk FUkiaka

h 3 — U, k:|[5]

[TosTOMy, LEHTpaibHBIN (JUaroHadbHBIN) KO3()(UIIMEHT NMeeT 3HAK NMPOTHUBOIOJIOXKHBIA 3HAKAM APYTUX
k03¢ ¢unneHToB mabioHa (HeAMAaroHANBHBIM KOA(GQUIUEHTaM CTPOKM MaTpuibl). V3 NpUBENEHHBIX NPUMEPOB
BUJIHO, YTO JTUAarOHaJIbHBIM AJIEMEHT UMEET MaKCHUMalbHBIH Moayns. Haummensimnit moayns 1/6  xoadduumenta
PacIoJIoKeH B y3JlaX, yAalIeHHBIX OT LIEHTpa Ha IIar Mo ogHoi koopauHaTHO! mpsaMoil. [IpoMexyTodHoe 3HaUeHHE
2/3 HaxomuTcs B y3JlaX yJaJeHHBIX Ha LIar 1o JBYM KOOPJIWHATHBIM NPSAMBIM. BIpa3sum Bce ckazaHHOE B BUIE

LH Al ;s
1 a11 8

Jis naTuaaroHanbHOM MaTpuIel Terumia moTpedyeM HecTporoe IBOMHOE AraroHanbHOe peobiaganue ee
3JIEMEHTOB

ycnouil. [l yno6cTBa BBeeM 0003HaUECHUA 0, =

vQZ

ank,k—2|+|ak,k—l|+|ak,k+l "‘|i5‘1<,k+2|)S |ak,k|ka =3n-2< 2(2|ak,k+1 +2|ak,k+2 )S |ak,k| g
A cal +la .
4qak,k+1 +|ak,k+2 )S |ak,k| A | . 1|é:(_l|(| S S%C 0 +Q, < L ,QZ 20 <0 <% %> G, 2%

Teopema 2(o koppekTHOCTH anroputma nporouku(14),(15),(18),(21),(24),(20),(13)). [Iycts Ha NATHAXATOHATBHYIO
Matpuiy Terumma A ypaBHeHI/ISI (1) HAIOXKEHBI YCIIOBHA:

1)A-cummeTpudeckas & ; = a, i, =1n, &, =8, i=2n-la,,=a,;,Ii=3n-2

2) SJIEMEHTHI MaTpPHIIBI A UMEIOT Hecmpozoe 0801lIHOE ouazonanvbHoe npeobnadarue.
ascal) <[l vk =302, 0<da| < 2ay | +fad < s

0 <28, .| < 28y, | + || +[a0])< [as.2]: 0< 28y 10 s < 2an 20 a| +[nsn o+ [Brsn])< rsna)

0< 2anvn72| < ZQanyn72| +a, )s

3) Ay Ak <Od . 3, <0

0< 2|ak,k—2| = Z(Iak,k—2| +|ak,k—1| +|ak,k+1

a

n,n-1 n,n

Torpa: Vz =|—= B [14]

1)0< 4, ggql,i =1Ln-10<4,; s%qz,i =1n-2

2)dbopmyasl iporouku (24),(25),(21),(20),(18),(15),(14),(13) — KOppeKTHEI.
Jloxa3aTeJbCTBO TIpoBedeM IO HHAyKIMH. JleBble dYactu ycioBuii 2 Teopembl 2 obecrednBaeT Takxke
KOppeKkTHOCTH opmyii(14),(19) u HeHyIeBbIEC TUATOHAIBHBIC 3JIEMEHTBI MaTPUIlBl A(UTO SKBUBAJICHTHO HEHYJICBBIM
JJIEMEHTaM KpaiiHuX JAuaroHaieil Mmatpuisl Teruia A).
1)ba3a uHIyKIHH.

(14)

2
Janee uncnuTEIs ¥ 3HAMEHATENb (GOopMyI(15) IeIUM TOXAECTBEHHO HA YUCIO &,

1
|/11 |_|313321 azsaﬂ| |a11||a23|+|a13”a21| c|1"’q1q2 <_ PN 1+q2 < 1+7 ~1269<— _1(3)

|azza11_a12a21| |a22||a11| |a12||a21| 1- Ch 3 ' :L_qlz_j]_—i
64

(14)

<= ql,lﬂz | =

21 3) 3)
=0, < Z_Oqzjq,l >0,4,,>0(3))

21 21 1 63_20
<o eofl-gl)rlel-gicl-—=—>2
20 20( ql) 0 64 64 21

|/1 |(:)_ ayay, |_ |a24||a11| 1_) 0,
# ayay — a12321| |a22||au| - |a12 ||a21| 1- Q12

NupykTuBHBbIN nepexod. I1ycTh BBINONIHEHb] YCIOBHA

A, sgql,i —1k-174, gi—;qz,i —1k—-14,>0,4, >0. Torxa
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4.21 21 7 5

‘/11 ‘(12’ q1+q1‘/12k1‘+q2‘ﬂ'1k2 2k1‘ <q1+q1 q2+q23 20qlqz <q 1+%q2+gq2 SR SIPN
K7 qz‘ﬁqk 211“‘ qz‘/lzm‘ %Wi‘ qq _7q2 4q2 ' 1_§.1q2_éq2_£q2 3" '
2 2 9 4" 207° 3"
1.2 7
- +7q2+ qz <£<:>1+£q +Zq E_qu—ng—zqzb
1_@1(42 ng_ng 3 2% 5% =37 7% g% 5%
9 4 202 3™
14 3) 64 ,_ 829
(qz 16) 7% “1g20 (29)

HepasencTBo(26) onpezenser BHyTPEHHIOK 001acTh aiutumca E ¢ ueatpom(0,-3/16)

829 14 9 .
V3 =02 ~———|=-=0375>",q,€[00375/>|0,> |vk=3,n-2
e =0 \/(1920 5256)64 qle[ ]:{ 8}
5’5 2 T 21 7 1
j’l,k(uj 1_'_7 +7 2 L2171
8 8 q2 qz ~ 20 8 s 64 i ﬂ_
) B ~1.202 < —=13(3)
G 1- —qq éqZ_fqz 1—Ei_27i ﬁi 3
2 o 3" 08 2064 3 64
11
ﬂ“(ZO’SJ 1+§q2+zq22 1+% %% 2i5 4
< _ _ 4
& qq 210I2_gqz 16 1 A1 4 1 1.327353,_3 1303)
720 3" 7 95400 20 25 3 400

1
Tax kak »mmunc(26) mpeacTaBisieT BBITYKIOE MHOXECTBO, TO BECh OTPE3OK MPSIMOH O, +0, =ZMe>1<z(y TOYKaMHU

3l e [1,4]. Ecmn
2

8'8 20'5

(1 1JZ =1, {i 1)Z =4 1eNnKOoM pacnoyoxkeH BHyTpH amnuncal10,ctp.33] Vz = &

O+ Oy 1 + Uiy 2Aoi s J — 41 To ecTb

Aot A Face 202 Sign(ﬂik ) B Sign(l— Oo A 21 = UoAok o = hAu s

0<A; sgql,izl,n—z

6, 2,4, 0% 6, 20, 4, 2

1- QZ q1 _*q _*Q1 _qz q1 _*q

‘ ‘ ‘ ~ ka2 ‘1)2 4 21 1 <21
‘ n® 3

< G, o
‘akk'l'akk 2yt + g T 8akia

116 , 21 , 4 ,_20 622121
1-=—qg°-=q,°-—9° > ,E:—0° +—0g,° < —
49 % T50% 3% =7 o "% =y

b0, 0075 % 023 [ ~osswzta clod [ 1[od]

(27)

2116 4\21 4\21 8
A (1 1)‘
kKl o'
"\ 8 8 1 1 21
< _ o2
a, - , 21 5, 4 16 1 21 1 4 1 1.042 20 1,05(0)
qqu 20 -~ _gql _E ? 20 64 3 64
K| Zo o
205 1 1 ”
< - ~1.048< ==
i 1‘* 00 éq 2 442 (16 1 A1 41 1048 <59 =10%0)
w20 3" 9 5.400 20 25 3 400

1
Tak kak 3mmunc(27) mpeacTaBiseT BeITykiioe MHOXeCTBO[ 10,cTp.33], To Bech O0Tpe3oK mpsAMoii g, +0, = ZMC)K)Iy

=3

8

[1 4] Ecnu

11 11
TOYKaMH | —,— (Z =1, Z =4 1eNMKOM PACTOJIOKEeH BHYTPH Ajuinnca VZ =

8’8 20'5
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: : 9,
A2y Aokt Akt Aok >O:S|gn(/11' )=5|gn( J=+1,T06CTL
on T T “ 1= A A1 — Dok — T A

21 .
0<A.<—0,,i=14n-2.
ﬂi,l 20q2

a5

8

To ects, nepBas 4acTh Te€opeMbl 2 J0Ka3zaHa VZ = [1 4]

2)/Ioka3aTeIbCTBO BTOPO# YacT (KOPPEKTHOCTH GOPMYJI IIPOTOHKH).
Haiinem ycioBue, npu KOTOpOM 3HaMeHaTenb GopMyi(21) coxpaHseT 3HAK, YTO 0OECIEYUT KOPPEKTHOCTH

thopmyn(21). C yaetom ycnoBuit Teopemsl 2 momydnm
A

2

1 1 1
~% cf4]=q < e ,qls—quﬁ—

1
+Q,<—,Vz=
Gr =7 q, 20 5

an—l n-2
an—l,n—SﬂZn—S + a‘n—:L,n—l - (an—l,n—Sﬂ‘l,n—S + an—l,n—z >0
n-1,n-3

an n-1 b
an—l‘n—Sj?,n—S + a'n—l,n—l - (an—l‘n—Sﬂ'l,n—S + a'n—l,n—z =

n,n-2

1)
2 2 2 2
103 A2ns T Byina@rins ~ ntnoBninsbins ~ Bnino ‘> 0 ‘qz Ayna =0 = Gpthdiy 3 — 0 ‘ >0

21 21 1 479 11
qz +q2qlﬂi,n—3 + qlz _qzzﬂz,nfs 2 QZ _2_0q23 2 qz(l__ _j q e O,qu € |:_'_i|

20 25 500 85

1)

an—l,n—l
- an—1,n—2 + (an—l,n—Sil,n—S + an—l‘n—Z)
anfl,nfa

ann
—a o t——\a A tA
@) [ n-1,n a (nl‘n 3’11‘n3 n-1,n 2)]

n,n-2

j’l,n—l = = =
an,n* an* N=
[an—l,n—?)ﬂ’z,n—s a0~ 71(an—1,n—311,n—3 8102 )] [an-Ln-s}*z,n-a &~ = (an-Ln-sil,n—s 8102 )]
n,n-2 n-1,n-3
=| ( an 1,n— Za—ln 3+an 1,n— lan 1,n— ?ﬂ’ln 3+a—1n—1an 1,n- 2) | | _qzﬁi,n-s_qﬂz_ch |<
|(an—1,n—3 j’2,n—3 + an—l,n—lan—l,n—S - an—l,n—zan—l,n—sﬂl,n—s n -1,n-2 | | 2222,n73 - qz - qlqzﬂl,n% - q12 |
4 7 7
_ qz%g"'qlqz‘*‘% y qqug‘*‘% gi (1"‘%} g
G+ hlns v~ % s g, +q.0,4,,+07 -0, = % fp, @ 22
' 20 q, N
17 22
53"t 15 23 q
<% 53 15 s 2% % (28)
Glq, L 21 1) g4, 1 21 g, 150, ds
20°(L/5) 20 25 80 500

Takum o6pasom, hopmynbi(21) KOPPEKTHBI, TO €CTh CYyNIECTBYIOT KOHEYHOE 3HA4Y€HME 4, M KOHEUHas HOpMa

n

fj _an,n—zvn—z,j _Vn—l,j(an,n—Z/ll,n—Z + an,n—l)

((an,n—zﬂl,n—z + an,n—l)j’l,n—l + an,n—zﬁ?,n—z + an,n)
d

n,n

BeKTOpa v, ; . PaccMoTpum KoppekTHOCTb hopmyi(24),(25): x j" =

B nocnesneii popmyiie pa3nesnuM 3HaMeHaTelb Ha IMaroHaIbHbIH JIeMEHT ¥ OIIEHHUM JIpO0Bb 110 MOJTYJITIO

(28)

‘(an,n—z S e >0e ‘(‘ Upys = q1)ﬂ1‘n4 ~0yAy "']4 =1- (quanfz +G )ﬂl‘n—l ~Opyng 2

e

23¢q, ,21 ., 92 , 23q1 21 1 921 23 1 21

(28)
>1-— —_— 1 _ —=1-=— [ S . — . O734>0
(qqu ql)15 q, “ T B 1 6, 20 % 4564 15 64(1/8) 500
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Takum o0pa3zoM, koppekTHbl (opmyinsi(24),(25), TO ecTb OrpaHH4YeHO 3Haqune‘xj”,j:1,_n . A Taxxke

KOPPEKTHLI (l)OpMyJ'[I)I OGpaTHOﬁ MPOTOHKH, YKa3aHHbIC HMWKE, TaK KaK KOHCYHOCTb BCJIUYHH X"

X =2, XM+ 4, XKty k=1n-2
ﬂlnfl,||vnfl||,/11k,ﬂzk,||vk ||, k=1,n—2 Gbuna moxasana Hamu panee. {X" ' =4, X" +v,
X" =v

n

Teopema 2 gnokazana. OkaspIBaeTcsi, 4Tro mpH Oompmmux mnopsakax(n>50)marpuaroro ypasaeHU:(1)
KodpuuueHTs TpsiMoil MporoHKH(18), WMeroT TmpemenpHBIE 3HaueHWE(Ha YTO YyKas3hIBaeT —pacliedaTka

K03 PHUIHEHTOR), 0003HAYNM MPECIbHBIC 3HAUCHUS

Ak e X, Ag i .Y, samenis Bee kodbdunuentst B (18) HMX nNpenenbHBIMM 3HAYEHUAMHU, HMEEM:
—>0 —0

A= 8y ko + & s T Aoy B )
X = iAok = ;
Ak oo T o doks T &kt U - WOV Y TR - YOV PP o MY
Y= Ak T Ak Y T2 XY - )
- -2 —_ — - —_ —_ —1
Ak Tk X T Y+ X A Tk X T YT X

J1st cumMMerpuueckoi Matpuusl Termna umeem:

G "'_czhy"‘(iz;(;’ _ ,9 _ _Z_QZ _q-= Ak _ Fka q, = Akz _ k2 (29)
1+q,X +Q,y+0X 1+0,X +Q,Y+0,X S A Ak A

x|
Il

Teopema 3. HenunueitHas cuctema ypaBHeHMii(29) uucieHHO pa3pemuma MeTroaoM HproTona — 3eiimens mo

UTEPAOHHBIM (OPMYJIaM C AMATOHAIBLHBIMH JJIEMEHTaMHU MaTpHLbl SIK0OH, moy4eHHbIM B padote[15]:
v s X rglef om0y ro (0 f o rayt
X =x , $=012,...
1+ 3q2(x5)2 +20q,Y° +2g,x°

S S S+ S 2
sa_ s Y T0y (X l)Z+Q2(y ) +0,X

- y s+l 2 S
1+ qz(x ) + 20,y + QX

(30)

s+l,,s

Y *% s_012..

s+l

y

Joxa3zareabeTBo. B pabote[15,cTp.14] mokasaHo, 4TO I peIIeHHS HeNWHEHHOW cucteMmbl ypaBHeHuil (30)
JIOCTaTOYHO IIepenucaTth HeTuHelHble ypaBHeHUA(30) B KaHOHMYECKOM BHAE C HYJIEBOM IIPaBOil 4acThio, TO €CTh

noay4uts Gpynknuu 4 nepemenssix ( 0, (], -mapamerpsr, x° ys - He3aBHUCHUMEIE NTepeMeHHbIe). MiMeem:

B0,y 0,0,)= X + 0,0 + 20,7y +04(6 f + @+ ay® =0

f, (Xs, y*, 0, qz): ¥ +0, ys(xs)2 +0, (ys)2 +0,X°y* +0, =0, ux 4acTHBIE TPOU3BO/HBIE — JAUATOHATLHBIE DJIEMEHTHI
MaTpuis! SIkobu cornacHo[ 15,ctp.14] nomyunm

flxs’(xs, y*, 0, q2)= 1+3q, (xs)2 +20,y° +2q,x°, fzys’(xs*l, y*. 0, qz): 1+ qz(xs*l)2 +20,Y° +g x>
Cormacao[15,cTp.14] mMeem cucTeMy HTEpAIlMOHHBIX YPaBHEHH:

3 2

s (¢, y°,,,0,) el X 0,0 F +20,¢y" +0, 0 F +9,+qy°

Xs+l =X ) A
f . (xs, ys,ql,qz) 1+ qu(xs) +20,Y° +2q,x°

, §=012,...

(1)
fzys/ (Xerll ys , qll qz) 1+ qz (X5+1)2 + 2q2ys + qlxs+1

Teopema 3 nokasana, mockoibky Gopmyna(31)coBnanaet ¢ popmynoii(30).

127



3ameuanue 3. Jost MaTpPUIHOTO ypaBHEHUS (22) BTOpPOTO YUCIIEHHOTO puMepa

1/6 1 2/3 0_\,0
g, = 1073 = —2—0,(;]2 = 073 = o nporpaMma ¢ HadanbHbIM 3HauenmeM X =Y =01, n =n,=101 mno
cpopMynaM (18) JaeT UTEPAIMOHHbIE 3HAYCHUS KO3 PUIHEHTOB TIPOTOHKH
Ay = X =6,6324473666998-107%, 4, ,, = Y =0,2096722801763936 yske Ha 26 mare u ganee ko3pUUMEHTHI
[POTOHKH UMEIOT CTallHOHAPHBIE 3HAYEHHUS. HWrepanuoHHsie bopmyibi(30) JaIoT

X= 6,6324473666998-1072, 9 =0,209672280176393, x° = y0 =0.1, To ecTh pPa3sHOCTh MEXIY TEKYITHMH

3HA4YEHMAMH K03()(UIIMEHTOB NMPOTOHKN M UX MPEICIbHBIMU 3HAUCHISIMU MaAaeT K HYJII0 C JBOHHOW TOYHOCTHIO

o T€OMETPUYECKON nporpeccym 3a HECKOJIEKO JIECATKOB 11aroB. Kpome TOro
4| = X = 6,6324473666998-10 2 < —|q1| =— =6,6(6)-102,

|4,..| = y =0,209672280176393 L2 |q2| RT =0,21(0)

Uro He npotuBopeunt Teopeme 2. PaCCMOTpI/IM JpYroil napaMeTpuuecKuil cirydait

0, = —é, g, = —% . Urepanmonnsie Gpopmynei(29) natot

x =0,1492864354 y =0 1298948902, x° =y° =0.1. Kpome Toro,

| |—x 0,1492864354 < — |ql|_ —0166(6) .. |_y 0,1298948902, == |q2|_ —013125(0)

0376148815 < 2 _105'% 2: % _15(), ( ; % ZEJ ,
0,

Auna| = =0,38(3), [ql =0, = jlﬂm .

9TO Takxke He npotuBopeunT Teopeme 2.

8) 23 G
S0,

Hwmxe nanmcana nporpamma Ha FORTRAN ¢ aBoiiHO# TouHOCTEIO[ 7,8,15] s mpumepa 2.

program matprogonka;integer(8),parameter::n1=7,n2=7;integer(8)::k,i,j
real(8)::a(n1,n2),f(n1,n2),nu(n1,n2),x(n1,n2),lamda(nl);real(8)::lamdal(nl+1),lamda2(n1+1),c1,c2,c3,c7,c4,c5,c6
a(1,1)=-1d1/3d0;a(1,2)=1d0/6d0;a(1,3)=2d0/3d0;a(1,4)=0d0;a(1,5)=0d0;a(1,6)=0d0;a(1,7)=0d0;
a(2,1)=1d0/6d0;a(2,2)=-1d1/3d0;a(2,3)=1d0/6d0;a(2,4)=2d0/3d0;a(2,5)=0d0;a(2,6)=0d0;a(2,7)=0d0
a(3,1)=2d0/3d0;a(3,2)=1d0/6d0;a(3,3)=-1d1/3d0;a(3,4)=1d0/6d0;a(3,5)=2d0/3d0;a(3,6)=0d0;a(3,7)=0d0
a(4,1)=0d0;a(4,2)=2d0/3d0;a(4,3)=1d0/6d0;a(4,4)=-1d1/3d0;a(4,5)=1d0/6d0;a(4,6)=2d0/3d0;a(4,7)=0d0
a(5,1)=0d0;a(5,2)=0d0;a(5,3)=2d0/3d0;a(5,4)=1d0/6d0;a(5,5)=-1d1/3d0;a(5,6)=1d0/6d0;a(5,7)=2d0/3d0
a(6,1)=0d0;a(6,2)=0d0;a(6,3)=0d0;a(6,4)=2d0/3d0;a(6,5)=1d0/6d0;a(6,6)=-1d1/3d0;a(6,7)=1d0/6d0;
a(7,1)=0d0;a(7,2)=0d0;a(7,3)=0d0;a(7,4)=0d0;a(7,5)=2d0/3d0;a(7,6)=1d0/6d0;a(7,7)=-1d1/3d0;
f(1,1)=-7d0;f(1,2)=-31d0/2d0;f(1,3)=-7d0;f(1,4)=-31d0/2d0;f(1,5)=-7d0;f(1,6)=-31d0/2d0;f(1,7)=-7d0
f(2,1)=-15d0;f(2,2)=-6d0;f(2,3)=-15d0;f(2,4)=-6d0;;f(2,5)=-15d0;f(2,6)=-6d0;f(2,7)=-15d0;
f(3,1)=-4d0;f(3,2)=-11d0;f(3,3)=-4d0;f(3,4)=-11d0;f(3,5)=-4d0;f(3,6)=-11d0;f(3,7)=-4d0;
f(4,1)=-11d0;f(4,2)=-4d0;f(4,3)=-11d0;f(4,4)=-4d0;f(4,5)=-11d0;f(4,6)=-4d0;f(4,7)=-11dO0;
f(5,1)=-4d0;f(5,2)=-11d0;f(5,3)=-4d0;f(5,4)=-11d0;f(5,5)=-4d0;f(5,6)=-11d0;f(5,7)=-4d0;
f(6,1)=-15d0;f(6,2)=-6d0;f(6,3)=-15d0;f(6,4)=-6d0;;f(6,5)=-15d0;f(6,6)=-6d0;f(6,7)=-15d0;
f(7,2)=-31d0/2d0;f(7,1)=-7d0;f(7,4)=-31d0/2d0;f(7,3)=-7d0;f(7,6)=-31d0/2d0;f(7,5)=-7d0;f(7,7)=-7d0
lamdal(1)=-a(1,2)/a(1,1);lamda2(1)=-a(1,3)/a(1,1);lamdal(2)=(a(2,1)*a(1,3)-a(2,3)*a(1,1))/(a(2,2)*a(1,1)-
a(1,2)*a(2,1))

lamda2(2)=-a(2,4)*a(1,1)/(a(2,2)*a(1,1)-a(1,2)*a(2,1));do j=1,n2
nu(1,j)=f(1,j)/a(1,1);nu(2,j)=(a(1,2)*f(2,j)-a(2,1)*f(1,j))/(a(2,2)*a(1,1)-a(1,2)*a(2,1));enddo

do i=3,n1-2;do j=1,n2;c1=a(i,i+1)+a(i,i-1)*lamda2(i-1)+a(i,i-2) *lamda2(i-1) *lamdal(i-2)
c2=-a(i,i)-a(i,i-2)*lamdal(i-2)*lamdal(i-1)-a(i,i-2)*lamda2(i-2)-a(i,i-1)*lamdal(i-1)
c3=a(i,i-2)*lamdal(i-2)*nu(i-1,j)+a(i,i-2)*nu(i-2,j)+a(i,i-1)*nu(i-1,j)-f(ij)
lamdal(i)=c1/c2;lamda2(i)=a(i,i+2)/c2;nu(i,j)=c3/c2;enddo;enddo
c4=(a(nl-1,n2-1)+a(n1-1,n2-3)*lamda2(n1-3)-(a(n1,n2-1)/a(n1,n2-2))*(lamdal(nl-3)*a(nl-1,n2-3)+a(n1-1,n2-2)))
c6=a(n1-1,n1-3)*lamdal(n1-3)+a(nl-1,n1-2)
c5=(a(n1,nl)/a(n1,n1-2))*(a(n1l-1,n1-3)*lamdal(nl-3)+a(nl-1,n1-2))-a(n1-1,n1);lamdal(nl-1)=c5/c4

do j=1,n2;nu(n1-1,j)=(f(n1-1,j)-a(n1-1,n1-3)*nu(nl-3,j)-f(n1,j)*c6/a(nl,n1-2))/c4;enddo

do j=1,n2;c4=f(nl,j)-a(n1,n1-2)*nu(nl-2,j)-nu(nl-1,j)*(a(n1,n1-2)*lamdal(nl-2)+a(nl,n1-1))
c5=a(nl,nl-2)*lamdal(nl-2)*lamdal(nl-1)+a(nl,nl-1)*lamdal(nl-1)+a(nl,n1-2)*lamda2(nl-2)+a(nl,nl)
nu(nl,j)=c4/c5;x(nl,j)=nu(nl,j);enddo;do j=1,n2;x(n1-1,j)=lamdal(n1-1)*x(nl1,j)+nu(nl-1,j)

enddo;do i=n1-2,1,-1;do j=1,n2;x(i,j)=lamdal(i)*x(i+1,j)+lamda2(i)*x(i+2,j)+nu(i,j);enddo;enddo
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do i=1,n1;do j=1,n2;print*,i,j,x(i,j);enddo;enddo;
end program matprogonka
(Au,u)

()

xaycHop(oBEIM MHOKECTBOM [UIA 000 MaTpumbl A w BBITyKIo. [ mpumepa ctp.233 ManI/II_[a|: 01 Zlq} u3
TPEX Pa3IMYHBIX HEHYJEBBIX 3JIEMEHTOB MHOXECTBO Pernest mmeer Bu 3umnnca. OTMETHM, YTO MATHAWATOHATIbHAS
MaTpuia Temnmuma nprMepa(22) TakKe AMeeT TPH Pa3IMIHBIX AJIEMEHTa U €€ MHOXKECTBA KOPPEKTHOCTH (popmMyt
IPAMOH IPOTOHKH(26),(27) MpeacTaBisioT co00H AIUTHTICH.

VYpaBHEHHS MareMaTH4ecKoil (U3MKH NHTAI0OT CBOMMHU HJIESIMH HE TOJBKO TPaJAHMIHOHHBIC pa3/iebl
YHCIICHHOW MaTeMaTHKH, TaKKe KaK MaTpUYHbIC BBIYUCIICHUS (KOTOPHIM IOCBSIICHA JAaHHas paboTa), HO U HOBBIE
BETBH INPUKJIAJHON MaTeMaTHKH, TakHe Kak creraHorpadus (BmepBble 3Ty Hzaelo npuMeHuiaa BoixocoBa Harambs
KoncrautunosHa [17-20]).

B pabote nosry4eHs! pe3yabTaThl:

1) TlpeanokeH BEKTOPHBIA aHAJOT PEIICHUS MATPUYHBIX YPaBHEHHH C TpeXAWAaroHaNbHOH MaTpHIeH
thopmynsi(8),(9),(10) .

2) B rteopeme | moNydeHbl JOCTATOYHBIE YCIOBHSA KOppeKTHOCTH anroputma(8)-(10)

3) Paccmorpen anropurm(14),(15),(18),(21)(20),(13), pemenus 3amaun(l) ¢ TATHAMATOHATBHON MaTpHIICH
JUTS TIapauIeIbHOTO BEIYUCIIEHHS 2 mpoueccopamu 1 anroputM(14),(15),(18),(21),(24),(20),(13) pemenns
3TOH XK€ 3a/1a41 OTHUM IPOLECCOPOM.

4) B teopeme 2 MOJIyUYCHBI JOCTATOUHBIE YCIOBHs KoppektHocTH anroputMa(14),(15),(18),(21),(24),(20),(13)

5) Tlpusenmenuble TecToBbIe mpuMmepbl u mporpamma Ha FORTRAN mokassiBatot, uto amroputmsi(8)-(10);
(14),(15),(18),(21),(24),(20),(13)sB1410TCSA TOUHBIMH, TaK KakK JAlOT IMPOTpaMMOM 3Hau€HHE HEU3BECTHOMN
MAaTpHIIbI 32 KOHEYHOE YUCIIO OTepaluii, COBMAJAIONIeH MOAJIEMEHTHO C TOYHOM MaTpulleil B 15 3Havanmx
udpax.

6) B Teopeme 3 TmONydYeH YHCICHHBIA aNTOPUTM IS TPEACTbHBIX 3HAYCHHH KOIPOHUIIMCHTOB MPOTOHKH
BIEpeJ, MOKAa3aHO, YTO A JBYX MapaMETPUYECKHX CIy4aeB IpEJeibHbIC 3HAYCHHS MOJUUHSIOTCS
Teopeme 2.

B pabore I'omynosa C.K. [16,cTp. 233]moka3aHo, YTO MHOKECTBO OTHOIICHWH Pemes SABTISICTCS
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VECTOR ANALOGUE OF THE METHOD PROGONKI FOR DECISION THREE AND FIVE
DIAGONAL MATRIX EQUATIONS
N. VOLOSOVA, K. VOLOSOV, A. VOLOSOVA, D.PASTUHQV, Y. PASTUHOV,
The Offered algorithm of the vector analogue of the racing for decision of the free matrix equations with

square three and five diagonal matrixes for final number of the arithmetical calculations. It is proved sufficient
conditions to correctness vector molded racing for free three diagonal matrixes and sufficient conditions for five
diagonal matrixes Toeplitz. The brought program and two examples show that given algorithms are exact.

The Keywords: vector analogue of the method of the racing, three and five diagonal matrixes, matrix Toeplitz,
protuberant ensemble, parallel calculations.
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MATEMATHKA

YK 517.6:517.958
KOHEYHBIE METOJAbI PEHIEHUS YPABHEHUS TIYACCOHA HA TPOU3BOJIBHOM
OPAMOYI'OJIBHUKE C KPAEBBIM YCJIOBUEM JTUPUXJIE
H.K. Bonocosa (acnupanm MocKkoeckozo 2ocyoapcmeennozo mexuuueckozo ynueepcumema MI'TY um. H.3.
baymana);
K.A. Bonocos, npogpeccop, 0.¢p. - m.n. (MUHUT), A.K. Bonocosa, x.¢p.- m.n. (MHHUT),e. Mockea
K. ¢p.-m. H., ooy. /I.D. Ilacmyxos, K. ¢h.-m. H., ooy. 10.D. [lacmyxoe
(ITonouxuii zocyoapcmeennslit ynugepcument);

IIpeonooicen KoHeuHbLIL ANCOPUMM NPOLOHKU 8 MAMPUYHOU (OpMe ¢ UeCmbIM NOPAOKOM NOZPEUHOCTU OISl
pewenus ypaguenus Ilyaccona Ha Npou3BoONbHOM NPAMOY2OAbHUKE. AHAIUMUYECKUll npumep U HPOSPAMMA,
UCNONBL3YIOWAST OAHHLIL ANROPUTIM, NOOMEepIIcoaem wecmol nopsooxk nozpewinocmu. B meopeme 1 ooxaszama
MOHOMOHHOCMb  MAMPUY € OUASOHANLHLIM NPeodbIAdanHuem, y KOMOPbIX JleMeHmyvl 2NA6HOU OUALOHANU
ompuyamenvbHsl (NOJ0HCUMENbHYL), d HEOUALOHATIbHBIE NONONCUMENbHBI (OmpuyamenbHel). B meopeme 2 nonyuena
8EpPXHAS OYeHKa OeCKOHeUHOU HopMbl 00pamHOU K MOHOMOHHOU Mampuye. B meopeme 3 nonyuenvl 0ocmamoutsvle
VC08USL KOPPEKMHOCIU NPedNiodiceHno2o arcopumma. Tloxkaszano umo bvicmpoodeticmsue oanno2o aneopumma 6 70
pasz bonvute bvicmpodeticmeus anzopumma pewienus ypasuenus [lyaccona na npamoy2onpHuKe Memooom npocmou
umepayuu ¢ mou dce popmynol annpoKCUMAayull ¢ Wecmvlm NOPsIOKOM NOSPEUHOCHI.

Knroueevte cnosa: memoo npoconku 8 0104HoU popme, OUazoHAIbHbIe MAMPUYbI, MOHOMOHHbIE MAMPUYDL,
obpamuvle 3a0a¥U  MAMEMAMUYECKol (Qu3UKU, HucieHHvlie Memoovl, ypasuenue Ilyaccona, mpanciayus
AHATUMUYECKO20 PeleHUsl 8 YUCTEHHbLIL MACCUS.

Beenenne. MaTpunbsl ¥ MaTpUYHbIE YpaBHEHMs CIEIMAIbHOTO THUIIA NPHUMEHSIOTCS BO MHOTHX pasjenax
NPUKIaJHOW MaTeMaTUKU. B KBaHTOBOM MeXaHMKE AWHAMHMKA YaCTHUI[ CO CIMHOM OIpEAessieTcs MaTpUIlaMU
KBaTEepHUOHOB (TosykBaTepHHOHOB)[1,2]. YpaBHeHue IlyaccoHa Ha mpsMOYronbHUKE (HMapayjiefienuIeae) MOKHO
pemuTh MeTonoM mporoskw|3,4,5,6,10,12,13,19]. Anrebpamdeckuii MeTO HPOTOHKH, COBMECTHO C (popmyioi
MpOCTON WTepaunu[S] sBisgeTcS NPUOIMKEHHBIM METOIOM, TaK KaK YHCJIO WTEpaluii HE OrpaHWYEHO, HO HMes
(hopmyy anmpokcuMary ypaBHeHHs IlyaccoHa ¢ MECTHIM MOPSAAKOM ITOTPEITHOCTH MOXHO 3HAYUTEIIbHO CHU3UTH
MIOTPEIIHOCTh M BpeMsl BEIUUCIeHH[S]. B manHO# paboTe paccMOTpEeH METO MPOTOHKH B MaTPUYHOH (opme s
YHCIIEHHOTO peIleHus ypaBHeHHs I[lyaccoHa 3a KOHEYHOe YHCIIO apudMeTndeckux omepanuid. Mpes paboTsr
JacTHYHO OCHOBaHA Ha maee crathu[10], a Taxke MOANHUKAINK KPAcBbIX CTOJIOLOB U CTPOK B MATPHIIE MPABOH
yacTH ypaBHeHus [lyaccoHa ¢ miecThiM mopsiikoM anmpokcuMarmu[S]. Oanako B padote [10] u B nanHol pabote
BO3MOXHO 0000IIeHHe 3aJayd, TO €CTh pelaTrh ypaBHeHHe IlyaccoHa Ha IpAMOYTOJBHOH ceTke N xN, ¢

KBazpatHeIMU sueiikamu hy = h, = h o Marpuiel koadduumentos A,B mo-npexHeMy KBagpatHbieN, x N, . 10T
a¢dexr Mbl HaBanu 3((PEKTOM NPSMOYTONBHONW MIAXTHl, B KOTOPOH IepeMelnaercsi KBaJpaTHas KaOWHa
mudra(kBagpatHele Matpuisl A,B N, xn) B HanpasmeHun N, MuHUManbHOe mepemernenue h, =h, =h
(nepemelnieHue Monepekx MaxThl He pa3peraercs). BozmoxHel cutyaruu Ny > N,, N, <N, - A7IMHA OIaXThl KaK 00JIbILE

pa3mepa KaOuHbBI, TaK U MeHblIe. [1oydeHbl JIOCTATOYHBIE YCIOBUSI KOPPEKTHOCTH MPEJIOKEHHOTO afOPUTMA,
Teopemsl 1,2,3. MeToa MOXKHO MCIIOJIb30BaTh B YHCICHHBIX 3aauyax MaTeMaTuueckon dusuku[15,16,17], a Takxe B
JBYMEPHBIX 3aJa4ax TMIAPOIMHAMUKH, CUCTEMA YPaBHEHHMH KOTOPBIX COAEPKHUT ypaBHeHue IlyaccoHa OoT hyHKIUH
TOKa, TJIe TpaBast 4acTh — QyHKIwms Buxps Ay = —w [20].
ITocTanoBka 3agaun
Paccmotpum  KkpaeByro 3amauy Jupuxie juis ypaBueHus [lyaccoHa Ha MpsMOYrOJbHHUKE C HEH3BECTHOM
¢byukupeii u(x,y)c HeomHopoxHeMH rpaHudHbiMH  ycaoBuamu @ (Y), @, (V) ¢,(X), @, (X), x €[a,b], y €[c,d]

Uy +U,, = f(Xy), (X,y)eD=(a,b)x(c,d)
u(a y)=¢.(y). ulb, y) =, (y), u(x,c) = 5(x),u(x,d) = ¢, (x), xe[a,b], y €[c,d]

Judbdepennunanbaoit 3agade (1) conocraBuM pasHOCTHYIO 3anady(2), B KOTOpoii aBa mapamerpa hy,h, - maru
PaBHOMEPHON CETKH MO KOOPAUHATHBIM OCAM X,y COOTBETCTBEHHO[4,cTp.102]

Ly, Unp, = o, (Xh1 + Y, )E Do, Xy, =X, =a+nh,n=1n -1y,

@

Yn=C+mh,,m=1n,-1

b—a d-c¢ (@
nl n2

Ihlhzuh1h2|rhm :(0r11r12,()(h1’3/r12)€Fhlh2 X, =X, =a+nh,n=0,n,y, =Yy, =c+mh,m=0,n,,h =

Uy, -HEM3BeCTHast ceTouHas (yHKuus, pewenne 3agaqu(2). OTMETHM, YTO MaKCHMAalbHBIH  IOPSIOK

anMpOKCUMAINH PAa3HOCTHOW 3amauei(2) nuddepeHnmanpHoil 3aqaun(1) 3aBUCHT OT BHJA Pa3HOCTHOTO OIeparopa
L TO €CTh, NPEXJE BCEro, OT YHCIA Y3JO0B B IIA0JOHE W CHMMETpUH IIabioHa. MOXXHO TOJIydUTh IIECTOH
hh, » > )

MOPSIIOK  anmpokcuMmarmu 3afadu(l) 3amadeii(2)Ha AEBATUTOYEYHOM INAOJIOHE C PAaBHBIMH IIaraMu CeTKH[S5,6]
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h,=h, =h. Kpaepoit pasmoctubiii omepatop |, =18 3amaue [lupuxne(2) - emummunbii. W3 paboTei[S,
ctp.73](bopmyna(32)) s3anmmeM pa3HOCTHOS ypaBHEHHE(2) C MIECTBIM HOPSAKOM  TMOTPEIIHOCTH ISt

JACBATUTOYCYHOI'O mabioHa C HCHTPAJIbHBIM Y3JIOM Um n-
2

S+ 2 Jo= )|=f+(f+ 1)
—|—u += um—l,n+Um+1,n_'_"‘Im,n—l_‘_l'lm,nJrl +— um—l,n—1+um+l,n—l+um—l,n+1+um+1,n+1 - +E w T yy +

hel 3 ™3 6
+ h“(s—éo(fx(“) + fy(4))+% fx(fy)yJ+O(h6) n=1n-1m=1n, 1 3)

ITokaxeMm, 9TO pa3HOCTHOE ypaBHEHHE(3) MOXKHO IIOJNYIHTh M3 PEKYPPEHTHOTO BHAA PAa3HOCTHOTO MaTPHYHOTO
ypaBHeHHs BTOporo nopsaka. Onpenenum marpuisl A,B

—E,m:n;mzl,nl—l,nzl,nl—l z,mzn;mzl,nl—l,nzl,nl—l
3 3
2 1
a,,= g,m:n+1vm:n—1 , byn = E,m:n+1vm:n—1 4)
Oom=n+2vm<n-2 Oom=n+2vm<n-2

I'ne A,B - KBaApaTHbIC CUMMETPUUYCCKUC TPEXIUATOHAJBHBIC MAaTpUIbL Tennuna paHra nl -1. HepennmeM

ypaBHeHHE(3) B 5KBHBAJICHTHOM BHUJIE

-10 2 1 *
T um,n + § (um—l,n + um+1,n + um,n—l + um,n+1)+ g (um—l,n—l + um+l,n—1 + um—l,n+1 + um+1,n+1) = I:m,n = fm,nhz + E (fxx + fyy)"’
1 1
6 @, 5@ () 8 — -
n (%(fx + fy )+% fxxny"‘O(h )’ m=1n,-1n=1n -1 ©)
Ecmmu,_,,Up,,U,,; BEKTOp — CTPOKM MaTPMIbl PEIEHUS paHra (n2 —l)>< (n1 —1), TO ypaBHEHHE(S5) SKBHUBAJIEHTHO
ypaBHEHHIO(6)
n-1 n-1 n-1
Bug ., + Aul +Bul ., =F7 < > b Ulkna + D ag UTkm + ) b Ul kmn =Fsm,s=2,n,-2,m=2,n, -2 <
k=1 k=1 k=1

n-1 n-1 n-1
st,kum—l,k + zas,kum,k + zbs,kumﬂ,k =Fm,s = bs,s—lum—l,s—l + bs,sum—l,s + bs,s+1um—1,s+l +
k=1 k=1 k=1

+ a's,s—lum,s—l +au + as,s+1um,s+1 + bs,s—lum+1,s—1 + bs,sum+1,s + bs,s+1um+1,s+1 = Fm,s 1S = 2' nl - 2' m= 21 nz -2 (6)

s,sm,s
VYuureias(4) npu S=n, u3 (6)moryanm
1 2 1 2 10 2 1 2 1
_?um,n +§um,n+1 +gum+1,n—1 +§um+l,n +gum+l,n+l = l:m,n1 prHHprﬂ Cl1aracMbIC

C OAMHAKOBBIMH KOS(i)(I)I/IHI/IeHTaMI/I B IOCJIEAHEM YPABHCHUU, UMCEM

10 2 1
- ?um,n + g(um—l,n + um+l,n + um,n—l + um,n+1)+ g(um—l,n—l + um—l,n+1 + um+1,n—1 + um+1,n+l)= Fm,n nN=2, n — 2,m=2, n, — 2

360 90

[locnenHee ypaBHEHHWE SKBHBAJCHTHO YypaBHEHHIO (5) Ha BHYTPEHHHX y3/lax. YpaBHEHHE

Bu/,+Au +Bu/,=F mpu n=1n, —1lumeer cMbICI, €CiH MOJOKUTH Auf + BUZT = FlT, Burfr2 + Auf];fl = Fn;l .

e Fpp = £ +%(fxx ) hﬁ{i(fx<4) F@) 2 fj;‘y)yj +O(h81

X=Xy, Y=Ym

B pe3ynbprare 3anuineM ciucTeMy MaTPpUYHBIX YpaBHEHHH, B KOTOPOil MaTpHIbl A, B onpenenensr hopmymoii(4).
Au/ +Bu] =F'

Bul ,+Aul +Bul,=F ,m=2n,-2 ©)

m+1

T T T
Bunr2 + Aunfl = anl

Uepra B cucteme ypaBHeHUH (7) o3Ha4aeT, 4To mpaBast 4acTh hopmynbi(7), BOOOIIEe TOBOPS, HE COBIAIAET C
npaBoif yacTeio GopMynsl(5) B TpaHWYHBIX y3nmax. B cucteme ypaBHeHuii(7) KBagpaTHas MaTpHIa pemIeHuil Umnp
umeer panr(ny-1)(ng-1),eé MoxHO pacumputh g0 panra (Ny+1)(N;+1), HCMONB3ys TpaHWYHBIE YCIOBHS U3
mocTaHoBKH 3ama4n(1l), To ecth
L'Im,O = (pl,m’um,nl = ¢2,m’u0,n = (p3‘n 'unz‘n = ¢4,n 1 m= 0’ n2 1 n= 0’ nl (8)

C yderoMm cuctembl ypaBHeHHH (7), kKpaeBbIX ycinoBHi(8), dopmyma(5) uMeeT Temepb CMBICH NPH BCEX

m=1n,-1n=1n -1. PaccMoTpuM nepBoe ypaBHEHHE CHCTeMbI(7) B YIJIOBOM Yy3Jie PaBHOMEPHOW CETKH C
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uHaekcamu(m=s=1,n=1):

-10 2 2 1 -10 2 1 —
a1,1u1,1 + a1,2u1,2 + b1,1u2,1 + bl.2u2,2 = F1,1 = TUM + _u1,2 + _U2,1 + _uz,z = _Un + 5(“2,1 + u1,2)+ Euz,z = F1,1 (9)
B mpamoii wactu ypaBHeHHs(9) CTOMT depTa, Tak Kak mpaBas 49acTh(9) oTinmuaercs oT ypaBHEeHU:A(S):
20,2 L =

2 1
3 i +§(U2,1 +Up, Uy, +u0,1)+€<u2,2 +Ug, +Uy, "'uo,o): Fia +§(u1,0 +u0,1)+g(u0,2 +Uy o+ Uo,o)E F,e

Fl,l = Fl,l — g(ul’o + Uovl)—g(uo’z + u2,0 + UOYO), AHAJIOTUYHO, JId TPEX OCTAJIbHBIX Y3JI0B UMEEM

] o< )
3 ul,nl—l ""5 u2,nl—l + ul,nfz + ul,n1 + uO,nl—l ""g u2,n1—2 + uO,nl—Z + uz,n1 + uo,n1 = Fl,nl—l
=Fa -2 )< )
Fna=Fna 3 Uy, tUgn 1 "% Ugn,—2 T Uz +Ug
-10 2( ) 1 ( )
3 unz—l,l + § un2—2,l + un2—1,2 + unz—l.O + un2,1 ""E un2—2,2 + unz‘z + unfz‘o + unz.O = Fnz—l,l

= ( )< )
Fnz—l,l = Fn2—1,1 _§ un2—1,0 + unz,l _E un2,2 + un2—2,0 + unZ,O

-10
-1 +—=

1
3 unz—l,nl 3 (unz—Z,nl—l + unz—l,nl—z + unz—l,n1 + unz,n1—1)+ E(unz—z,n1—2 + unz,nl—z + unz—z,n1 + unz,nl ): Fnz—l,nl—l

(10)
I:nZ—l,nl—l = Fnz—l,nl—l - E(unz—l,nl + unz,nl—l)_ E(unz,nl—z + un2—2,n1 + un2 ny )
-10

1
5 YT S \Mor T 1,0 01)7T < M22 0,2 2,0 0,0/~ F11
3 u +3(u +Uy, +U o +U )+6(u +Ug, +Uyg+U ) F

E =k, _g(ul,o + Uo,l)_%(uo,z FUy + Uo,o)

h* 1 1

_ 2 6 @, 5@ () 8
e Fy = B 2 (f £ )+l = (94 £9)e = £ |0l
m,n m,n 12 ( XX yy) 360 X y 90 XXyy

X=Xy, Y=Ym

Paccmotpum BTOpOE ypaBHeHHe cucteMbl(7) Ui y3ia ¢ KoopauHataMmu (M= 2,n= s=1), u3(6) umeem:
bs,s—lum—l,s—l + bs,sum—l,s + bs,s+lum—l,s+1 + as,s—lum,s—l + a's,sum,s + as,s+lum,s+1 + bs,s—lum+1,s—1 + bs,sum+1,s + bs,s+1um+1,s+1 = Fm,s =

— 2 1 10 2 1 —
By jUyy +0,U;, +833Up, +84 Uy, +05Us +by Uy, = Fp & — Uy +Eul,2 _?uz,l +§u2,2 +§u3,1 +€u3'2 =F,<
10 2 —

1
- 3 U2,1 + g (u1,1 + uz,z + u3,1)+ E (ul,z + U3,2 ) = I:2,1
Jlo6aBisisi TOXKIECTBEHHO HECKOJBKO CIIaraeMBIX K JICBOW ¥ MPaBOM YacTH TOCIEIHETO YPaBHEHHUS IO IMOIHOTHI
hopmynsI(5), momydrnm
2 1 _— 2 1
- ?uz,l + 3 (u1,1 +Uy, +Uz; +Up, )+ g(ul,o +Us, +Up, +Uzg ) =k + 3 Uy + 5 (ul,o +Usg ) =k, (11)

Amnanornuno Qopmyne(11) mis ysma(m=2,n=s=1) mis Bcex TrpaHuuHBIX y3moB(M=1,n=1,...,n;-1), (mM=n,-
1,n=1,...,n;-1), (m=1,...,n,-1,n=1), (Mm=1,...,n,-1,n=n;-1) umeem
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w|o

2 1
— Upp +§(U1,n71 FUp Uy tUg, )+E(u2,n—l FUp e tUg o+ uO,n+1): F.n=2n-2

_— 2 1
Fl‘n = Fl,n ——Uon __(uo,n—l + uO,n+1)l n=2, n, — 2
3 6
10 2( ) 1( )
?unz—l,n +§ unz—l,n—l +un2—2,n +unz—1,n+l +un2,n +g un2—2,n—1 +un2—2,n+1 +un2,n—1 +un2,n+l = Fnz—l,n’ n=2, n - 2
2 1

I:nz—l,n = Fnz—l,n _Eunz,n _E(u”pn*l +un2,n+l)' n=2n-2

10 2 1 —
_gum,l +§(um—1,1 tUp,+Ups + um,0)+€(um—1,2 tUp1o tUpgot um+1,0): Fm,l’ m=2, n, — 2 (12)

2 1
Fo1=Fna1 _Eum,o _g<um—l,0 + um+l,0)’ m=2,n,-2

10 2( ) 1( )
_Eum,nl—l +§ um—l,nl—l + um,n1—2 + um+1,nl—l + um,nl + E um—l,nl—z + um+1,nl—2 + um—l,n1 + um+l,n1 = I:m,nl—l' m= 2’ n2 -2
2 1
Fmvnrl = Fm~n1-1 _gum,nl _g(um—l,n1 FUnian, )’ m=2,n,-2

Fon=Fnn YMe2n,-2,ne2,n -2

N 1 1
e Fpyy = foh? +—(fo + f +h6[— £+ f0) = fx<;‘>j+o hﬁ
12 ( YV) 360 ( y ) 90 yy ( —
Takum o0pa3om, 3ammch ypaBHeHH# cuctembl(7) ¢ Marpuimamu A,B, onpexencHubix (opmysoii(4) Bo
BHYTPEHHUX y3nmax(m=2,...,N,-2,n=2,...,n;-2), He orin4aercs oT Gopmynsl(5) — ammpoKCHMaluu YpaBHEHUS
[Tyaccona Ha MPAMOYTOJBHUKE C IIECTHIM IMOPSAKOM IOTPEIIHOCTH. B OCTanbHBIX y37ax CIEAyeT HCIIOIb30BaTh
¢opmysi(10) B geThIpeX yIIOBBIX IPaHUYHBIX y3s1axX MK (opMyisl(12) B rpaHNYHBIX y371aX HA YETHIPEX OTPE3Kax.

Byznem uckatp penieHre peKyppeHTHO 3aJaHHON CHCTEeMBI MaTpHYHBIX ypaBHeHUH (7) B Buae(13)

ul =A.ul v ,m=1n,-2
T
N,

(13)

Uy 4 =V, ,Mm=n, -1

Kak cnenyer u3 Teopuu pasmepHocteii[7], B dopmyne(7) ul,v, -Bekropsl panra n,—1, a koddpduumenTs

nporouku A,,M=1n, —2 npeacrapisioT coboil kBaapaTHele Matpuisl panra N —1. ne B(13) u! o6o3mauaer

BEKTOP-CTOJIOCI] — TPACIIOHUPOBAHHAS CTPOKa U,, ¢ HOMEPOM M MaTpuisl perrernsi(Ny-1)(Ng-1).

W3 nepBoro ypaBHeHHs cHCTEMBI(7) IMeeM

u =—A"Bul +A'F < 4, =-A"B,v, = A"F (14)
I'ne F, o6osnauaer BekTop-cTonGer — TpacmoHMpOBaHHas cTpoka F, ¢ HOMepoM M=1 MaTpuiubl mpaBoit

wactn F ypaBuemms Ilyaccoma. Kak cmemyer m3 (13)u ;=2 Ul +v ., mupeoGpasyem BTOpoe ypaBHeHHe

cuctemsi(13)

Bu”, + Au/ +Bu”,, = F7 < B4, U7 +v, )+ Aul +Bu’, =F (B4, + Aul =—Bu’,, + F/ —Bv,, <

m+l m+1
urﬁ = _(Bﬂ’m—l + A)il Bu £+1 + (Bﬂ’m—l + A)il (F_r: -B Vm—l)<:>
oy =—(BA, + AV By, =(BA,, + A)’l(F_mT _B vm,l) m=2n,-2 (15)
HUcnone3ys nocieanee ypasHenue cuctembi(5), hopmy pemrennsi(13), HalijeM MOCIIETHIOI CTPOKY MATPHUIIBI

T
CIIeHusI U, , ,MMEEM
n,-1

T T T T T T T T
Bu, ,+Au, ,=F U, ,= ﬂhfzunfl Vo & B(/lnrzunf1 + anz)+ Au, ,=F &

n,—11 ~n,—

(B2 + A =Fi B ol =82, + AP - By (16)
B cuny Broporo ypasHenusi(13) nonyuum
Vo 1 =Up (17

n,-1 7= Yn,-1
®opmynei(14),(15) HazoBeM MaTpuuHBIMH (opMylIaMH NPOroHKH Brepen, a (opmynsi(16),(17),(18)
MaTpUYHBIMHU (POpMyIIaMK IPOTOHKH Ha3al

ul =Aul v, m=n,-21 (18)
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OnuiieM TMOCTPOCHHBII HaMHM QITOPUTM pellieHuss ypaBHeHusi IlyaccoHa 3a KOHEYHOE HHCIIO
apuPMETHIECKUX OTepaliii MAaTPUYIHBIM METOJIOM IPOTOHKH (B MOOpBIX Tpamumusx Mexmara MI'Y[3,ctp.587-

588]).

h* 1 1
1. TIlo opmyie Flmn = f. h?2+—(f,_ + f)+h® — fF@ L @) = £ |4 0(n? BBIYUCIIUTH
q) p Yy m,n 12( XX YY) 360( X y ) 90 XXyy ( vy
NpaByl0 4acTh ypaBHeHus IlyaccoHa BO BCeX BHYTPEHHHX y3JlaXx paBHOMEPHOW  CETKHU

npsMoyronbHuKa(M=1,...,N,-1;n=1,...,n;-1). Kpaessie ycnoBus 3amaum (1) ompenenstorcst Gpopmysoit (8)

um,O = (Dl,m’ um,nl = (Dz,m’uo,n = ¢3,n ’ unz,n = ¢4,n' m= O! n2' n= 0' n1 '

2. TlompaBuTh mpaBble YacTH CUCTEMbI ypaBHeHHH (7)(MOAU(UIIMPOBATH MIPABbIE YaCTH CUCTEMbI yPaBHEHHI
(7)) no dpopmynam (10), (12) B y3max NpsIMOYrOJILHOIO KOHTYpa COCEAHEr0 ¢ IPaHUYHBIM KOHTYPOM, TO

ecthb Halitu F | 1o Bemuuunam F - mynkra 1.

3. Haiitu matpuunsle k03¢ dHUIUEHTH IPOrOHKY BIepex 1o Gopmynaam(14),(15) m=1Ln, -2.
4. Haiitu BEeKTOP-CTPOKY uri _, 110 popmyne(16).

5. Haiiti ocTanbHble CTPOKH MATPHIKI - pemtenns U, 1o gopmyram(18) m=n, —2,1.

Pemmm npumep Ha Kiacce 3JIeMEHTapHBIX (GYHKIMNA, METO/Ibl PELICHHS aHAJIIOTMYHBIX IPUMEPOB OIUCaHbI B
yueOHHMKe N0 YpaBHEHUSIM MaTeMaTuueckoit Gpu3uku[9]:

U, +U,, =sin(2x)sin(3y), (x, y) € (0,27) x (0,37)
u(0,y) =u(2z,y) =sin(y), y €[0,37] (19)
u(x,0) = u(x,37) =sin(x), x € [0,27]
Iposenem nuHeitHyro peaykunto npumepa(19), monoxus U(X, y) =u, (X, y) +U,(X, ¥) + Uy (X, y) , roe
Uy (X, ) + Uy, (X, y) =sin(2x)sin(3y), (x, y) € (0,27) x (0,37)
1D)w(0,y)=u,(27,y) =0,y [0,37]
U, (x,0) =u,(x,37) =0,x €[0,27]
Perenne mocnenHeil cucremsl unieM B Buae U, (X, Y) = Asin(2x)sin(3y) . Ilpu sToM KpaeBble YCIOBHS

BTOPOE M TPEThE YpaBHEHHE CHCTEMBI 1) BBIMOIHSIOTCS aBToMaTndecku. [loacrasum U, (X, Y) B epBoe ypaBHEHHS
CUCTEMBI

Uy (X, ) + Uy, (X, Y) =sin(2x) sin@@y) < —A(4 + 9)sin(2x)sin(3y) =sin(2x)sin(3y) < A= —% ,

torga U, (X, y) = —%sin(Zx)sin(Sy) .

Upy (X, Y) + Uy, (X, y) = 0,(x, ) € (0,27) x (0,37)

2)14,(0,y) =u,(27,y) =sin(y), y € [0,37]
u,(x,0) =u,(x,37) =0,x €[0,27]

Uiem pewenne 2) B Bume U, (X, Y) = f(X)sin(y), aBromarnueckn ymoBIETBOPAIOIIEE KPACBOMY YCIOBHIO-

TpeThbeMy ypaBHEHHIO B cucteme 2). [loacraBum U, (X, Y) B EpBOE U BTOPOE YPaBHEHHS CHCTEMBI 2):

("0~ f(9)sin(y) =0 _[Fo-fo=0
u,(0,y)=u,(27,y) =sin(y) < f(0)sin(y) = f (2x)sin(y) =sin(y) f(0)=f(2r)=1

OO11iee penieHne 0JTHOPOIHOTO OOBIKHOBEHHOTO AN (GepeHIINaIbHOTO ypaBHEHHS B KpAaeBOI 3a1a4e UIEM B BHJE:

f(x) = Ash(x) + Bch(x), f(0)=1<> A-0+B-1=1B=1 f (27) =1 A~sh(2;z)+ch(2;r)=l,A:%
T

e —e™*

=X

e’ +e

[ne: sh(x) = ,ch(x) = VX € (—o0,+0) .
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1-ch(2x)

Tormau,(x,y) = f(x)sin(y) = (Ash(x) + Bch(x))sin(y) = (( sh(27)

Jsh(x) + ch(x)}sin(y) .

u3XX(X’ y) + u3yy(xv y) = 0’ (Xr y) € (012”) x (013”)
3) US(OI y) = u3 (27[1 y) = O, y € [0137[]
Uy (X,0) = uy (x,37) =sin(x), x € [0,27]
Nmem pemrenne 3) B Buge Uy(X, y) = f(y)sin(x) , aBTomaTndeckn ymoBIETBOPSIOIIEE KPACBOMY yCIOBHIO-
BTOpOMY ypaBHeHHIO B cucTeme 3). [TomcraBum U, (X, ) B mepBoe M TpeThe YPaBHEHHS CHCTEMBI 3):
()= (ki =0 LT m-tm=o
Uy (X,0) = u,(x,37) =sin(x) & f (0)sin(x) = f (37)sin(x) =sin(x) f0=1f@r)=1
Ho mocneuue Be KpaeBble 3aa4u OTIMYAIOTCS JPYT OT APYra 3aMEHOM IIEPEMEHHBIX X <> Y, M03TOMY U

pemeHns 3amad  2)
f(27)=1<«> f(37)=1:

u 3) OTIMYAIOTCS TONBKO 3aMEHOW TIEPEMEHHBIX X <> YU KpaeBbIMU YCIOBHUSIMHU

1-ch(37)

U; () =  (y)sin(x) = (Ash(y) + Ben(y) sin(x) = & sh(37)

jsh(y) +ch( y)Jsin(x)
Torga perenne ucxoanoro npumepa(19) numeer Bua:

1. . 1-ch(27) . 1-ch(3r) .
u(x, y) = —-—=sin(2x)sin(3y) +| | ——=——= [sh(x) +ch(x) [sin(y) +| | ——=— |sh(y) +ch sin(x
(x,y) 13 (2x)sin@3y) (( sh(2) ] () ()J y) {( sh(37) (y) +ch(y) |sin(x)
HaIucaHHast HaMH Ha SI3BIKE FORTRAN][20] c HCTIOJIb30BaHUEM
Up,,(numerical) ,  xotopoe

IIporpamma,
anropurMa(g),(10),(12),(14),(15),(16),(18) Bo3BpamiaeT YHUCIEHHOE pEIICHHE

CpPaBHUBAETCSI C IPOCKIHEH Ha CETKy TouHOro pemenus U(X., Y, )(exact) B rabmume 1.

Tabnuia 1. CpaBHeHue YHCIIEHHOTO pelieHus U, (numerical ) MOJTYYEHHOTO

anroputMoM(8),(10),(12),(14),(15),(16),(18) ¢ TounsM pemrenuem U(X,, Y, )(exact ) .

Y, =C+h,-m X, =a+h-n u(x,, ¥, )(exact) U, (numerical )
1.25663706143 0.000000000000E+000 0.951056516295 0.951056516295
2.51327412287 0.000000000000E+000 0.587785252292 0.587785252292
3.76991118430 0.000000000000E+000 -0.587785252292 -0.587785252292
5.02654824574 0.000000000000E+000 -0.951056516295 -0.951056516295
6.28318530717 0.000000000000E+000 -2.4492127076E-016 -0.44921270764E-016
7.53982236861 0.000000000000E+000 0.951056516295 0.951056516295
8.79645943005 0.000000000000E+000 0.587785252292 0.587785252292

0.000000000000E+000 1.25663706143 0.951056516295 0.951056516295
1.25663706143 1.25663706143 0.573907707085 0.573907707086
2.51327412287 1.25663706143 0.205804929549 0.205804929546
3.76991118430 1.25663706143 -0.102572841154 -0.102572841152
5.02654824574 1.25663706143 -0.285044176197 -0.285044176199
6.28318530717 1.25663706143 4.28714624319E-002 4.287146243183E-002
7.53982236861 1.25663706143 0.447878357634 0.447878357636
8.79645943005 1.25663706143 0.635305917351 0.635305917348

0.000000000000E+000 2.51327412287 0.587785252292 0.587785252292
1.25663706143 2.51327412287 0.223220476438 0.223220476435
2.51327412287 2.51327412287 0.178820392472 0.178820392476
3.76991118430 2.51327412287 -0.115019453114 -0.115019453119
5.02654824574 2.51327412287 -4.4692996239E-002 -4.46929962365E-002
6.28318530717 2.51327412287 2.64960209303E-002 2.64960209302E-002

7.53982236861550 2.51327412287183 0.145330054898 0.145330054895
8.79645943005 2.51327412287 0.444266601135 0.444266601139

0.000000000000E+000 3.76991118430 -0.587785252292 -0.587785252292

1.25663706143 3.76991118430 -2.5661795207E-002 -2.5661795204E-002
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2.51327412287 3.76991118430 -5.6722412698E-002 -5.6722412703E-002
3.76991118430 3.76991118430 -7.0785266586E-003 -7.0785266539E-003
5.02654824574 3.76991118430 -0.152865684991 -0.152865684994
6.28318530717 3.76991118430 -2.6496020930E-002 -2.6496020930E-002
7.53982236861 3.76991118430 5.22286263330E-002 5.22286263358E-002
8.79645943005 3.76991118430 -0.322168621361 -0.322168621366
0.000000000000E+000 5.02654824574 -0.951056516295 -0.951056516295
1.25663706143 5.02654824574 -2.1099959942E-002 -2.1099959944E-002
2.51327412287 5.02654824574 0.135849047429 0.135849047432
3.76991118430 5.02654824574 -0.239081135823 -0.239081135826
5.02654824574 5.02654824574 -0.267763570945 -0.267763570943
6.28318530717 5.02654824574 -4.2871462431E-002 -4.2871462431E-002
7.53982236861 5.02654824574 0.104929389507 0.104929389505
8.79645943005 5.02654824574 -0.293651940372 -0.293651940369
0.000000000000E+000 6.28318530717 -2.4492127076E-016 0.000000000000E+000
1.25663706143 6.28318530717 0.951056516295 0.951056516295
2.51327412287 6.28318530717 0.587785252292 0.587785252292
3.76991118430 6.28318530717 -0.587785252292 -0.587785252292
5.02654824574 6.28318530717 -0.951056516295 -0.951056516295
6.28318530717 6.28318530717 -2.5596176402E-016 -2.44921270764E-016
7.53982236861 6.28318530717 0.951056516295 0.951056516295
8.79645943005 6.28318530717 0.587785252292 0.587785252292

3ameuanue 1. CpaBHEHHE TPETHErO M YETBEPTOrO CTOJIOLOB TAONHIBI | MOKA3BIBAET COBMAICHHE TOYHOTO
u(X,, Y, )(exact) u uucnensoro pemenus U, (numerical) B 11 3mavamux uudpax. IIporpamMma BEIYHCISET HOPMY

YeOrnI111eBa

pasHocTH MEXKTY TOYHBIM u YHCIICHHBIM peLICHUsIMU

| (numerical) - (u(exact ), |2 = max_|u,,,,(numerical ) - (u(exact ), = 5.3980153680299-10*, c
’ ' m=0,n;;n=0,n,' ' ’

napameTpamMu n, =250,n, =375(4ncI0 WHTEpPBANOB MCNCHHS CTOPOHBI KkBaapata b—a=27z,d-c=3r)

KBaJpaTHOH paBHOMEpPHOW ceTKd. V3BecTHO Take, 4TO Bce Apyrue (yHKIUOHAJIbHBIC HOPMBI B YHCICHHBIX
METOoJlaX He MPEBbINIaloT HOpMbI UeObllieBa B IPOCTPAHCTBE PABHOMEPHO HENPEepBIBHBIX (yHKIMIA[3,4,8].

OTMeTHM, YTO B Halllel 3aJadye MOSBISETCS NPOOIIeMa MPaHCIAYUY AHATUMUYECKO20 PEUEHUs. 8 YUCTEHHbIL

v -16 -15 ~ v

maccue. Pemienne (20) ¢ yuerom otHocuTensHOW morpemHocTr 10 —10 B KOMIWIATOpE C JBOMHOI

TounocTsio[ 18] umeer aGcomornyo ommbky (ch(27)+ch(37))-10"° ~6.436-10 2 >5.398-10 . Bummo, uto

ommOKa TPaHCISIINKM aHAJIMTHYECKOTO PelICHHs B YHCICHHBII MacCUB IPEBBIMIACT Aaxe HeBs3Ky 3ana4un(1)-(2) mo
HOopMe YeObIieBa.

3ameuanmne 2. Marematuku HoBocuOupckoidl mMaTeMaTHUECKOW MIKOJBI MPUACPKUBAIOTCS MHEHHUS, HYTO
TECTOBBIC IPHMEPHl B  YHCIICHHBIX aNrOPUTMaX IOJDKHBI OBITh 3KCTPEMANbHBIMH B HEKOTOPOM cMmbicie [15].
Ioatomy B iprmMepe (19) BEIOpaHa OBICTPO OCIIMILTUPYIOIIas MpaBas yacth ypasHenus f (X, y) =sin(2x)sin(3y) .

3ameuanue 3. Onpenennm nopsAoK norpemrHocty anropurMa (8),(10),(12),(14),(15),(16),(18) coBmecTHO ¢

hopmynoi(5). IIporpamma BO3Bpaniaet 3HaYEHUE HOPMBI UeOrbImieBa
. n,=50,n,=75 ~
||um‘n (numerical ) — (u (exact ))m‘n . * 7 =8.145.10°%, a npm uWcle WHTEpBANOB BIABOE OOJBIIE HMMEEM
. n,=100,n,=150 " .
"um’n (numerical ) — (u(exact ))m,n . =1.2658-10"",rorga MOPSIOK MOTPELIHOCTH aNrOpUTMa paBeH P=6:
n,=50,n,=75 n,=100,n,=150

U (numerical) - (uexact ), , —8.145.10°/1.2658.10°° ~

Iup (numerical) - (u(exact )y, .

c
~64,35~2° < p=6.
MOTPEITHOCTH anpoKcuManuu ypaBaeHus [lyaccona ¢opmyroii(3) paBHOTO IIECTH.
3ameuanmne 4. B pabore[5] meromamu mpocTOd WTEpalMy M CKaJSPHOM NPOTOHKH C YHCIOM HTEpalui
m=1800 (n, =n, =111) c mpasoii gacteio f (X, y)=sin(2x)sin(3y) nporpamma Bo3Bpamaer HopMmy YeObiiieBa
(i xpaeswix yenosmii U0, y) =u(r, y) =sin(y), y €[0, z],u(x,0) =u(x, z) =sin(x),x [0, 7] ) ans ypaBHeHus

To ectb MOpsAAOK HNOIPCHIHOCTU aJIrOpUTMAa HE MOKET IPCBLIIIATH IMOpPsAAKa

n=111,n,=111

ITyaccona paBHO# "umn (numerical ) — (u (exact ))m‘n c =2.428-10" 3a Bpems At =58.2c. B To Bpems Kak B
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n=111,n,=111
m,n c

JIAHHOU paboTe HOPMa HEBA3KHU M BPEMS PaBHBI "um’n (numerical ) — (u(exact )) =1.06-10™" At=087c¢

COOTBETCTBEHHO. TO €CTh, HCHONB3ys KOHEYHbIC METOABI peIleHHs ypaBHeHHs IlyaccoHa, MBI HMeeM
ObIcTposEIiCTBIE B IECSATKU pa3 OOJbIIE ¢ COXPAaHEHHEM TOYHOCTH, Y€M PELICHHE TOH e 3a1adu OeCKOHCUHBIMH
UTEpPallMOHHBIMU METOAaMU.

Onpezle.ne}me 1. BeKTOpHOI/I HOpMOI/I YeOpimeBa "X" = ||X|Lc Xe th Ha3bIBAIOT BEJIUYNHY "X” = MmaXx |X|
i=1,n

= & - —1)x(n, -1
Onpenesienne 2. beckoHeuHOH HOpMOH ||A||OO KBaZ[paTHONH MaTpHIIBI "ai J" e R yasppaercs uucio

1
IA, = §|ai,j|.
Onpeﬂe.ﬂel{l/le 3. FOBOprT, qTo ManI/I‘{Haﬂ HOpMa "/A”>< corjiacoBaHa C BeKTOpHOﬁ HOpMOﬁ "X”X , €CIIN
vx e R™ | Ax] <Al K],

Jlemma. MatpuuHas HopMa ||A|| COIJIaCOBaHa ¢ BEKTOPHON HOPMOil ||X||Go

Hokaszareancrso. |AX| = Z:|a1 X |< max Z:|a1 | max |Xk| =|Al_[X], - Jlemma noxazana.
i=

k=1,n, -

1n

Omnpenesenne 4. [oBopar, uto Marpuuma A MOHOTOHHA, €ciaM oOpaTHas K HeH MaTpuia HMeeT
HETIOJIOKUTENIbHBIE (HeOTpHULIATENIbHBIE) SIIEMEHTHI [§].
Hampumep, marpuna A, ompenenenHas ¢Gopmyioi(4), sBiseTcs MOHOTOHHOW, a Marpuua B Her.

OKaSLIBaeTCH, MaTpulbl € JUaroHaJbHbBIM Hp606ﬂa[[aHI/IeM 3JIEMEHTOB, Y KOTOPBIX 3HAKH JUAaroHaJbHBIX U
HCAMAroHaJbHbIX 3JIEMCHTOB IMPOTHUBOIIOJIOKHBI [8], SABJISIFOTCSI MOHOTOHHBIMHU, KaK Y MATPUIIbI AB (4)

TeopeMa 1. HeBBIpO)K,Z[eHHaH KBaJipaTHas MaTpula CO CTPOTMM OHArOHAJIbHBIM HpCO6J'IaI[aHI/ICM
3JIEMCHTOB, Y KOTOpOfI JUAroHaJIbHBIC 3JICMCHTHI OTpI/IHaTeJ'II)HI)I(HOJ'IO)KI/ITCIII)HLI) a HCAWAroHaJbHbIC 3JICMCHTBI
HOJ'IO)KI/ITeJ'H:HLI(OTpI/II_[aTeJ'ILHLI), SIBJIICTCSI MOHOTOHHOM.

HOK333TOJ'IBCTBO A ONPEACIICHHOCTU TMPOBEAEM [Jid MaTpull C OTPULATCIbHBIMU JUAaroHaJlbHBIMU
JJICMCHTAMU U IIOJIOKUTCIIbHBIMHU HECAHATOHAJIbHBIMHA 3JICMCHTAMM.

ba3za unaykuuu(n=2).
&y ai 2

A=y %1<OMJ>PM|%2<OFEJ<hU|A 8, ,8,;, — 8,3, > 0,A; =a,, <0,

A, =a;, <0, A&z =-3,; <0,A,;, =-a,, <0, Sign(aZ,l +az,2) 5'9”( 2) ]"Slgn(ail +a¢2) Sign( ,1)= -
Aum
A

sign(A,)=(-1)" =(-1) = Sign(aZ,Zai,l _31,232,1):Lar:1%n = <0,vm,n=12

BI/IHI/IM, qTo AZ MOHOTOHHAas, TaK KaK BC€ 3JICMCHTHI O6paTHOI>i MaTpulbl Agl OTPULIATCIILHBI. KpOMe TOTO,

JAHaroHaJIbHBIC anre6pa1/mecxﬂe JOITIOJTHCHHU A HpHMOﬁ MaTpulbl- paBHOCUJIBHO AUATrOHAJIbHBIC 3JIEMEHTBI 06paTHOI>i
MaTpHIbI 0oJIbIIE 110 MOIYJII0 HEAUArOHAJIbHBIX. baza WHAYKOHUW ITPOBEPCHA.

Uupyxrusnbiii mepexoa. Ilycte 3nak  anrebpanmdeckoro J0mMONHeHUs A | sign(Anfl)z(—l)”’l ,a BCE

anreOpandecKkue J0TMONHEHUs A, | C DIEMEHTaMH, MOMyYeHHBIX W3 MAaTPULbl A, BbIYEPKHBAHMEM M-0i CTPOKU O

MOAYJII0 O0JIblIe HeINArOHAIBHBIX MHHOPOB |Am,m| > |An'n
Ecmu @, ,,A,, COOTBETCTBEHHO »JJ€MEHT M ero anrebpauueckoe momonHeHue, To[ll,cTp.32]
am,1An'L1 + aITI,ZA'ﬂ,Z +. "am,mAm,m to.t am,n Arn,n = An
A AL A A A A et AL =0, Vs 2N

Tax kak sign(A,, )= sign(am‘lAﬂ,1 8y, A+ By Ap FeeH A An,n): sign(am,m A ): (-1)- () =(-2)

Beripakast n3 popmynsi(21) quaronansHoe anredOpandeckoe JONOIHEHHE, OTyIUM

(1)
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sig(@,,1 At + 2o Ans B mAnm + -+ B Ann )= SIN@, 0 AL )= SigN(, ) sign(A, )= sign(a, ) =

= Sign(Aﬂ,m)z Sign(An )Sign(am,m)= (_l)n (_1)= (_l)nﬂv Anm < 0vm =1’_n’ ar:ll,m = ArAn,m

< sign(at, )= sign( AA“"”“ J = sign(A, » sign(A,, )= (-1)""*(-1)" = 1.

n

=

U3 Broporo ypaBHeHus(21)

n
umeeM > A, A =0 A+ 8, A+ By Ay et g, A, =0(m=s) <
k7

am,mp%,m :_Zn:am,k'%,k = Sign(am,mAs,m): Sign ZamkAs _Slgn ms& ) ( )n At

k=m k¢m

< signan A, )= (-1)" < sign(an, kign(A, )= (-1) sign(A, ,)= (-1 sign(a, » )= (-2 -(~1)= (-2

- Ans . , . 1
signlact)= g[ ; j sign(A, . Kign(a, )= s.gn(a,m)sugn<An>= (U =
n
KpOMe TOT0 JUaroHaJibHbIC MUHOPBI 10 MOAYJIIO 6OJ'II>IHe HCHAroHaJbHBIX, TaK KaK UX TJIaBHas1 JHaroHallb
COCTOHT W3 YHCeNd, KaKIOe M3 KOTOPHIX MMEET IUaroHajbHOE MpeoOiafaHne B cBoel cTpoke. MHAYKTHUBHBII
nepexoa Teopemsl 1 1okazaH.

Teopema 2. HeBblpokaeHHasi KBagpaTHash MaTpHlia CO CTPOTHM JMAaroHaJIbHBIM NpeodiaJaHueM, Y KOTOpPOi
JaroHaJbHbIC 3JIEMEHTHI OTpPHUIATEIIEHBI (TTONIOXKUTENHHE) a HeMaroHaIbHbIC JIEMEHTHI

TMOJIOKUTEIBbHBI(OTPULIATEIbHEI ), UMEET BEPXHIOIO OLIEHKY O€CKOHEYHOI HOPMBI 1715t 00paTHOM MaTpHIbI

1,N—

= min r, (A)> 0 |A%| <=

m=1,N-1f

R=min | fa, |- Z|amn
n#m

JIOKa3aTenLCTBO‘ OneMeHT eqMHUYHOI MaTpuIrs! panra N-1

za‘mkakn_amlai +am2a2n+ +amN 18y -1,n — 5mn’vm’n:l’N_1

[Ipocymmupyem Kaxoe ciaraeMoe B IocieJHel cyMMe 10 MHAeKcy crondua n=1,...,N-1

N-1 N-1 N-1 . N-1 . N-1 ) N-1 N N-1
Zem,n = zdm,n =1= Zam,k Zak,n = am,lzai,n + am,zzaz,n +"'+am,N—1zaN—l,n :1,Vm :1! N-1
n=1 n=1 k=1 n=1

n=1 n=1 n=1
ITo YCJIOBUIO TeOpeM])I 2 JAaroHaJibHbI€ W HEAWAroOHaJIbHBLIC J3JICMCHTHI MaTpHUIbL A umeror Ppa3HbIC 3HAKKU

N-1 N-1
zam,n =7 |am‘m|_ Z|am,n
n=1

n=1

=1 (A), —ain(A)-akn(A)-..—al h.(A)=la} <0,¥mnelN -l

m

n=m

<:>|a.;ﬁl|l’l(A)+|ax2|l’2(A)+...+|a;3N71|I’N71(A)=1,0603Han/IM MHJIEKC CTPOKM MaTpHibl oOpaTtHOH k A, cymma

MO/IyJIeif 2JIEeMEHTOB KOTOPOil MakCHMaJlbHa i, :"A_l" = |ai; 11|+|ai; 12|+...+|ai; 1N71| >0, HO ¥ 11T CTPOKH C HOMEPOM
© , , :

) min_r, (A)<[a, s (A)+

my|7 r.(A)<le "A—l" n;rm(A) =% .Teopema 2 noxa3aHa.

m=1,N

(A)+...+

i BepHoq a; 1|+|aI 2|+ + ai;’lN_1|rN_1(A):1, T%rm(A)>O©

-1 -1 -1 : 1
Qainyl|+|aim2|+...+|ai0,N71|)mr:rl1'|N r(A)=]A7].

*

Teopema 3(nocTaTounsle yCioBus ycroiunBocTy anroputMa (8)-(18)). IlycTs BEIIOIHEHBI YCIOBUS:
1)TpexnnaronansHble  KkBaapatHele — Terumma — marpunsl  AB cummerpudeckne — paHra n -1

a By =P, VN=2,n, -2,

2)ManI/IHa A MOHOTOHHAs C OTPHUIATCIBHBIMHU  AUArOHAJIBHBIMHU  3JIEMEHTAMHU W ITOJIOKHUTCIIbHBIMU

n,n+1 = an+l,n' n,n+1 n+1,n?

HeJIMaroHaJIbHBIMU 3J1eMeHTamu, B nonoxurensHas matpuna a, .-, , <0,b,  >0,vn=2,n - 2,‘v’|n - m| <1.
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=1n

3) R= m|n{|amm| Z|amn

. 10 2
J min 6 (A) =2 m| = 22 m 1| = 2B . |an.| ?"B"w’|am,m—l| < §||B||w

n¢m

n -1
4) 3 max_ FT =|F7| = max D fa| < 40
m=1,n, -1l o m=1,n, -1
Torna:

1) |4, <L ¥m=1n,-1

2)opmyisl poronku (14),(15),(16) KOppeKTHBI, TO €CTh

kk+1 “ "
k"w s(kn2 j ||B|| k=1n,-1

FT

||v || " " <oo,m=1n, >

3ameuanne 6. Hopmsr matpun A,B, OHpe,Z[CJICHHBIX hopmymoit (4) yIOBIETBOPSIOT ycioBusM 2) ,3) Teopemsi 3

10 10 _ 10 2 1
anl 20, (22 0o s A o 252 ] =221
-10 2
sl o220, 5[5 -25 =222

Jloka3aTeabCTBO MPOBEAEM 110 HHAYKIMH. Eciu MaTpuua A cMMMeTpHueckas, To obpaTHas matpuma A
Takke cumMmerpuueckas. Matpuibl A+B u A-B ynosnetBopsitor Teopeme 1(u Teopeme 2), Tak Kak UMEIOT CTPOTOE
JMUarOHAIbHOEC TMpeoOsaJlaHue  3JCMEHTOB, a 3HAKH JMArOHANbHBIX M  HEAMArOHAIBHBIX  3JICMEHTOB

MIPOTUBONOJIOXKHEL. MIMeeM ouieHKy cornacHo[4,cTp.57].

al. = |- A8, <[A"] el

1)[1ns 6a3el maayKumun npu k=1, chonb3y$[ Teopemy 2, uMeeM
bl - el <|ac fol, 2 2pel, - 2Pk 2o
|a ol 22| 2[B[, 2

T

[N

T

s

s||A*l
© o0

el L
baza nnaykuuu nposepeHa.

HWuayxruBHblii nepexoa. [Tycts BepHO ||ﬂk|| <1,Vk =1,m-1. Toraa umeem

B(A_ B) = IB(Bﬂm—l + A) = B(B + A) s |ann _bn,n -2 an,n—l _bn,n—l 2 IE,Q(Bﬂ‘m—l + A) = n.n| 2 an,n—1 + bn,n—:L g
g an,n + bn,n _ann,n—l - bn,n—l )Z B(Bj‘m—l-'_ A)2 |ann - bn n| qan,n—l + bn,n—l)
B B 3) B
bl L@ o] <o e I, R :
B/I -1 + A) an,n - bn,n - 2(Ian,n—1 + bn,n—l) an,n 2 n n-1 ”B" 2”8" _"B"

ITepBas yacTh TeopeMbl 3 nokasana VK = ZL mciln,-2.

= max_ Z:|fmn

o  m=ln,-1

|:_mT F :E Taxk xak ||ﬂ1<|| <1vk=1n, 1n, —2

2)O603HaunM milj

m=1,n, —

0 L9

T

T

0

S
A 2B, B,

<

Baza nnaykimmn: "‘/1"00 = HA’lF_lr ~ MpoBepeHa.
0

HNupykruBHblii nepexon. ITycts ||vk||w <o0,Vk =1, m-1,rorna
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= (B2, +A(F -8 (B4, F/-B <‘(FmT_valjw < F_”’Tw+||B"°°"Vm’1"°°
[val. —” SN E NGRS RBAL+A) |8,
Fr Fr Fr FT FT
24Vl ST H Vol <25 Vo], < < (M=) v, S mE—E < o0 (22)
T T I8l " [Bl.
Frs i
- - o,
UnT24 = Vo, _H(B,ln Lt A} ( -Bv, ZL S“(Bﬂ,nrz + AFHQO Fni—l_BVnz—Z s = ||B|| <
= =
2 +v, | <(n, —1)T—r= <400 (23)
i, el <0
ITo popmymne(18) mmeem
= = E
Ur |, =2 V2], < el U], +|Voel, <|umca], +¥ance], = (- H H +(n,-2) an = =(2n,-3) T 2 <40 (24)
= FT E
Ur ], = Pabz + Vo), <] U2l +[Vinca], <|Unel, #{vieca], =(2n2-3) 'H = 1(n,-3) 5 = =(3n,-6) g = <40 (25)
. Fl F
Ur o) = -+ Ve, <o U], +]Veal, <[], +]Vee], =(3n2-6) E H +(n, -4) HBH = (4n, -10)*—= & 2 <40 (26)
k(k+1) Fr
T _ + ©
U, o] £[an 5 j HBHm <400 27)
3 3
n,-1hn L. (n,=1)n B
o] =], [ -] ] ] s B, <~ @9)

Teopema 3 oxazaHa.

B mporpamme, Hammcannoit Ha FORTRAN, Bce MaccuBbl M (QYHKIMH 3aJaHBl C JBOHHOH TOYHOCTBIO,
ucnonb3oBaH npumep (19) ¢ u3BecTHBIM aHamuTHYecKUM perneHneM(20). s BRIYHACICHUS OOpaTHBIX MaTpHI] C
JBOHHOM TouHOCThIO B amroputme(8),(10),(12),(14),(15),(16),(18) wucnonp3oBana Oubmmoreka mMsimsl [18] ¢
BBI30BOM IOAIIPOrpaMMBbl
program puasson;
integer(8),parameter::n1=250,n2=(n1*3)/2,n11=n1-1,n22=n2-1;integer(8)::i,j,k,kk;
real(8)::a,b,c,d,pi,h,h1,h2,x,y;real(8)::delta(0:n2,0:n1),max,res(0:n2,0:n1);real(8)::c1,c2,c3,c4,c5,c6,c7,c8;
real(8)::nu(n22,n11),lamda(n22,n11,n11),u(0:n2,0:n1),ff(n22,n11),aal(n11,n11),bb(n11,n11),aa(n11,n11),cc(nll,nl
1),u1(n22,n11);
real(8)::cch,ssh,al,a2,b1,b2,f,t1,t2,f1,f2,£3,hh2,hh3,hh4,bb1(n11,n11);cch(X)=(dexp(x)+dexp(-x))/2d0;
ssh(x)=(dexp(x)-dexp(-x))/2d0;al(x,y)=dsin(y);a2(x,y)=dsin(y);b1(x,y)=dsin(x);b2(x,y)=dsin(x);
f(x,y)=dsin(2d0*x)*dsin(3d0*y);f1(x,y)=-13d0*dsin(2d0*x)*dsin(3d0*y)/12d0;
f2(x,y)=97d0*dsin(2d0*x)*dsin(3d0*y)/360d0;f3(x,y)=4d-1*dsin(2d0*x)*dsin(3d0*y); max=-
1000d0;pi=2d0*dasin(1d0);
a=0d0;b=2d0*pi;c=0d0;d=3d0*pi;h1=(b-a)/dfloat(n1);h2=(d-c)/dfloat(n2);call cpu_time(t1);
print*,"h1="/h1,"h2=",h2;do i=1,n11;do j=1,n11;if(j==i)then;aa(i,j)=-10d0/3d0;bb(i,j)=2d0/3d0;
elseif(j==i+1.or. j==i-1)then;aa(i,j)=2d0/3d0;bb(i,j)=1d0/6d0;else;aa(i,j)=0d0;bb(i,j)=0dO0;
endif;enddo;enddo;do j=0,n1,1;x=a+h1*dfloat(j);u(0,j)=b1(x,c);u(n2,j)=b2(x,d);enddo;
do i=0,n2,1;y=c+h2*dfloat(i);u(i,0)=al(a,y);u(i,n1)=a2(b,y);enddo;hh2=h1*h1;hh3=hh2*hh2;hh4=hh3*hh2;do
j=2,n11-1,1;
x=a+h1l*dfloat(j);ff(1,j)=(f(x,c+h2)*hh2+f1(x,c+h2)*hh3+(f2(x,c+h2)+f3(x,c+h2))*hh4)-(1d0/6d0)*(u(0,j-
1)+u(0,j+1))-(2d0/3d0)*u(0,j);
ff(n22,j)=(f(x,d-h2)*hh2+f1(x,d-h2)*hh3+(f2(x,d-h2)+f3(x,d-h2)) *hh4)-(1d0/6d0)*(u(n2,j-1)+u(n2,j+1))-
(2d0/3d0)*u(n2,j); enddo;do i=2,n22-1,1;y=c+h2*dfloat(i);
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ff(i,1)=(f(a+h1,y)*hh2+fl(a+h1,y)*hh3+(f2(a+hl,y)+f3(a+h1,y))*hh4)-(1d0/6d0)*(u(i+1,0)+u(i-1,0))-
(2d0/3d0)*u(i,0);
ff(i,n11)=(f(b-h1,y)*hh2+f1(b-h1,y)*hh3+(f2(b-h1,y)+f3(b-h1,y))*hh4)-(1d0/6d0)*(u(i+1,n1)+u(i-1,n1))-
(2d0/3d0)*u(i,n1); enddo;

ff(1,1)=(f(a+h1,c+hl)*hh2+fl(a+hl,c+hl)*hh3+(f2(a+hl,c+h1)+f3(a+hl,c+h1))*hh4)-
(1d0/6d0)*(u(0,0)+u(2,0)+u(0,2))-(2d0/3d0)*(u(1,0)+u(0,1));
ff(n22,1)=(f(a+h1,d-h1)*hh2+fl(a+h1,d-h1)*hh3+(f2(a+h1,d-h1)+f3(a+h1,d-h1))*hh4)-
(1d0/6d0)*(u(n2,0)+u(n2,2)+u(n2-2,0))-(2d0/3d0)*(u(n2-1,0)+u(n2,1));
ff(1,n11)=(f(b-h1,c+h2)*hh2+fl(b-h1,c+h2)*hh3+(f2(b-h1,c+h2)+f3(b-h1,c+h2))*hh4)-
(1d0/6d0)*(u(0,n1)+u(2,n1)+u(0,n1-2))-(2d0/3d0)*(u(0,n1-1)+u(1,n1));
ff(n22,n11)=(f(b-h1,d-h2)*hh2+f1(b-h1,d-h2)*hh3+(f2(b-h1,d-h2)+f3(b-h1,d-h2))*hh4)-(1d0/6d0)*(u(n2,n1)+u(n2-
2,n1)+u(n2,n1-2))-(2d0/3d0)*(u(n2,n1-1)+u(n2-1,n1));

do i=2,n2-2;do j=2,n1-2;x=a+h1*dfloat(j);y=c+h2*dfloat(i);ff(i,j)=(f(x,y) *hh2+f1(X,y) *hh3+(f2(x,y) +f3(X,y)) *hh4);
enddo;enddo;call obr(nll,aa,aal);lamda(1,1:n11,1:n11)=-matmul(aal(1:n11,1:n11),bb(1:n11,1:n11));
nu(1,1:n11)=matmul(aal(1:n11,1:n11),ff(1,1:n11));do i=2,n22-1;
bb1(1:n11,1:n11)=matmul(bb(1:n11,1:n11),lamda(i-1,1:n11,1:n11))+aa(1:n11,1:n11);call obr(n1l,bbl,aal);
lamda(i,1:n11,1:n11)=-matmul(aal(1:n11,1:n11),bb(1:n11,1:n11));
nu(i,1:n11)=matmul(aal(1:n11,1:n11),(ff(i,1:n11)-matmul(bb(1:n11,1:n11),nu(i-1,1:n11))));enddo;
bb1(1:n11,1:n11)=matmul(bb(1:n11,1:n11),lamda(n22-1,1:n11,1:n11))+aa(1:n11,1:n11);call obr(n1l,bbl,aal);
ul(n22,1:n11)=matmul(aal(1:n11,1:n11),(ff(n22,1:n11)-matmul(bb(1:n11,1:n11),nu(n22-1,1:n11))));do i=n22-1,1,-
1

ul(i,1:n11)=matmul(lamda(i,1:n11,1:n11),ul(i+1,1:n11))+nu(i,1:n11);enddo;do i=1,n22;do j=1,n11;u(i,j)=ul(i,j);
enddo;enddo;max=-1d3;open(2, file="2.txt");do j=0,n1;do i=0,n2;x=a+h1*dfloat(j);y=c+h2*dfloat(i);

cl= dsin(y)*(cch(x)+ssh(x)*(1d0-cch(2d0*pi))/ssh(2d0*pi));c2= dsin(x)*(cch(y)+ssh(y)*(1dO-
cch(3d0*pi))/ssh(3d0*pi));

€3= -dsin(2d0*x)*dsin(3d0*y)/13d0;res(i,j)=c1+c2+c3;delta(i,j)= u(i,j)- res(i,j);if( delta(i,j)<=0d0)then;
delta(i,j)=-delta(i,j);endif;if( delta(i,j)>max)then;max=delta(i,j);endif;if(mod(i,50)==0.and.mod(j,50)==0)then;

2 write(2,*),y,x;3 write(2,*),res(i,j),u(i,j);endif,enddo;enddo;print*,"norma C =",max,"" num=";

call cpu_time(t2);print*,"t2-t1=",t2-t1;pause;end program puasson;

subroutine obr(nl1,bb,aal);use
msimsl;integer(8)::n11,Lda,Ldainv;real(8)::ainv(n11,n11) ,bb(n11,n11),aal(n11,n11);

Lda=n11;Ldainv=n11;call dLinrg(n1l,bb,n11,ainv,n1l);aal(;,:)=ainv(:,:);

end subroutine;

B paGote nosryueHs! pe3ynbTaThl:

1) TlpeasokeH aNroOpuT™M TMPOTOHKH B MAaTpH4YHOW (opme mis peineHus ypaBHenus Ilyaccona Ha
NpSAMOYTOJNIEHUKE C IIECTHIM TOpsakoM morpemHoctd  Gopmynsi(8),(10),(12),(14),(15),(16),(18) 3a
KOHCYHOEC 4YUCJIO apH(bMeTH‘IGCKHX onepaunﬁ.

2) Tloka3aHo, 94TO JaHHBIA AITOPUTM MEPEXOIUT, KAK YaCTHBIN CIIydail, B U3BECTHBINA AITOPHTM IPOTOHKH B
MmatpuaHoil popme (Bbaxsamos H.C., XKungkos H.II., KobenpkoB I'.M.)co BTOpEIM TOPSIKOM HOTPEIIHOCTH
hopmyiei(22)-(29).

3) Tpumepom(19) u MIPOTPAMMOH, HaNUCaHHON Ha FORTRAN, MOKa3aHo, 4TO
anroputMm(8),(10),(12),(14),(15),(16),(18) umeer mecToi HOPSIOK MOTPEIIHOCTH JUISl PELICHUS YPaBHEHHS
HyaCCOHa Ha MPAMOYTOJIbHUKE U BBIITOJIHACTCA 3a KOHEYHOC YHCIIO 3JICMCHTAPHBIX onepaunﬁ.

4) B Teopeme | mokazaHa MOHOTOHHOCTH MATPHIL C JTHATOHAIBHBIM TPEOOIATaHHEM, ¥ KOTOPBIX 3JIEMEHTHI
rJIaBHOM JAuaroHain OTpHUIATCIIbHBI (HOJ’IO)KI/ITCJ'II)HI)I), a HEeaAUaroHaJIbHbIC IIOJIOKUTECIIbHBI
(oTpHIIaTEeTIHHE).

5) B Teopeme 2 nosydeHa BEpXHsisl OLIEHKa OECKOHEYHON HOPMbI 00PATHOM K MOHOTOHHOU MaTpHIle.

6) B Teopeme 3 TOMyYEHBI JOCTATOUHBIC YCIOBHUsI KoppekTHOCTH anroputma(8),(10),(12),(14),(15),(16),(18).

7) BrICTpOJCHCTBIE MPUBEICHHOTO aJrOPUTMA B JIECSTKH pa3 MPEBBIACT ObICTPOACHCTBIE aNropuT™Ma s
pemeHns ypaBHeHus [lyaccoHa Ha MPSMOYTOJBHHKE METOJIOM MPOCTOH UTepaluu ¢ TOW ke (popmyIoi
AIMPOKCUMAIIUU C ICCTHIM MMOPAAKOM IMOTPEITHOCTHU U MEHBIIIEH OTHOCHUTEJILHOMN TOTPEITHOCTHIO.
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FINITE METHODS FOR SOLVING THE POISSON EQUATION ON A RECTANGLE WITH THE
DIRIHLET BOUNDARY CONDITION
N. VOLOSOVA, D. PASTUHOV, Y. PASTUHOV, K. VOLOSOV, A. VOLOSOVA

The Offered algorithm chain in matrix form with sixth rather inaccuracy for decision of the equation of the
Poisson on rectangle for final number arithmetical operation. The Analytical example and program, using given
algorithm, is confirmed sixth order to inaccuracy. Monotonicity of the matrixes is proved In theorem 1 with
diagonal prevalence, beside which elements main diagonal negative(positive), but not diagonal positive(negative).
In theorem 2 are received upper estimation of the endless rate inverse to monotonous matrix. In theorem 3 are
received sufficient conditions to correctness of the offered algorithm. It Is Shown that speed given algorithm in
groups of ten times greater speeds of the algorithm for decision of the equation of the Poisson on rectangle by
method iteration idle time with the same formula of the aproximations to sixth rather inaccuracy and relative
inaccuracy of the calculations.

The Keywords: method chain in block form, diagonal matrixes, monotonous matrixes, inverse problems
mathematical physicists, numerical methods.
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MATEMATHKA

YK 517.6: 517.958
O PEHIEHUU YPABHEHUS ITYACCOHA HA ITPAMOYTI'OJIBHUKE C YETBEPTBIM ITOPAJIKOM
MOTr'PEIIHOCTH 3A KOHEYHOE UM CJIO DJIEMEHTAPHBIX OIEPAIIUI

Bonocosa Haranes KoHcTaHTHHOBHA, acIpaHT MOCKOBCKOI'O rOCYy1apCTBEHHOI'O TEXHUUYECKOTO
yauBepcurera uM. H. 3. baymana (HammoHansHBIH HcCeTOBaTEIbCKUNA YHUBEPCUTET);
Bomnocos Korcrantun Anexcannposud, npodeccop, a-p. ¢pus.-mat. Hayk; BomocoBa Anexcanapa
KoncranTiHOBHA, KaHA. Gu3.-MaT. HayK Poccutickuit YauBepcuter Tpancmopra (MUNT);
[MactyxoB Jmutpuit @enmukcosnd, kann. ¢pus. - MaT. Hayk; [lactyxoB Opuit ®ennkcosnud, kavy. Gpuz.-mart.
Hayk (ITonorkuit rocy1apCTBEHHBI YHUBEPCHUTET).

Ipeonooicen aneopumm peutenust obugerl HeoOHOPOOHOU Kpaesol 3adauu Jupuxie ons ypasuenus Ilyaccona
HA NPAMOY20NbHUKE C HYemBepmbIM NOPAOKOM HOZPEUWHOCMU U ¢ MUHUMATbHBIM 9 MOYeYHbIM WAOIOHOM HA
HeoOHOPOOHOU pasHoMepHOU cemke. Ilonyyen MemoO NpOZOHKU 6 MAMPUYHOU (Qopme 3a KOHEeUHOe YUCTO
apugmemuyeckux 0elcmautl, KOMopwlil YCMouyue 0axice 0J1s NPIMOY2OIbHUKO8 ¢ OMHOWeHUueM cmopo bonee 10 ¢
NPOU3BOILHOU O0OCMAMOYHO 2NA0KOU npasoll wacmvio. Pewienue mecmosoeo npumepa cpaeneno ¢ 4ucieHHbIM
peuieruem, noOmeepICOaAUUM Yemeepmoiil NOPAOOK NOSPEUHOCIU O (POPMYI NOTYYEHHO20 ACOPUMMA.

Knroueevie cnosa: memoo npozouku 8 ON0YHOU popme, OUALOHANbHBIE MAMPUYbL, YPABHEHUs
Mamemamuyeckou u3UKU, YucieHHvle Memoosl, ypasnenue Ilyaccona.

BBenenne. I3BecTHBI pa3sHOCTHBIC ypaBHeHHs [lyaccoHa Ha 9 TodedHOM mablOHE C MOTPEUIHOCTHIO
YETBEPTOro Mopsiaka Ha paBHoMmepHoi cetke [1],[6],[7],[8],[9]. BuepBrie mpennokeHa pa3HocTHas cxema c 4
MOPSIKOM ITOTPEIIHOCTH Jisl ypaBHeHus [lyaccoHa Ha MpsMOYroJibHUKE Ha paBHOMEPHOI, HO HEOJHOPOJHOW CeTKe
(c HepaBHBIMH IIATaMHU MO OCSAM X,Y) U JCBITHTOYCUHBIM MIAOJOHOM. AJITOPUTM MPOTOHKH B MATPUYHON (Gopme
peuienust ypaBHeHus IlyaccoHa Ha NpsIMOYTOJIbHUKE MOXKET NPUMEHsThCs B creranorpadun|1],[2],[3],[41,[5],[6],B
3aayax MaTeMaTuueckoi ¢pusuku ¢ onepatopom Jlarmmaca[7],[8],[9],[11],[12], B ypaBHeHUsIX ruapouHaMuku[17].

IHocranoBka 3agauyu. PaccMmoTpum KpaeByro 3agauy Jupuxne panga ypaBHeHus Ilyaccona Ha
OpSAMOYTOJILHUKE ¢ HEM3BECTHOM  (QyHKumeh U(X,Y)C  HEOMHOPONHBIMH  IPaHMYHBIMH  YCJIOBUSAMH

@ (¥), 2, (¥), 03(X), ¢, (x), x €[a,b], y €[c,d]
{uxx +u,, = f(x,y), (x,y)eD=(ab)x(c,d)
u(@,y) =g (y)u(b,y) = o, (y),u(x,c) = py(x),u(x,d) = ,(x), x €[a,b], y e[c,d]

Juddepennnansaoit 3amade (1) cONOCTaBUM pasHOCTHYIO 3amady(2), B KOTOpoii jaBa mapametpa hyh, - marm
PaBHOMEPHON CETKH MO KOOPAWHATHBIM OCAM X,y cOOTBETCTBEHHO[ 10]

@

Lin, Unn, = fhlhz, (xhl,yhz)e Dip, 1%, =X, =a+nh,n=1n -1 Y, = Y =c+mh,, m=1n,-1

_ _ 2
b a,hZ:d c (@

1 r]2

I, Un,r, :%lhz,(XhlnYhZ)ermm DX, =X, =a+nh,n=0,n,y, =y, =c+mh,,m=0,n,,h =
2

T,
Uy, “HEM3BECTHAs ceTouHas (QyHkuus, pewenne 3amadu(2), hy,h,-maru cetkn, N, N,uncno uHTEPBANOB

pasbuenus cropon npsmoyrosbruka [a,b],[¢,d] cootercTrenno, onepatopsi Ly, |1, ,, -mHHEHHbIE.

B pabote[l, cTp.8] mokazaHo, YTO Ha HEOJHOPOAHON PaBHOMEPHOU CeTKe C 9 TOYEUHBIM CHMMETPUIHBIM
1a06JI0HOM MOKHO ~ aIpOKCUMHPOBaTh ypaBHeHHe [lyaccoHa ¢ 4eTBEpTHIM MOPSIKOM ITOTPEIIHOCTH B BUJIE:

h? 4 h? 5hZ —h? 5h? —h? 5(h?+h?
{112hfh22 ](“hl,hz U+l U, (—G?fh;l ](Un,o o)+ [—thhzzz (U, s, +Ua, )—5 —hfhzzz Ugo = foo+

N hZf, +h? f,,
12
Vwmuoxast ypapuenue(3) na semmuuny 12hh, , nomyanm

+0(h +h?h2 +1) )
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h? + h? 1Oh2 10h? —2h? h2+h2
[ 12 j(u_hl'_hz Uy U +um) ( hh, 2h; J(u_hl,0 +uhl’0)+(—:] . 2 J(uov_,b +Ugp, ) 20{ e Juo,o =
1''2 1'°2

h,h,
hl fxx + 22 fyy

> ]+o(hfh2 +h2hg +hh3)

= 12h1h2 { 1Eo 0

f +f ,—2f f +f —2f
—h,,0 hlz,o 0,0 +O(h12) fyy _ 0N o,2h2
hy h;

h2+h2 10h2—2 2 10h2_2h2 2+h2
[—1hlh2 : J(U—ra,—hz Uy, U o Uy, ) [—fhhz & ](“—wo FUy o+ (—ha 2 J(”o,-hz Uy, )- 20( hlhlhz 2 ]uo,o =
= hlhz(ffhl‘O +fo o+ fon, + fon, +8f010)+ O(hfh2 +hind + hlhg’)z Foo )

Tax kak
l"IO,O - LIm,n ’u—hl,—hz - um—l,n—ll uhl,—h2 - um—l,nJrliu—hl,h2 - l“Ierl,n—li l"Ihl,hZ - l“Ierl,nJrl'u—hl,O - um,n—luhl,o - um,n+1

0 +O(h22), HOIYYUM

yuuteiBag f,, =

ms1n» TO TIEPETIHIIIEM YpaBHEeHHE(4) B SKBUBAJICHTHOM BHIE

2, K 2_op2 2 _9p2 2
[uj(um—l‘n—l + um+1‘n—1 + um—l,n+1 + um+1,n+1)+ [Mj(um,n—l + um,n+1)+ [M](um—lm + um+1,n) 20[ hl i h Jum,n =

Uy, = UngniUopn, —U

hh, hh, hh, hh,
= hlhz(fm,n—l + fm,n+1 + fm—l,n + fm+l,n +8 fm,n )+ O(h15h2 + hlghz3 + h1h25 )E Fm,n (5)
IMokaxxeMm, 4TO ypaBHeHHE(4) SKBUBAICHTHO Pa3HOCTHOMY MATPUYHOMY YPaBHEHHIO BTOPOro Mopsiaka. Beemem
o003HaueHWs NI KBaApaTHBIX  TPEXOUATOHANBHBIX  MATPHII Temmmma  A,B paara  N-1.
2, 12 2 op2 2 2
=g, =ty = [hl ll: ]=k1+k2,k4 J200 =2y ok, = 20{hl +hy ] k=200 =2 g g
h,* h h,h, h,h, h,h, h,h,
2 2 2 2
oo Bt Keym=nm=LN-1n=1N-1 10 —2h, _ ke,m=n;m=LN-Ln=1N-1
h.h, h,h,
2 _op2 2 2
A, = M:k4,m:n+1vm:n—1 : by, = hlJrhzzk3,m:n+1vm:n—1 (6)
' h.h, ' hih,
Om>n+2vm<n-2 Om>n+2vm<n-2

Ecmmu,, ;,U,,,U,,,; BEKTOp — CTpOKI/I ManI/II_IBI peH.IeHI/IiI paHra N-1, To ypaBHeHHe(5) SKBUBAICHTHO yYpaBHEHUIO(7)
BUm1+AU +Bum+1_FTC>ZbSkU km1+zasku km+ZbSkU k,m+1 F sm,S= 2N 2o
k=1 k=1

= bs s—lu -1,5-1 + bs s¥'m-1s + bs.s+1um—l,s+1 + as.s—lum,s—l + as sum S + as.s+1um,s+1 + bs.s—lum+l,s—1 + bs sum+1 S + bs.s+lum+1,s+1 = I:m,s (7)

Yuureisag(5) npu S=n, u3 (7)noaydum

2, p2 2 o2 2, p2 2 o2 2, h2 2 op2
LU Yo SO e I (hl +th LT A
h.h, hh, hh, hoh, hh, hh,
2 2 2 2 2 2
+hl +h2 lO|’11 —2h2 +h1 +h2 :men,mZZ,N_27n:27N—2

um+1 n-1 + um+1 n um+1 n+l
h,h, hh, h.h,
prHHI/IpyH cJlaracMbi€ C OJUMHAKOBBIMH KOI)(I)(i)I/IL[I/IeHTaMI/I B IOCJIETHEM YPAaBHCHHWH, MMOJTYUNUM

2, 12 2 _op2 2 _op2 2, he
hl +h2 (um—ln—1+um+1n—1+um—1n+1+um+ln+1)+ M (um n—l'i_urn1 n+1)+ M (um—ln +um+1n)_20 hl +h2 umn =
T A T Ll T e T

= hlhz(fm,n—l + fml,n+1 + fm—l,n + fm+1,n +8fm,n)+ O(h15h2 + hl?’hz3 + hlhzs)E I:m n? m= 2 N _2 n= 2 N-2 (8)

ocnennee ypaBHeHue(8) TOXAECTBEHHO ypaHeHmio (5). Ypasuenne Bu. , +Aul +Bu/, =F, npu

m=1,N-1 umeer cmbici, eciu monoxuts AU, +Buy =F,Buj ,+Au) , =F,,. B pesymbrare uMeem cucremy
MaTpUYHBIX YpaBHEHHH, B KOTOpoi MaTpubl A, B onpexnenens! Gpopmynoii(6).

Au/ +Buj =F,

Bul ,+Au’ +Bu’ =F m=2N-2 )

BuN—Z + AuN—l = FN—l

Uepra B mpaBoii yacT ypaBHeHHUH (9) o3HauaeT, 4TO mpaBas 4acTh W JieBas dacTb Gopmyinsi(9), BooOIIe
TOBOPSI, HE COBMamaroT ¢ Gpopmynoi(5) B kKaxxaoM y3ie. B cucteme ypaBHeHmii(9) kBampaTHas MaTpulla pelieHHI
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Umn uMeerT panr N-1,e€ MoxHO pacmuputs a0 panra N+1, ucrmonb3ysi IpaHUYHBIE YCJIOBUS M3 MOCTAHOBKH
3amaqu(l), To ecTh

Uno = PrmrUnn = Pomilon = Ps0:Unn =¢4,n’m=01 N,n=0,N (10)

C yderom cucreMbl ypaBHeHMiA(9), kpaeBbix ycioBuii(10), dhopmyrna(5) mmeer Tenmepp CMBICT MPHU BCEX

m=1,N-1n=1N-1. PaccMoTpum mepBoe ypaBHEHHE CUCTEMEI(9) B yriioBOM Yy3Je ¢ mHaekcamu(m=s=1,n=1)c

yaeToM 0003HauCHUIA KO3 PHUIHEHTOB, BBEJICHHBIX B thopmyme(6)
— h? +h; 10h; - 2h/ 10h - 2h? h? +h? —
ai,lul,l + a1,2u1,2 +b1,1u2‘1 + bl.2u2,2 = Fl,l < _20[ 1h h 2 ]UM +[ ;] h : ul‘Z + ;_] h 2 u2‘1 + 1h h 2 u2,2 = Fl,l (11)
172 172 172 172

B mpaBoii wactu ypaBaeHus1(11) crout uepra, Tak Kak npasas 9acTh(11) otnmuaercs ot ypaBHeHHA(S):
ksl +K, (Ul,z + u1,0)+ K (u2,1 + u0,1)+ ks(uz,z FUgp +Uyo + u0,0)= Fiu+KyUyo +Kelg s +K; (uo,z +Uyo + uo,o)E R, <

E =F; KUy o —KgUg, —Kg (uo’2 +Uyo + uo,o)» aHaJOTUYHO, 71 TPEX OCTANBHBIX YIIIOBBIX y3JI0B UMEEM
KslUy -y + kG(UZ,N—l +UO,N—1)+ k4(u1,N—2 TUn )"‘ kS(UZ,N—Z FUgn-z TUpn +Ug ): Fina

Finoa = Fina —Kalyy —Kelg g — k3(u0,N—2 +Uyn +Ug )

KsUy_g1 + kG(uN—Z,l + UN,1)+ k4(UN-1,2 +UN-1,0)+ ks(UN-z,z FUy 2 tUn 20 +UN,0): Frno11

FN—l,l = FN—l,l _k4uN—l,0 _kGUN,l _k3(uN,2 +UN72,0 +UN,0)

(12)
KsUn_1n-1 + kG(uN—Z,N—l +uN,N—1)+ k4(uN—1,N—2 +Una )+ k3(uN—2,N—2 FUy N2 tUy N HUN N ): Fuana
FN—l,N—l = FN—l,N—l - k4uN—1,N - keuN,N—l - kS(uN,N—Z +Uy2n FUn N )
I(5ul,1 + k6 (u2,1 + u0,1)+ k4 (ul,O + u1,2 )+ k3(u2,2 + u0,2 + u2,0 + u0,0): Fl,l
E = I:1,1 - I(4u1,0 - k6u0,1 - ks(”o,z +Uyo + uo,o)
w6 By = W, (Fs & Foy vt + s + g +8Fn J+ O(Eh, + 0202 + i)
PaccmotpuM niepBoe ypaBHEeHHE cuCTeMBI(9) ISt y37a ¢ koopauHatamu (M=s=2,n=1), u3(9) nmeem:
ul,n—l uZ,n—l
Au +BUl =F, = AU, [+BlUy, |=F., = Fy = a0Us, +8,,U;, + 855U 5 +0,0U,, +0,,U,, +b, U, = F, &
ul,n+l Uz,n+1

< KyUyg +KsUy, + KU 3+ KUy +KaU, , +KaU, 3 =F

Jo0aBnsisi TOXISCTBEHHO HECKOJIBKO CJaraeMbIX K JICBOM M NPaBOW YacTH IOCICIHEr0 YpaBHEHHS IO
TOJHOTHI (POPMYIBI(S), TOTYIUM

K, (ul,l + u1,3)+ KUy, +Kg (uz,z +Uo,2 )+ ks (uz,s +Uyy tUgs + uO,l): E +Kglg , +Kg (Uo,s + uO,l): F. (13)

Ananornuno Qopmyne(13) s yzma(m=s=2,n=1) mis Bcex TrpaHuuHbIX y3noB(M=1,...,N-1,n=1),
(m=1,n=1,...,N-1), (m=N-1,n=1,...,N-1), (m=1,...,N-1,n=N-1) umeem

KsUy , + k4(u1,n—l + U1,n+1)+ ke(uz,n + Uo,n)+ k3(u2,n—1 +Up e U Uo,n+1): Fnn=2N-2

?,n = Fl,n - I(suo,n - kS(uO,n—l + uO,n+1)’ n=2,N-2

kSUN—l,n + k4(uN—l,n—1 + uN—l,n+1)+ kG(uN—Z,n + uN,n)+ kS(UN—Z,n—l FUn2ni TUn gt uN,n+1): FTN*L“ nN=2,N-2
FN—l,n = FN—l,n - ksuN,n - k3(uN,n—1 + uN,n+1)‘ n=2,N-2

k5um,1 + k4(um,2 + um,0)+ ke (um—l,l + um+l,l)+ k3(um—1,2 F U2 tUpaot um+1,0): Fm,l’ m=2,N-2 (14)
HA = Fm,1 - k4um,0 - k3(um—1,0 + um+1,0)’ m=2,N-2

k5um,N—1 + k4<um,N—2 +Unn )+ kG(um—l,N—l + um+l,N—l)+ k3(um—l,N—2 FUpin-2 TUnn T Unaan ): Fm,N—l' m=2,N-2

Fm,N—l = Fm,N—l - k4um,N - k3(um—1,N U ), m=2,N-2

Fon=Fnn VMNne2,N -2

rne Fm,n = hlhz(fm,n—l + fml,n+1 + fm—l,n + 1:m+l,n +8 fm,n )+ O(h15h2 + hfh; + hlhg)

Takum oOpasoM, 3anuch ypaBHeHHH cucteMbl(9) ¢ marpuunamu A,B, onpenenennsix Qopmynoii(6) Bo

BHYTpeHHUX y3nax(m=2,...,N-2,n=2,...,N-2), He ommuaercs or ¢(opmynsl(5) — anmpoKcHMaluM YpaBHEHUS
[Tyaccona Ha NpPSAMOYrONBHUKE C YETBEPTHIM MOPSIKOM IOTPEITHOCTH. A BO BHYTPEHHHX Y3Jax CJIEAyeT
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MCTIONB30BaTh (GopMyIbI(12) B YeThIpeX YIIOBBIX TPAHWUYHBIX y3iax Wik Gopmyinbi(14) B TpaHUYHBIX y3JlaX Ha
YEThIPEX OTPE3KaX.
Bynewm uckathb penreHrne peKyppeHTHO 3aIaHHOW CHCTEMBI MAaTPUUHBIX ypaBHeHUH (9) B Buue(15)

{uT =AUl +v, ,m=LN-2

m m (15)
U, =vy,,m=N-1

Kak cnenyer u3 Teopun pasmeprocteii[13], B dopmyne(15) U.,v, -BexTops panra N-1, a kod(duuuenTs!
OporoHKU A,,M =l,N——2 MIPEICTaBIAIOT cO00M KBapaTHYIO MaTpHIly TOro ke panra N-1.
U3 nepBoro ypaBHeHHs cHUCTEMBI(7) IMeeM
uf =—A"Bu! + ATF & 4 =—A'By, = AT (16)
Kak crmemyer wu3 (13) unTF1 = lmflu; +V,4.  TpeoOpadyeM  BTOpoe  ypaBHeHHE  cuUCTEeMBI(9)
Bu! ,+Au’ +Bu’  =F, < B(/?,m,lu; +vm71)+ Aul +Bu”, =F,,(BA, ,+ANl =—Bu’, +F, —Bv, ; <
u’ =—(BA, ,+A)*Bu”,, +(BA, , + A)‘l(F_mT - va,l)c»
Jpy=—(BA,,+ A By, =(BA, , + A)’l(F_mT -B vm_l) m=LN_2 (17)
Hcnone3ys nociennee ypasHeHue cucremMsl(9), hopmy pemenusi(15), HaiiieM MOCIEAHIO CTPOKY MaTpPHILIBI
pemeHus uﬁfl , IMCCM

T T T T T T T T
Buy_, + Auy, =Fy Uy, = Ay LUy F Ve, © B(ﬂbezu,H +Vyoo )+ Auy, =R, e

(Bﬂ’N—Z + A)Uﬁfl = ﬁ ~Byy, Uy, = (B/}LN—Z + A)_l(ﬁ - BVN—Z) (18)
B cuity Broporo ypaBuerwusi(15) momydanm
Vi =Una (19)

®opmynei(14),(15) HazoBemM MarpuuHbIMH  (GopMmylamMH  KOd(QQUIMEHTOB IPOTOHKM BIepeia, a
¢dopmynbi(17),(18) hopmynamMu nporoHku Hazaz

T_ g T _

Uy =AUy Vv, M=N-21 (20)

OnuiieM MOCTPOCHHBII HaMHM QJITOPUTM pelleHHs ypaBHeHus [lyaccoHa 3a KOHEYHOE YHCIIO
apu(pMETHYECKUX OMNepaluid MaTpPUYHBIM METOJOM [POTOHKKM (B TpPaAUIMAX MaTEMaTHKOB Mexmara

MI'VY[10,ctp.587-588]).
1. Mo dopmyne F,, =hh,(fo o+ oo+ foon +

+8f,., ) BBIUHACIUTH IIPAaBY0 4YacTb YPaBHEHUS

m+1,n
[TyaccoHa BO BCeX BHYTPCHHHX y3llax PaBHOMEPHOW CeTKH mpsmoyroipuuka(m=l,...,N-1;n=1,...,N-1).
Kpaessie YCIIOBHS 3agaun(l) 3aJ1a10T TpaHUYHbIE yCIIOBHS MaTpPHIBI peleHus

um,O = (Dl,m 1 um,N = ¢2‘m 1 uO,n = gDS,n 'uN,n = ¢4,n 1 m= O,_N, n= O’_N (‘bOPM}’Ha(lO))

2. TlonpaButh mpaBble yacTU cUcTeMbl ypaBHeHuil (7) mo dopmynam (12), (14) B y3max npsMOyroibHOrO

KOHTYpPa COCETHETO C TPAaHUYHBIM KOHTYPOM, TO €CTh HalTH F, , mo Benuunnam F,, | myHkra 1.

n
3. Haiiti MmatpuuHbie KOIQPUIHEHTHI TPOTOHKH Briepes 1o ¢popmynam(16),(17) m=1L N -2.
4. Haiiti BeKTOp-CTPOKY U ﬁ _, 1o ¢popmyme(18).

5. Haiit octanbHBIE CTPOKH MATPHUIIEI - penieHus o popmynam(20) m=N-21.

Hiwxe nanucana nporpamma Ha FORTRAN 6.6 ¢ ucnonb3oBanreM MaccuBOB U pyHKIMIT NBOHHOM TOYHOCTH
u anroputMa(5), (10), (12), (14), (15), (16), (17), (18),(20). Iognporpamma ¢ BerzoBom call dLinrg(n,bb,n,ainv,n)
BBIYMCIIIET OOpATHBIE MATPHIBI C JBOMHOW TOYHOCTBIO B OmOmmoreke MSimMsI[16,ctp.196] mis TecToBOrO
npuMmepa(21) ¢ pemieHHeM Ha KJacce 3JIeMEHTapHBIX (QyHKIwi[14]. Pe3ynpraTel mporpaMMbl 3amMCHIBAIOTCS B
TEKCTOBBIN (hailnr 2.txt(X-KOOpAWHATA, Y - KOOPAWHATA, TOYHOE PEIICHHEe, YUCICHHOE PEIIeHHE).
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Uy, +U,, =sin(x)sin(3y), (x,y) € (0,7) x (0,27)

u(0,y) =u(z,y) =sin(y),y €[0.27]
u(x,0) =u(x,2z) =sin(x),x €[0, 7] (22)

u(x,y) = —isin(x)sin(Sy) + [[M}h(x) + ch(x)Jsin(y) + [[Mjsh(y) + ch(y)]sin(x)
10 sh(r) sh(2r)

program puasson;integer(8),parameter::n1=200,n=n1-1;integer(8)::i,j,k,kk;real(8)::a,b,c,d,pi,h,h1,h2,x,y;
real(8)::delta(0:n1,0:n1),max,res(0:n1,0:n1);real(8)::c1,c2,c3,c4,c5,c6,c7,C8;
real(8)::nu(n,n),lamda(n,n,n),u(0:n1,0:n1),ff(n,n),aal(n,n),bb(n,n),aa(n,n),cc(n,n),ul(n,n);
real(8)::cch,ssh,al,a2,b1,b2 f,t1,t2,f1,2,f3,hh2,hh3,hh4,bb1(n,n),k1,k2,k3,k4,k5,k6,k7;
cch(x)=(dexp(x)+dexp(-x))/2d0;ssh(x)=(dexp(x)-dexp(-x))/2d0;al(y)=dsin(y);a2(y)=dsin(y);
b1(x)=dsin(x);b2(x)=dsin(x);f(x,y)=dsin(x)*dsin(3d0*y);max=-000d0;pi=2d0*dasin(1d0);a=0d0;b=pi;c=0d0;
d=2d0*pi;h1=(b-a)/dfloat(n1);h2=(d-c)/dfloat(n1);k1=h1/h2;k2=h2/h1;k3=k1+k2;k4=10d0*k2-2d0*k1,;
k5=-20d0*k3;k6=10d0*k1-2d0*k2;k7=h1*h2;call cpu_time(t1);print*,"h1=",h1,"h2=",h2;do i=1,n;do j=1,n;
if(j==i)then;aa(i,j)=k5;bb(i,j)=k6;elseif(j==i+1.or. j==i-1)then;aa(i,j)=k4;bb(i,j)=k3;else;
aa(i,j)=0d0;bb(i,j)=0d0;endif;enddo;enddo;do i=0,n1,1;x=a+h1*dfloat(i);y=c+h2*dfloat(i);
u(0,i)=b1(x);u(nl,i)=b2(x);u(i,0)=al(y);u(i,nl)=a2(y);enddo;do i=2,n-1,1;x=a+h1*dfloat(i);y=c+h2*dfloat(i);
ff(1,i)=k7*(f(x+h1,c+h2)+f(x,c+2d0*h2)+f(x-h1,c+h2)+f(x,c)+8d0*f(x,c+h2))-k3*(u(0,i-1)+u(0,i+1))-k6*u(0,i);
f(n,i)=k7*(f(x+h1,d-h2)+f(x,d-2d0*h2)+f(x-h1,d-h2)+f(x,d)+8d0*f(x,d-h2))-k3*(u(nl,i-1)+u(nl,i+1))-k6*u(nl,i);
ff(i,1)=k7*(f(a+2d0*h1,y)+f(a+hl,y+h2)+f(a,y)+f(a+hl,y-h2)+8d0*f(a+hl,y))-k3*(u(i+1,0)+u(i-1,0))-k4*u(i,0);
f(i,n)=k7*(f(b,y)+f(b-h1,y+h2)+f(b-2d0*h1,y)+f(b-h1,y-h2)+8d0*f(b-h1,y))-k3*(u(i+1,n1)+u(i-1,n1))-k4*u(i,nl);
enddo;ff(1,1)=k7*(f(a+h1,c)+f(a,c+h2)+f(a+2d0*h1,c+h2)+f(a+hl,c+2d0*h2)+8d0*f(a+h1,c+h2))-
k3*(u(0,0)+u(2,0)+u(0,2))-k4*u(1,0)-k6*u(0,1);
ff(n,1)=k7*(f(a+h1,d)+f(a+hl,d-2d0*h2)+f(a+2d0*h1,d-h2)+f(a,d-h2)+8d0*f(a+h1,d-h2))-k3*(u(n1,0)+u(nl-
2,0)+u(nl,2))-k4*u(n1-1,0)-k6*u(nl,1);
ff(1,n)=k7*(f(b-2d0*h1,c+h2)+f(b,c+h2)+f(b-h1,c)+f(b-h1l,c+2d0*h2)+8d0*f(b-h1,c+h2))-
k3*(u(0,n1)+u(2,n1)+u(0,n1-2))-k4*u(1,n1)-k6*u(0,n1-1);
ff(n,n)=k7*(f(b-h1,d)+f(b,d-h2)+f(b-2d0*h1,d-h2)+f(b-h1,d-2d0*h2)+8d0*f(b-h1,d-h2))-k3*(u(nl,n1)+u(nl-
2,n1)+u(n1,nl1-2))-k4*u(nl-1,n1)-k6*u(nl,nl-1);
do i=2,n1-2; do j=2,n1-2; x=at+hl*dfloat(j);y=c+h2*dfloat(i);ff(i,j))=k7*(f(x+h1,y)+f(x,y+h2)+f(x-h1,y)+f(x,y-
h2)+8d0*f(x,y));
enddo; enddo; call obr(n,aa,aal);lamda(1,1:n,1:n)=-matmul(aal(1:n,1:n),bb(1:n,1:n));
nu(1,1:n)=matmul(aal(1:n,1:n),ff(1,1:n));
do i=2,n-1;bb1(1:n,1:n)=matmul(bb(1:n,1:n),lamda(i-1,1:n,1:n))+aa(1:n,1:n);call obr(n,bbl,aal);
lamda(i,1:n,1:n)=-matmul(aal(1:n,1:n),bb(1:n,1:n));nu(i,1:n)=matmul(aal(1:n,1:n),(ff(i,1:n)-
matmul(bb(1:n,1:n),nu(i-1,1:n)))); enddo; bb1(1:n,1:n)=matmul(bb(1:n,1:n),lamda(n-1,1:n,1:n))+aa(1:n,1:n);
call obr(n,bb1,aal);ul(n,1:n)=matmul(aal(1:n,1:n),(ff(n,1:n)-matmul(bb(1:n,1:n),nu(n-1,1:n))));do i=n-1,1,-1;
ul(i,1:n)=matmul(lamda(i,1:n,1:n),ul(i+1,1:n))+nu(i,1:n);enddo;do i=1,n;do j=1,n;u(i,j)=ul(i,j);enddo;enddo;max=-
1d3; open(2, file="2.txt");do j=0,n1;do i=0,n1;x=a+h1*dfloat(j); y=c+h2*dfloat(i);c1= dsin(x)*(cch(y)+ssh(y)*(1d0-
cch(2d0*pi))/ssh(2d0*pi));c2=  dsin(y)*(cch(x)+ssh(x)*(1d0-cch(pi))/ssh(pi));c3=  -dsin(x)*dsin(3d0*y)/10d0;
res(i,j)=cl+c2+c3;delta(i,j)= u(i,j)- res(i,j);if( delta(i,j)<=0d0)then;delta(i,j)=-delta(i,j);endif;
if( delta(i,j)>max)then;max=delta(i,j);endif;if(mod(i,20)==0.and.mod(j,20)==0)then;

2 write(2,*) x,y,res(i,j),u(i,j); endif,enddo;enddo;print*,"norma C =",max;call cpu_time(t2);print*,"t2-
t1=",t2-t1;pause; end program puasson;
subroutine obr(n,bb,aal);use msimsl;integer(8)::n,Lda,Ldainv;real(8)::ainv(n,n) ,bb(n,n),aal(n,n);
Lda=n;Ldainv=n; call dLinrg(n,bb,n,ainv,n); aal(:,:)=ainv(:,:); end subroutine;
3ameuanne 1. Marematukn HoBocnOHMpckolf MaTeMaTHUECKOW IIKOIBI MPHICPKUBAIOTCS MHEHHS, YTO TECTOBBIC

OPUMEpBL IS YHCICHHBIX aJITOPHTMOB JOJDKHBI OBITH B HEKOTOPOM CMbIche dKcrpeMainbibivu|18]. [TosTomy B
HarreM npuMepe (21) BeIOpaHa OBICTPO OCLMJLIMpPYFOLIas paBas yacth ypaBHeHus f (X, y) =sin(x)sin(3y) .

IIporpamma c ucnons3zoBanueM airopurma (5), (10), (12), (14), (15), (16), (17),(18),(20)Bo3Bpamiaetr HOpMY
YeObimeBa aiust HeBsisku npumepa(21) paBayro norma C = 2.986697339446565E-008 3a Bpems t2-t1=
9.75006250000000¢ (c 4ncIOM MHTEPBAJIOB JICJICHHUSI CTOPOH NMPAMOYrojbHUKa N;=N,=200), TO ecTh, JOCTUTHYTa
tounocts REAL(4)[16]. B To Bpemsi kak, maker ANSYS Fluent obecneunBaer tounocts REAL(4) pemenus

THAPOJNHAMUYECKOM 3a/1aud TOJBKO HA TPaHMUIIE, Ha Beeil xke obmactu Fluent mMeet OTHOCHTENBHYIO TIOTPEITHOCTh

10°° . Buano, maru cetkn B (21)pasmuuarorcst B 2 pasa h1= 1.570796326794897E-002 h2= 3.141592653589793E-

002. BeicTponeiicTBHE MeTONA, MPEAJIOKECHHOTO B JAHHOW CTaThe, NPEBBINIACT OBICTPONCHCTBHE METOAA, B
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pabore[1] B 70 pa3! dus n;=n,=100 nmeem hl= 3.141592653589793E-002 h2= 6.283185307179587E-002 norma
C = 4.783735529367839E-007 3a Bpems t2-t1= 0.561603600000000.

U (numerical) - (u(exact )., , o000

4.783735529367839E - 007

n=20n20 " 2 986697339446565E - 008

~16,01~2* p=4
U (numerical) - (u(exact )), .

Teopema 1. Matprma A B ornpeneneHnn(6) sSBIIETCS MOHOTOHHOH, a MaTpuna B He sBiseTcs.

Jloxka3aTebCTBO.
R = min CHNE Nia =20 hy +h, _2|10h22—2h | 24h2 M > 16N, 7h,h,>0R >0
e o ) o | hh, h,
. 10h1 —2h?  (h2+h?) 8h2—4h?
B;mr_T;'an[lbm,ml Zlbmnl] (hhz =~ <0
! n=1,nzm 1'72 1'72 hpﬁfh

To €CTh, MaTpula A wumeer JAaroHajJbHOC npeo6na;laHI/Ie (a B HeT) Hu, CJICO0BATCIIbHO, SBJICTCA

MOHOTOHHOIA[ 1 8](MOHOTOHHO# Ha3bIBaETCS MATPHIIA, CCITU IEMEHTHI 00PaTHO! K Hell HMEIOT OJJMHAKOBBIC 3HAKN).
Teopema 2. llmMeeT MecTo BepXHsist OLlEHKa OECKOHEUHON HOPMBI 00paTHOit k Marpuie A: "A’l" <h,/16h, .
o0

Hoxa3areancTBo. CornacHo[18] mnst matpursl A ¢ JUaroHaldbHBIM MpeoOIagaHueM CIpaBeInBa OICHKA,

MCIIONB3yeM pe3yibTaThl Teopembl 1

"Aﬁl” Si: ", . Teopema 2 nokazana.
» R, 16h
Jlureparypa:

21. Bonocosa H.K., Bomocos K.A., Bomocora A.K., ITactyxos JI.®., ITactyxor }0.®. Moauduimpoantoe
pazHoctHoe ypaBHenue K.H. BonkoBa st ypaBHenus [IyaccoHa Ha npsiMOYTOJNIBHUKE C Y€TBEPTHIM MOPSIIKOM
norpermHocT/H. K.  BomocoBa, K.A. BomocoB, A.K.Bomocoma, J.®. Ilactyxo, I0.®. Ilactyxos//
EBpasuniickoe Hayanoe O0penunaenue. — 2019. Ne 6-1 (52). C. 4-11.

22. Bomnocora H.K. [Ipumenenue npeobpa3osanus Pagona B creranorpaduun// HekoTopsle akTyanbHbBIE IPOOIEMEI
COBPEMCHHON MaTeMaTHKH M MaTeMaTHYeCKOro oOpa3oBaHMs: c0. MaTepuaioB Hayd. KoH(., ['epreHoBckue
grernus — 2018, CI16.,9-13 anp. 2018 r./ Poc. roc. mexn. yu-T um. A.U. 'eprena. - CII6, 2018. -C. 234-238.

23. Bakynenko C.II., BomocoBa H.K., ITactyxoB J.®. Cmocobwsr nepemaun QR-koma B creraHorpadun//Mup
tpancnopta. -2018. -T.16. Ne 5(78). -C. 14-25.

24.Bonocosa  H.K.  IIpeoOpasoBanue Pagonma u  ypaBHenume IlyaccoHa B KOMIBIOTEPHOM
creraHorpadun//MexryHapoaHass KoHpepeHIHs 1mo auddepeHIHantsHbIM YpaBHEHUSIM W TUHAMAYCCKAM
cucremam. — Cyznaine. 2018. — C. 61.

25. TlactyxoB J[I.®., Bomocosa H.K., Bomocoa A.K. Hekoropsie wmeromsl mepegaun QR-koma B
creraHorpaduu//Mup tpancnopra. -2019. -T.17. Ne 3(82). -C. 16-39.

26. Bomocoa H.K. u ap. DddekruBHas ureparmonnas Gopmyiia s KpaeBoil 3amaun ypaBHeHus [lyaccoHa co
CJIOKHO paclpeieleHHBIMU HCTOUYHHKaMu// HexoTopble akTyalbHbIE MPOOJIEMbl COBPEMEHHOI MaTeMaTuKH U
MaTeMaTHYECKOro oOpa3zoBaHMs: cO. MaTepuayioB Hayd. koH(., ['eprenoBckue urenus — 2019, CII6.,08-12
amp. 2019 1./ Poc. roc. mexn. ya-t um. A.U. T'epiiena. — CII6, 2019. — C. 201-208.

27. TTactyxoB J[.®. OnTHUManbHEIA MOPSAOK aNMPOKCHMAIIMH PAa3HOCTHOW CXEMBI BOJIHOBOTO YpaBHEHHUS Ha
orpeske / [1.®. Tlacryxos, }0.®D. [Tactyxos, H.K. Bonocoga // Becthuk Ilononkoro yuusepcurera. Cepusi C.
dynnamenranbHble Hayku. — 2018. — Ne 12. — C. 60-74.

28. ITactyxoB JI.®. K Bompocy o peaykuun HeoHOPOTHOH KpaeBoii 3axaun [Jupuxiie Uit BOJTHOBOTO YPaBHEHUS
Ha otpeske / JI.®. [Tactyxos, }0.®. [Tactyxos, H.K. Bonocosa // Becthuk [Tonorkoro yausepcurera. Cepust
C. ®yngamentansabie Hayku. — 2018. — Ne 4, — C. 167-186.

29. IMacryxoB [.®. Annpoxcumanus ypaBHeHus [lyaccoHa Ha npsiMOyroJibHUKE MOBBINIEHHON ToyHOCTH / J].O.
[MacryxoB, }0.®. IlactyxoB // Bectauk Ilonoukoro ynuBepcutera. Cepuss C. @yHIaMeHTaIbHbIE HAYKH. —
2017. — Ne 12. - C. 62-T77.

30. Baxsanos H.C., XXunkos H.II., Ko6enskos I''M. Uuciennsle meTonsl/H.C. baxsanos, H.II. )Kuakos, I'.M.
KobGembkoB. — 7-e m3a. — M.: BUHOM. Jla6oparopus 3Hanmif,2011.- 636 c.: wi. — (Kmaccuueckuit
YHHBEPCUTETCKUI YUSOHHUK).

149



31. Kosznos A.A. IIpeodpa3oBanue momgoous Ha MHOKeCTBe monykBaTeparuoHoB / A.A. Kosznos, K.C. CypaBHega,
N.J1.Kaneiixo // Becruuk Ilononkoro ynusepcutera. Cepus C. @ynnamenrtanbusie Hayku. — 2019, — Ne 4. —
C. 115-123.
32. KoznmoB A.A. MuoxectBo momyoktaB / A.A. Kosmos // Bectuuk Ilomomkoro ymmBepcurera. Cepus C.
dynnamenransable Hayku. — 2016, — Ne 12. — C. 75-85.
33. Aunexkcanzapos [1.C., [lacerakoB b.A. Beenenue B Teopuro pasmepHocteii.- M.:Hayka,1973,577 C.
34. IMuxymua B.II. IlpakTudeckuii Kypc MO ypaBHEHHSM MareMaTHYecKoW (u3uku: y4ed. mnocodme /
B.IL. Ilukynun, C.U. IToxoxxaes. — M.: Hayka, 1995. — 224 c.
35. KonmoropoB A.H. DnemeHTsl Teopun (yHKIMHA u ¢QyHkunonamsHoro anammsza / A.H. Koamoropos,
C.B. ®omun. — M.: Hayka, 1976. — 543 c.
36. baprenseB O.B. ®oprpan mis npodeccronanos. Matemarnyeckas 6ubnuorexa IMSL: U.1. — M.:JIUAJIOT —
MU®OU, 2001. — 437 c.
37. A. Salih. Streamfunction - Vorticity Formulation//Department of Aerospace Engineering Indian Institute of
Space Science and Technology, Thiruvananthapuram-Mach 2013-.
38. Bonxkos 10.C., Mupomanuenko B.JI. OueHkrn HOpM MaTpuil, 0OpaTHBIX K MaTpHIlaM MOHOTOHHOTO BHIA U

BroiHe HeotpunarenbHbiM MaTpumaM/ 10.C. Bonkos, B.JI. Mupomanyenko//CHOUPCKI MaTeMaTHIeCKHi
xkypHai. T.50. — 2009. — Ne6. — C. 1249 — 1254 .

ABOUT DECISION OF THE EQUATION OF THE POISSON ON RECTANGLE WITH FOUTH RATHER
INACCURACY FOR FINAL NUMBER ELEMENTARY OPERATION
Volosova N.K.,Volosov K. A., Volosova A. K., Pastuhov D. F., Pastuhov YU. F.

The Offered algorithm of the decision of the general lumpy marginal problem Dirihle for equation of the
Poisson on rectangle with fourth rather to inaccuracy and with minimum 9 point patterns on lumpy even net. The
Offered method motion in matrix form for final number arithmetical action, which stability even for rectangle with
attitude of the sides more than 10 with high speed. The Decision of the test example was compared to the numerical
decision, confirming fourth order to inaccuracy for molded the got algorithm.
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IIPUKITATHAA MATEMATHKA(THIPOJHHAMHUKA)

YK 519.6: 532.5

O POJIA ITPO®UJISI CKOPOCTH HA BEPXHEM OTPE3KE B I'MJIPOJJMHAMUYECKON
3AJIAYE 1151 MIPSIMOYT'OJIbHOM KABEPHbBI
H.K. Bonocosa (acnupanm MocKoecKkozo 2ocyoapcmeennozo mexnuueckozo ynueepcumema MI'TY um. H.D.
baymana );
M.A. Bacapab (npogheccop, 0.¢p. - m.n. MocKo8cKozo zocyoapcmeeHH020 mexHuueckoz2o ynusepcumema MI'TY
um. H.3. Baymana);
K.A. Bonocos, npogpeccop, 0.¢h. - m.n., A.K. Bonocoea, k.¢p.- m.n. (MHHT) e. Mockea;
K. ¢p.-m. H., oou. /1.®. Ilacmyxos, K. ¢.-m. ., ooy. 10.D. Ilacmyxoe
(Ilonoukuil zocyoapcmeennwlii yHugepcument)

Annomayus: Onucan aneopumm peuleHusi KiaCCU4eckou SUOPOOUHAMUYECKOL 3a0adil ¢ UCTONb308AHUEM
KOHEUHO20 MAmMpUYHO20 aieopumma peuienust ypaswenus Ilyaccona. Hccaedosanvl ocobennocmu KyCOUHO-
JIUHEUH020 NPOPUIsL CKOPOCMU HA CMPYKMYpY euxpeil 6 pewenuu 3a0auu. Tlonyueno umo noie (yHkyuu moka u
noje JUHULL MOKA PAa3iudaiom 6UXpu nepeozo nopsioka (coenadaiom odemanu oboux noneti). Menvuwiue euxpu
8MOPO20 NOPSIOKA ONPeOensiomcs noiem aunui moka. Ipaduenm ckopocmu KyCOUHO-TUHEUHO020 Rpo@uis Ha
8epXHEll CTMOPOHE NPSAMOY2ONbHOU KABEPHLL ONpedesien YUCIO 8UXPell BIMopo2o Nopsaoka u ux pacnonodcenue. Ilpu
Hebonbuwom epaduenme (pasHom 2) ¢ npoguiem ~pasnobeOperubili mpeyeoibHuK ™’ Nos6asaemcs 00UH GMOoPUYHbLIL
suxpv cnpaeéa u cuuzy. Ilpu docmamouno Oonvutem epaduenme (pasnom 10) ¢ npoguiem “pasHobedpennas
mpaneyust” umeeM 084 CUMMEMPUYHBIX GUXPSI 6MOPO20 NOPSOKA CAPAsA U Cleéd y OHA. Yeeruuenue cpaduenma
nPOUISL CKOPOCMU NPUBOOUM K CMEUWEHUIO YEHMPA KPYINHO20 GUXPsL NEPEO20 NOPSIOKA NPOMUBONONONCHO 6EKMOPY

cKopocmu umax , d YMeHblulernue zpa()ueHma K CMeweruio yeumpa 6uxps nepeoco nop;l()m 600.1b umax .

Knruesvie crnosa: xnaccuueckas cuOpoOUHAMUYeckas 3a0ayd 6 npsimoy2oibHOU KagepHe, 2UOPOOUHAMUKA, NOJe
JUHUL MOKa

ABOUT ROLE OF THE PROFILE TO VELOCITIES ON UPPER SIDE IN GIDRODINAMIC PROBLEM FOR
RECTANGULAR CAVITY
N.K. Volosova, M.A. Basarab, K.A. Volosov, A.K. Volosova, D.F. Pastuhov, YU.F. Pastuhov

IMocTranoBka 3amaum. PaccMOTpUM — KJIACCHYECKYKO THIPOAMHAMHYECKYIO 3aJady B MNPSAMOYTOJBHOM
001acTi C CHCTEMOM ypaBHeHI/Iﬁ B YaCTHBIX MPOM3BOJHBIX MW HaYaJlbHBIMU W KpPAaCBbIMH YCJIOBUAMU [JIA
¢usngeckux momnei[1]. O6o3uaumm (U(X, Y¥),V(X, Y)) BEKTOp CKOPOCTH XKUAKOH yacTuilel. Hawanmo nmpsmMoyronsHON

CHUCTEMbI KOOpAWHAT PACIIOJIO0KUM B HUXKHEM JICBOM YTJIC MIPAMOYTOJIbHUKA, HAITPABUM OCh Y-BBEPX, OCh X-BIIPABO.

WatW,y=-W(XY), 0<x<L, 0<y<R,

W=V, —uy,

U=y, v=-y,,

W, +U-W, +V-W, :v(wxx+wyy),

y], =0,I=(x=00<y<R)U(x=L0<y<R)U(O<x<Ly=0)u(<x<Ly=R), @
=0

u|r1 =0,I,=(x=00<y<R)U(x=L0<y<R)uU(0<x< L,y=0),u|r\rl=umax

I'ne B cucreme ypapHenuii(l) oGosHauena W=V, —U, - byukius Buxps, w(X,y)- byHkums Toka,
ompeNersiFonIas Imojie CKOpocTel (opMyIoi U =l//y;V=—l//X,(//| ,=0. BeprukanbHast KOMIIOHEHTa CKOPOCTH Ha
IpaHHUIEe KaBEPHBI OTCYTCTBYET v| - =0, a ropu30HTaNbHASL UMEET IIOCTOSHHOE MAKCHMANIbHOE 3HAYCHNE HA BEPXHEil

CTOPOHE MPAMOYTOJIbHUKA umaxH HalpaBJICHAa HalpaBoO, a4 Ha OCTaJIbHO# YacTu T'paHUllbl paBHa HYJIO (YCJ'IOBI/IG

npwmnanust). g nHummanm3anuy 3agadu(l) HeoOXoauMo 3a1aTh HadaidbHBIE (M3MYECKHe MO (ZOCTaTOYHO
3a/aTh HAdYaJbHOE I0JIe TOPH3OHTAIBFHOW M BEPTHUKAJIbHON KOMIIOHEHT CKOPOCTH), a TaKXe CBA3b TI'PaHHYHBIX
3HA4YEHHUN BUXPS C IPUTPAHUYHBIMU 3HAYCHUSIMUA (QYHKIIMU TOKA U KPaeBbIMHU 3HAYEHHSMH CKOPOCTH.

IIpeobpasyem cuctemy ypaBHeHuii( 1), BBeAst Oe3pa3zMepHbIe IEpEeMEHHbIE
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l//;;+l//77_ W(X y) 0<X_—<1 0<y_1<k_ElJ=Lll//max=L max
L L l//max

- -_ T_ = u - v — w Upnax
W=VX_Uy, U= ,V= W= leax

umax umax Wmax L
U=yyV=-y;,
e — — - 2
W{+u~w;+v~wy=L(W;;+Wyy)0<t=l,T=L,R9=M @

Re T Upnax v

7, =oi, =0, o], -

B nmaneHeimem mrpuxu Haj IepeMEeHHBIMHI U GYHKIUSAME B 3a1a4e(2) 3 cooOpakeHus yIoOCTBa OITyCKaeM.

k=1 ecnu npsMoyropHUK-KBaaApaT. ONHIIIEM YUCACHHbINA aJropuT™ penreHus 3aaaqn(2).

1.MHuuuaau3anus.

3a1aquM KyCOYHO-JTHHEHHBIH NMPOQUIbL CKOPOCTH B BUAE PaBHOOCIPEHHOW Tpareluy Ha BEpXHEil CTOpoHe

npsmMoyronbHuKa (Y=K=1 — B Ki1accH4YecKoii 3a1aue 0 KaBepHE) U3 COOOPaKEHUsT HEMPEPHIBHOCTH 110 (hopMyie.

X
—,0<x<7,
T

u(x, k) =uy(x) =

P

r<x<l-r, 3)
1-x
T

1-7<x<1,

IIpoduns ckopoctu ¢ hopmyroii(3) Ha mepenHe MIOCKOCTH Y=1 mpencTaBicH HAa pUcyHKe 1.
HauanpHOoe mone TOPU30HTAIBHOW CKOPOCTH OMNpENeNrM NpOo(QHIeM TOPHU30HTAJIBHOW CKOPOCTH Ha BEPXHEM
OTpe3Ke NMPSIMOYTOJbHHUKA, HA KOTOPOM OHO IOCTOSHHO C JIMHEHHO yMEHBUIAIOMIEHCS aMIUIUTYAOM K HyJIIO Ha €ro
HikHed cTopoHe Y=0. Ilome ckopoctu B dopmyne(4) wusMmeHser 3Hak B uHTepBane O0<y, <I1.

u(x,, ym):—uo(xn{ymjsm( ”ymj x, =nh,,y,, =mh,,h :i,h2 :L,r:& . (4)
k 2k n n, n,

Ecmu Ob1 mosnie TOpuU30HTANBHOW CKOPOCTH(4) HE MEHSIJIO 3HAK, TO BCE YaCTHIBI JKAIKOCTH OJHOBPEMEHHO
JIBUTAIHCH OBI CeBa HAIPaBO, MBI UCIIONBE3YEM MOJIENb HEC)KUMAEMOW KHUIKOCTH C IMOCTOSTHHOW T€OMETPHUECKON
(dhopMmoii TPAMOYTOIBHON KIOBETHL. Torma 3a Jr000# MPOMEKYTOK BPEMEHH LEHTP MAcC JKUAKOCTH IEPEMECTHTCS
BIIPaBO, T.€. MOJIYYUM NPOTHUBOPEUHE C TEM, YTO LIEHTP MACC KHUJIKOCTU CTAllMOHAPEH, IO KpaiiHEel Mepe, 3TO BEPHO
JUIsl yCTaHOBUBIIETOCS JBWXKEHHs. A 3ajlada WHUIMAIM3AIMUA JJIs YCKOPEHHUsS PpelIeHHs 3aJayd 3aKITI0vaeTcs
MMEHHO B TaKOM BBIOOpE HadalbHBIX MOJIEH, KOTOpble Hanboliee OJU3KU K TOJSM YCTaHOBUBIIETOCS TEUEHHUS.
Haiinem HavanbHOE MOJIE BEPTUKAIBHOW CKOPOCTH HEC)KUMAEMOM JKUIAKOCTH, HUCIOJIB3YsI HHTETPAIBHYIO (hOpMyITy
Tparneuuu

Y
z—i+%—0©v(xmym)——jg—z(xn,y)dyQV(Xn,ymF (l X (Xn.ym)+Z = (%0 %) J

0

Lu(Xpg Yo) — U010 V) | O Vi) —U(X 45 Vi)
—h|= n+l! Y m n-1' Ym Xns 1 ’m:2’n _1,n:1,n -1 5
R in-in ®

aou P
V(Xn’ yl): _h2 a(xn’ yl)l n :11 n1 -1

J1s1 MHTEerpUpOBaHUs HA4aJIbHOTO IIOJISI TOPU3OHTAJIbHOW KOMIIOHEHTBI CKOPOCTH HCIIOJIB30BAHO YCIIOBHE
IMPWINIIAaHUS YacTHL] XKUIKOCTH Ha nHe. Ha cienyromeM 3tane MHMLIMAIU3aUUUd MOKHO BBIYUCIIUTG [10JI€ BUXPS BO
BHYTPEHHUX TOUYKAX IPSIMOYTOJIbHUKA I10 HAYaJIbHOMY I10JIX0 CKOPOCTEM.

W=V, _uy PN W(Xn, ym): V(Xn+1’ ym)z;ﬁv(xnli ym) _ V(Xn’ ym+1)2;V(Xn’ ym—l), n=1, n —1m=1 n, -1 (6)
2

B pab6ore[2,3]ucmonb3oBanack cieayomas anmpoKkcuMupyromas GopMyiia

1(-10 2 1 h?
F[Tum,n +§(um—1,n + um+1n + um nat um n+1) 6 (um—l,n—l + um+1,n—1 + um—l,n+l + um+1,n+1)j = f nt E(f + f )

1
" hd[%(fx(‘l) + fy(“)) % fxxyyj+0(h6)l n=Ln-1m=1n,-1
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Ecmu B mpaBoli dYacTH OTOPOCHTH MPOM3BOAHBIE IINECTOTO TMOpsnka (W3-3a HEBO3MOXKHOCTH WX
anMpOKCHMAIMA HA MHUHMMANBHOM 9-TodedHOM mabnone), a nannmacuan f,, + f, anmpoxcumuposats Ha 5-tn

TOYECUYHOM I1a0JIOHE KpeCT, TO UMCEM

3

Humst pewenns Ilyacconay,, +v/, =-W(X,y) 3a KOHEYHOE YHCJIO DJIEMEHTAPHBIX OINEPAlUil MaTpUUYHBIM

L1210y, 2 J 2 L T T T ST

F 3 |Jm‘n + 3 um—l,n +um+1,n +um,n—l +um,n+1 +g um—l,n—l +um+1,n—1 +um—1,n+1 + um+1,n+l ~ 'mn + 12h2 m-1n + m,n-1 + m+1,n + mn+l m,n <
-10 2 1 2

St ( 3 l‘lm,n + _(um—l‘n + um+1‘n + um,n—l + um‘n+1)+ g(um—l,n—l + um+1,n—1 + um—l,n+1 + um+1,n+1) = E(fm—l‘n + frn,n—l + fm+1,n + fm,n+1 +8 fm,n)

MmetosioM[3,4] Hy)kHO MOAM(HUIMPOBATE €T0 MPABYIO YaCTh B 4 YrIIOBBIX y3/1aX

-10 2 1 -’

Tl//l‘nl—l t g (V/Z‘nl—l u l//l,nl—Z + l//l‘nl t lV[),nl—l)‘l' 6(1//2,n1—2 + Wo‘nrz t I//Z‘n1 t l//O,n1 ) = E (8W1‘n171 t WO‘nl—l u Wz‘nl—l u Wl,n1—2 u Wl,n1 )
2

— - 2 1

Wiy = TS (8W1‘n1—1 Wy t Wy T Wy, o W )_5(‘/%1 Ty o‘nfl)_ 5 (Wo‘nl—Z tWon TVon, )

-10 1 —h?

T'/’nrm + g(an—Z‘l W V0tV ‘1)*' 5 (‘//nzfz,z W2tV 20 V0 ) = RT3 (8an—1,1 Wt W F Wy ot ansz)
2

— - 2 1

W1 = E(Swnz-n Wy, 1 t W oy F W10t W 1 )_ 3 (‘/’nz-w + Wﬂz,l)_ E(an,z W0t '//nZ‘O)

()
= — )<l -0 )
Ty/nz—l,nl—l +§ ‘//nz—z,nl—l + l//nz—l,rll—z + l//nz—l,nl + V/nz,nl—l +6 V/nz—2,n1—2 + l//nz,nl—z + ‘//nz—z,nl u V/nz,n1 = ? 8an—1‘nl—1 u an‘ni—l t an—2,r11—l + an—l,n1 + an—l,nl—z

- -2 -l )
an—l‘nrl =5 8an—1,nl—1 u an‘nl—l u Wn2—2,r11—1 t an—l,n1 + an—l,nl-z By ‘//nz—l,nl + ‘//nz,nl—l s ‘//nm-z + V/nz—Z,n1 + V/nz,n1

12 3 6

2

-10 2 1 -h
T'//M t g(‘//zi TtV t '//0,1)+ 5 (‘//2,2 W0y TV tWoo ) = RT3 (8W1,1 Wy + Wy +Wyg + W, )

— - 2 1
W, = RT3 (8W1,1 FWoy Wy + Wy + Wiy )‘g(‘/’w + ‘//0‘1)' 6 (’//0‘2 W tVoo )

W B rpaHUYHBIX y371aX, PaclOJIOKEHHBIX Ha 4 TPaHUUHBIX OTPE3Kax

10 2 1 h?
- E%'n +§(V/Ln—1 TWon TV tVWon )+ E(Wz,n—l o tWopat '//o,n+1): _E(Bwl,n FWop t Wy + Wy + Wl,n+1)
2
— 2 1
Wy == E(gwm FWop + Wy + Wy + Wl,n+1)_7‘//0‘n _7(‘//0,n—1 + ‘/’om)' n=2n-2

3 6

At Joh - )

- Ev/nz—l‘n +§ ‘//nz—l,nfl + anfz,n + V/nzfl,nﬂ + l//nz,n +g l//nzfz,nfl + l//nz—z,nﬁ + ‘//nz,n—l + V/nz,ml = _E 8Wn271,n + an‘n + anfz,n + an—l‘nfl + an—l,n+1
2

— 2 1
anfl‘n = E(gwnﬂ,n + an,n + Wnrz‘n + anfl,nfl + anfl,n+1)_§V/nz‘n _E(V/nz,m + ‘//nz,ml) n=2, n -2

1 2 1 h’
- ?V/m,l + g(‘//mfu W2 TVt TVno )+ E(V/m—l,z W2 TVna0 T¥mao ) = ‘E(8Wm,1 Wy Wogy +Woot Wm,z) (8)
— N 2 1
Wiy =— E(swm A Wigg FWigg +Woo + Wi )_ EV/m,o _E(‘//mfm W0 )’ m=2,n,-2

10 2 ) 1 h? )
- ?Wm‘nl—l +§(V/m—1,nl—1 + l//m,nl—z + l//m+1,n1—1 + '//m,nl + E (V/m—l,nl—z + ‘//m+1,n1—2 + ‘//m—l,nl + ‘//m+1,n1 ): _E(Swm‘nl—l + Wm—l,nl—l + Wm+1,n1—1 + Wm,nl—z + Wm,n1

. 2

h 2 1
Wm‘nl—l == E(gwm,nl—l +Wm—1‘nl—1 + Wm+1‘nl—1 + Wm‘nl—z + Wm,n1 )_gy/m,nl _E(Wm—l,nl + (//erl,n1 )' m= 2: nZ -2

- 2
mn = E(gwm,n +Wm—1,n tW

+ Wy g +wm‘n+1) vme2n,-2,ne2,n -2

=

m+1,n

Janee HaxoanMm noe GyHKINHN TOKa coriacHo paboram[3,4] To ecTh MaTpu9IHbIE KOX(Q(QHUINEHTHI IPOTOHKH BIIEPE
vl =—A"By] + AW < 4 =-A'B,y, =AW, 9)
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—%,m =nm=1n-1Ln=1n -1 %,m =nm=1in-Ln=1n -1
2 1
raed,, = g,m=n+1vm=n—1 , Dyn = g,m=n+1vm:n—1 (10)
O,m>n+2vm<n-2 Oom>n+2vm<n-2
A =—(BA, ,+A)'B,v, =(BA, , + A)‘l(ng - va) m=2,n, -2 (11)
HaxoanMm npearnocne1HIO0 CTPOKY MaTPHIEI OIS (YHKIINH TOKa
vl =(BA,,+A)" (wnTz LBy, , (12)
Haiinem Bce ocraJibHble CTPOKM Marpulpl MOJd (QYHKIMM TOKa 1o QopMyinaM NpPOTOHKH Hazaj
wh=4wl +v,,m=n,-21 (13)

I/ITaK, BCC€ HAaYaJIbHBIC IOJIA MOJYUCHBI. HepeXO[[I/IM K MUKITY.

2.0nMcaHue NMKJIMYECKOH YacTH aJropurma
1.3anaTh KpaeBble YCIOBUS IS TONEH

l//ko,n Zl//knz,n :l//km,o :l//km,nl :0,n:O,n1,m:0, nZ,VkO,n :anz,n :Vkm,o :Vkm,nl :O,n:O,nl,m:O,nz

U on =U mo =U mn =0,u*n,n =Uy(n),n=0,n,m=0,n,

2.MoaupuIHpoBaTh MPaByld 4acTh ypaBHeHHs IlyaccoHa mms (GyYHKUHH BUXpS Wmn 1o dopmymam (7),(8).
Pemute ypaBHenue [lyaccona, uin HaiiTi none GpyHKINHU TOKA y/r':f: BO BHYTPEHHHUX TOYKaX 1o hopmymnam (9)-(13).
3.HaiiT®  monme  CKOPOCTM  Ha  CJEAYIOIIEM  BPEMEHHOM  Iare  BO  BHYTPEHHHX  TOYKax

u“i(x,,y, )= U, Vit m=1n,-Ln=1n, -1 no popmynam(14)

k+1 k+1 k+1 k+1
i — n-1 1n — -1,
Ve—y, oyt Y nm 2 ne ,u=1//y<:>u"+1=l// min Y 0 m—1n,-Ln=1n -1 (14)

m,n Zhl m,n 2h2

4.Haiitu rpann4HbIe 3HaYeHUS QYHKLIUHM BUXPS B TPaHUYHBIX TOUKAX COTIacHo[1] co BTOPBIM MOPSAKOM TOYHOCTH

7 k+1 0 -8 k+1 1+ k+1 2 Vk+l 0
Wk+1m,o _Y m l/;h12 mitly m2 3 hlm m :1—7 n, -1
7 k+1 -8 k+1 a4+ k+1 5 Vk+l
Wy = Y mn oY rr;nl Yy _mn2 gV mn m=1n, -1
2h; hy
7 k+10¥ -8 k+11' + k+12, uk+10'
Wiy, = Y 0 mW Y 20 g8 00 7] (15)
2h? h b
b 7
K+l 7!//k+1nz,n - 81//k+1n2—1,n + l//k+1nz—2,n Uk+1n2,n
W, = -3 ,n=Ln -1
2 2h? h '
b b
K+l Wk+10,1 + Wk+l1,o K+l Wkﬂnz,l + Wkﬂnfl,o K+l Wk+10,nl—1 + Wk+11,n1 K+l Wkﬂnz,nl—l + Wk+ln2—1,nl
wooo=——"-—-—"—"Whno=—"—"-—-—"W ogn=— W Tnn =
2 2 2 2
IToxaxkem, Hanpumep, uTo TepBast popmyna(15) maeT BTOpoil HOPSIOK MOTPEUTHOCTH AaIPOKCHMAITUH.
h? h* 4
l//m,l :l//m,o +l//x|m’0hl +l//xx|m’0 2 +WXXX|m'o?+O(h 1)
4h* 8h*, s
l/jm,z = l//m,O + l//x|my02hl + l//xx|m’0 2 + l//xxx|m’0 + O(h 1)’

Vm,O == l//X|m,0’

h% h% 4
7l//m,O -8 Wm0 +l//x|m'0h1 +l//xx|m'0 7+l//xxx m,0 ?—i_o(h 1) +

7‘//m,O _Sl/lm,l + l//m,2 _3vm_0 _
2y hy 2k
4h* 8h’,
Vo HValn o2 Wl o 5 Vil g o) |
+3— "0 =—y +O(h21)
h1 xxIm,0
Tax kaKk Ha IPaHULE Y\, + 1/, =—W(X, Y) = Wxx|m o =W, TO HIMEEM
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k+1 k+1 k+1 k+1
K+l 7(//+m,0—81//+m,1+(//+m,2 Vi
W™ "mo = -3

2hy hy
AHaIOTHYHO JOKa3bIBarOTCA ocTtanmbHble (opMynsl(15). OtmernMm, uto BTOpyro ¢opmyry(l5) MoxkHO
nonyduth (GopManbHO u3 mepBoi(4-yro u3 3-eif) mpoBems 3ameny h, — —h u wW3MeHHB Hawamo orcyera

° +olh?)m=1n,-1.

N=0-—>n=n,. lMes nose BUXps B TPAHMYHBIX TOYKAX, MOKHO PELINTH MapaboM4ecKoe ypaBHEHUE THHAMHKH

BUXPS Wk+lm,n Ha ciieyronieM BpeMeHHOM cioe K+1 Bo BHyTpenHux Toukax N=1,n -1 m=1n,-1.
5.

1 k+1 k 2 10« 2( k k k
Wt+V~WX+U-WyZR—(WXX+WW)<:>W mn =W m,n+W —?W m,n+§Wm—1,n+W m+n + W mn1 +W mn+1 )]+
€ e
1 K k
+E(ka—1,n—1 + ka—l,n+1 +ka+l,n—l +ka+l,n+1) —T(U:;T: W, m,n +Vrl::nl 'Wy m,n) (16)

I'ne nepBbie npou3BoaHbIe PyHKIMU BUXPs B hopmyine(16) onpenenstorcs popMmynamMu

W km . %( km,n_z — ka,n+2 +8(ka,n+1 —ka,n_l))+ O(h“)7 m=2,n,-2,n=2,n -2
 m
gﬁ@%mmy—wﬂm4)+oﬁf)ﬂn=1vn2—Qv(n:lvnl—n
ﬁ( K2 — Wemizn +8(ka+1,n —Wn1n ))+ O(h“) m=2,n,-2,n=2n-2

W fmn =47 (17)
—( K metn —ka—l,n)+ O(hz), m= (lv n, —1)v n= (1v n —1)

2h
J1st ycTOWYMBOTO HMHTErpupoBaHus ypaBHeHUs(16) HYy)XKHO HCHOJB30BaTh JIOCTATOYHO MAJIbIi BpeMEHHOM
Re-h? Re-h?

mar 7 <

[1], MBI HCTIONB30BANY AT T = u 5000 yHTEpBAJIOB B IMKIE Ha ceTke Ny =N, =100 .

6. Hakoner, HOBOMY MHJIEKCY MOJISI BUXPSI HY)KHO IIPUCBOUTB CTAphIi HHAEKC M NEPEHTH K MyHKTY 1 nukia.

Wk+lm,n —)ka,n,k—)k+lm=ﬁ,n=ﬁ,k=0,no -1

Ljoon

0525 RUTTTTETRET R

1.000

0625

0.250

-0.125
0.on

0.00 0.3 0.50 075 o0

-0.500
X-axis

Puc.1. 3aBUCUMOCTb TOPU3OHTATIHLHONW KOMIOHEHTHI CKOPOCTH u(xn, Y ) mpu Re=1000.

Ha Pucynke 2 mpuBeneHo mosie ¢yHKIMM TokKa s uucina PeiiHombaca Re=1 . Drto mose moiaHOCTBIO
COBIIaJIacT C AaHAJIOTMYHBIM PUCYHKOM B cTaTbe Romanio[5,fig9, p22] npu Re=1 .
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1w

Puc.3. Tlone nunmii Toka u GyHKImK Toka 11 Re=1000 myist mpoduiis CKOpOCTH ““paBHOOCAPEHHAS Tpanenus” ¢
COOTHOIIICHHEM KyCOYHO-THHEHHBIX 001acTeit kak 1:8:1.

050 0

Kaxls Kaxs

Puc.4. ITone nmuuuii Toka u GyHkmu Toka 1t Re=1000 st nmpoduins ckopocTr paBHOOEAPEHHBIH TPEYTOJIIBHUK
C COOTHOIIIEHHEM KYCOUHO-TMHEHHBIX o0sacTeit kak 5:0:5.
Nuddepenuman  nyru  JIMHMM ~ TOKa  ONpeNesieTcss [0 HAWJIGHHOMY  TOJNI0  CKOpOCTeif

Ut (X, Yo )=UE v m=1n,-Ln=1n—1 Ha KOHeYHOM BpeMeHHOM cioeN,  muddepeHIHATBHEM

ypaBHEHHEM

oy )
ux,y) v(xy)

Ilone ckopocteii BO BCEX TOYKax NPSAMOYTOJNBHHKA (X,Y), HE COBNAJAOIIMX C  y3J1aMHu

X, Yo),n=1n -1 m=1n, -1, nureiiHo nHTEpHOIHpPYETCS 1O HopMye

U(X, y) = Uy, (Xn+1 — X) +Upy o (X — an) (ym+1 — y) +| Upon (Xn+1 — X) U (X — an) (y — ym)

h no)on h v )
V(X, y) =[ Vi (Xn+1 — X) Vit (X — an) (ym+l — y) +| Vi (Xn+1 — X) SRV (X — an) (y — ym)

hy hy h, hy hy h,

HUcnons3ysi(18),(19), momydnm cBsi3b coceqHUX ToueK nuHuM ToKa (N, -nuddepenunan ayru nuaun ToKa -

TEOMETPUYECKHUH Iar, KOTOPBIA HE CBS3aH C IIaroM OCHOBHOW PaBHOMEPHOH CETKH) Mo GopMyIe
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X' = ! 1 by U Y) S C) T Y
Ju(x,y)? +v(x, y)? Ju(x,y)? +v(x, y)?

CpaBHHBasI TOTYICHHBIC TIOJIS TMHAHN TOKa U (YHKINU Toka KoHewHoTo pemenus (Puc.3,Puc.4) BugHo, 9TO

1. ®yHKIMSA TOKA ONPEAEIIAET BUXPH IIEPBOTO MOPSIIKA (COBMAJAIOT ACTAIN JIEBOTO M PABOTO PHCYHKOB).
2.MeHbI1IMe BUXPH BTOPOTO HOPS/IKA ONPEIEIISIOTCS M0JIeM JINHUN TOKa (JIEBbIE PUCYHKH).

3.I'paqieHT CKOPOCTH KYCOYHO-JTMHEHHOTO MpOQHiIs Ha BEPXHEH CTOPOHE MPSIMOYTOJILHON KaBEpHBI ONpeiesieT
YHUCII0O BUXpEW BTOPOro NOpsAAKa W MX pacrnojoxeHue. [Ipum HeOonbmioM rpaaueHte (paBHOM 2) C
npodunem “paBHOOEIpEHHBIH TpeyrosbHUK» (Puc.4) mMeeM OIMH BTOPUYHBIA BHUXpbH crpaBa-cHuzy. Ilpu
JOCTaTOYHO OoJjbpuieM rpaguente (paBHoM 10) ¢ mpodunem “paBHOOenpenHas Tpamenms» (Puc.3)umeem nBa
CUMMETPUYHBIX BUXPs BTOPOTo MOpsAKa cIpaBa U ciesa y aHa[1,5,6].

4.YBenuueHne rpagueHTa npo¢mis ckopocTH (Puc.3)npHBOIUT K CMEIICHWIO LIEHTpa BUXPS IMEPBOTO MOpPSAKa
HPOTHBOIIONOXKHO BEKTOPY CKOPOCTH, 8 YMECHBIIEHNE K CMEIIEHHIO BIoMb U, =1(Puc.4).

,yl+l:yl+h

(20)

OtOpacbIBaHUE CllaraeMbIX C INPOU3BOAHBIMU 6 mopsaka B ¢dopmynax(7),(8) ¢ KOHEUHBIM alnropuTMOM
peuienust ypaBHeHus1 [lyaccoHa, MPUBOANT K YMEHBIICHUIO MOPSIKa alIpOKCHMAalUHU (SKCHEPHUMEHTAILHO Ooee
gyem 4). A mpocrota dopmyn (7),(8) ¢ HeW3BeCTHOH aHATUTHYCCKH IIPABOM HYACTHIO JAeT Malyl CKOPOCTh
HaKOITICHUS OIMOKHU OKkpyTieHus (Ha cetke 200*200 Hopma YeOnimeBa A HEB3KHM ypaBHEeHHs [lyaccoHa paBHa

10™). KoHeuHslif MaTpuuHblii ~ MeTON /s ypaBHeHHs IlyaccoHa 6e3 NOTepH TOYHOCTH YBEIHUHBACT
ObICTpOIEIICTBIE AITOPUTMA B JIECATKU pa3. Paznuuune nertanedl B Mojsx JIMHUK TOKa M QYHKLIUHM TOKa HAIOMHHAET
npuMeHeHne ypaBHeHus [lyaccoHa B 3amauax creranorpaduu [7],[8].
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V]IK 517. 6

Jmutpuii @enukcosud Ilactyxos
IOpuit ®ennkcosuy [TacTyxos
(ITonouxuit yHuBepcuTeT)
Hatanss KoncrantunoBHa Bonocosa
(MI'TY um. H.O. baymana)
Bonocos Koncrautun Anexcanaposua(MUUT)
Bonocoa Anekcannpa Koncranturosna (MUUT)

CBOPHUK CTATEM 10 YMCJIEHHBIM METOJIAM.
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