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This paper introduces general definitions of convolutions without and with weight, obtains four new
convolutions and generalized convolutions of the Fourier-cosine and Fourier-sine integral transforms.
Furthermore, the paper investigates into a class of integral equations with the mixed Toeplitz-Hankel kernel.
Namely, by using the constructed convolutions the explicit solutions are obtained.

1. Introduction and summary of results

The integral transforms of Fourier type and their convolutions have been studied for a long time ago, and
they are applied in many fields of mathematics. Generalized convolutions for integral transforms and theirs
applications were first studied by Churchill in 1940, then an idea of construction of the convolutions was
formulated by Vilenkin in 1958 (see [4, 20]). There is an extensive list of materials concerning the applications
of the integral transforms and of their convolutions (see [2, 5, 13, 17, 21]).

One knows that there are several relations, explicit or implicit, between the integral transforms of Cauchy,
Fourier, Hankel, Laplace, Mellin (see [13, 17]). In recent years, many papers devoted to those transforms are given
the convolutions, generalized convolutions, polyconvolutions and theirs applications (see [2, 3, 14, 15, 16, 18]).
A reason that the theory of integral transforms and their convolutions attracts a lot of attention is that each of
convolutions, generally speaking, is a new transform which can become an object of study (see [3, 12, 15, 18, 19]).

It is well-known that the Fourier-cosine and Fourier-sine integral transforms defined as follows:

(000 - 5 Oyt (y)dy - 0, (x), @)
@)’
and
(600 = — 5y SO (VY= 6,04, 12)
2’

where cosxy = COS(XY, + ..+ X V¥,), SINXy= sin(xy,+ ..+ XVY,). Remark that for any f o L'(¥"), the fun-

ctions (T, f)(x), (T, f)(x) exist for every xo0 ¥ and they are the continuous functions vanishing at infinity
(see [1, 11, 13, 17]).

The main purpose of this paper is to present some general definitions of convolutions, construct
convolutions and generalized convolutions with and without weight-function for transforms T¢, Ts, F (F denoted
the Fourier transform) and to solve a class of integral equations of the convolution type in L*(¥?).

The paper is divided into three sections and organized as follows.

Section 2 is divided into two subsections. In Subsection 2.1, there are the general definitions of
convolutions with and without weight for linear operators mapping from a linear space U to a commutative
algebra V. In Subsection 2.2, there are four generalized convolutions for the transforms T, Ts. Generally
speaking, each of convolutions is a new transform which can become an object of study. As usual, there exist
difierent generalized convolutions for the same transform.

In Subsection 3.1, by using each of the obtained convolutions we construct the normed ring structures for
L (¥"). In Subsection 3.2, we solve the integral equations with the mixed Toeplitz-Hankel kernel by the use of the

constructed convolutions in Section 2. In particular, we obtain the explicit solutions in L, (V") of the integral
equations with the mixed Toeplitz-Hankel kernel.

* This works is supported partially by Central Project-VNU, Grant QGTD-08.09.
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2. Generalized convolutions for Te, Ts

This section contains two subsections. The general definitions of convolutions are in Subsection 2.1, and
the generalized convolutions are in Subsection 2.2.

2.1. General definitions of convolutions. In 1967, the construction methods for convolutions and
generalized convolutions for arbitrary integral transforms were proposed by Kakichev, and in 1990 a concept of
the generalized convolutions for arbitrary linear operators was first introduced (see [7]). However, for the
integral transforms some results of convolutions and generalized convolutions were obtained in 1997 (see [8]),
and the generalization of these results were presented in 1998 (see [9]).

This subsection also introduces some definitions of convolutions and generalized convolutions for
arbitrary linear operators from a linear space to a commutative algebra on the same field of scalars.

Let U be a linear space and let V be a commutative algebra on the field k.

Let T o L(U, V) be alinear operator from U to V:

Definition 2.1. A bilinear map *: U x U : — U is called a convolution for T, if T(* (f, g)) = T()T(g)
forany f, g 0 U : The image *(f, g) is denoted by f :‘g.

Let ¢ be an element in algebra V.

Definition 2.2. A bilinear map * : U x U : — U is called the convolution with weight-element g for T,

it T(* (f, 9)) = g T(NT(g) for any f, g 0 U : The image *(f, g) is denoted by f ’i*g.

Each of the identities in Definitions 2.1, 2.2 is called the factorization identity (see [2, 9, 12, 16, 18]).

Let Ui, Uz, Us be the linear spaces on K. Suppose that Ki0 L(U,, V), K,0LU,, V), K,0LU,, V)
are the linear operators from Uy, U, Us to V respectively.

Definition 2.3. A bilinear map * : Uy x U2: — Ug is called the convolution with weight-elementg for Ks, Ky, Kz
(that in order) if Ks(*(f, g)) = ¢ Ku(f)K2(g) forany foU,, goU,.

g
The image *(f, g) is denoted by f K, K.k, 0. If g is unit of V, we say briefly the convolution for Ks, Ky, Ka.

If U; = Uz = Us and Kz = Kz = K3, the convolution is denoted simply f i‘ g, and f : g ifis unit of V (see [6, 14]).

§
Remark 2.1. If operator Kz is injective, the convolution f« ., g is formal determined, since

g
Fi kik, 9= K (gK (F)K,(g)) forany foU,, goU,.

In the next subsections, we consider Uy = LY ¥*) (k = 1, 2, 3) with the integral by Lebesgue’s mean, and V
the algebra of all functions (real or complex) defined on V.

2.2. Convolutions for Tc, Ts
There are four convolutions for T¢, Ts in this subsection.

Theorem 2.1. If f, g 0 L}(¥"), then
1
(F*9)(¥) = —— m,, [f(x- u)+ (x+ u)lg(u)du (2.1)
° 2(2p)*
defines the convolution for T, and the factorization identity is

T.(f ¥9)() = (T H)(T9)()-

Proof. We prove T.(f *g) o (V") . We have

- 1
i [(F 9000 ——

7 mjd[f(x- u)+ (x+ u)lg(u)duldx)
2(2p)?

1 . 1
] —dmjd|g(u)|du%d|f(xf u)|dx+ m?d|f(X+ u)|dx§ —9%d|g(u)|duwd|f(x)|dx<+ .
2

2(2p)? (2r)
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We now prove the factorization identity. We have
1
(T, F)()(T.9)(X) = meﬁ My €os xu cos xuf (u)g(v)dudv =

1

=2y My My 008 X(Ur )+ cosx(u- w)]f()g(v)dudv -
P

1 1
2@y M M cosxt[f(t- )+ f(t+ Y]g(y)g)dydt - ——5p, cosxt(f *g)tydt - T.(f *g)(x).

(2p)?
The theorem is proved.
Corollary 2.1. We have
0) (F2)00- X200+ (F 22002
(i (17000 - ZXF 29I+ (8008

Theorem 2.2 If f, g 0 LX(¥"), then
(f = ! f f d
L0 g E O u)e f (e wlg(u)du
2(2p)?
defines the convolution of for T, and the factorization identity is

(% 909 T HTE00.

Proof. The fact that f : :T go LX(V?) is proved similarly as the proof of

crlsils

Theorem 2.1. We prove the factorization identity. We have
1 . .
(T, £)O)(T9)(X) = ijﬁ m, Sinxusin xvf (U)g(v)dudv -

1
- 2(2P)d Mya M

) 2(2?0)d M. . COSXE f(t- y)« f(te y)lg(y)dydt-

Ldmydcosxt(f * g)(t)dt - Tc(fT* 9)(x).

l TeoTsTs 0150 Ts
(2p)?

The theorem is proved.

Corollary 2.2. We have

H * 1 n * * 5 u,
(i) (F 7 900 S (F20)09+ (FXR00y
.. * la * * = u
(i) (F9)09= 5x (> 9+ (F B0

Theorem 2.3. If f, go L'(¥V"), then

(F, 00— [0 ) T Wlg@)dy
2(2)"

[ cosx(u+ v)+ cosx(u- v)]f(u)g(v)dudv -

2.2)

(2.3)
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defines the convolution for Ts Te, Ts, and the factorization identity is
T % 9))- LHWTI).
Proof. It sufices to prove the factorization identity. We have
1 .
(T, £))(T.9)(X) = (ZPTW My cosxusin xvf (u)g(v)dudv =
1 . .
= mm?d . [sinx(u+ v)- sinx(u- v)]f(u)g(v)dudv -
1 .
- — sinxt[f(t- y)- f(t+ dydt -
2@y M M [f(t- y)- f(t+ y)lg(y)dy
! sinxt(f_* g)®)dt- T.(f_ * g)(x)
T d T inx TS,TC,ng B 9)(x).
(2p)?
The theorem is proved.
Corollary 2.3. We have
. 1.
* _ = _ 5)(X)L
(i) (f,r 0)K)- {9 (Fram);
L. 1y < u
(i) (fr)(9- ZL > 9)0)- (f, * 00
Theorem 2.4. If f, go L*(V?), then
1
(fTs;:’Tcg)(x)= —Emw[f(x- u)+ f(x+ u)lg(u)du (2.4)
2(2p)?

defines the convolution for Ts, Ts, Te, and the factorization identity is

T(f 7 900- (LHIGX).

Tt

Proof. It suffices to prove the factorization identity. We have
1 .
(T, £)()(T.9)(X) = (21'7“1‘7“ m, Sin Xucos xvf (u)g(v)dudv =

. 2(21 T [sinx(u+ v)+ sinx(u- v)]f(u)g(v)dudv -
P

i 2(21,0)d My, SINXT(E-y)« F(t- y)]g(y)dydt -

1 . * .
— T m sinxt( f i g)(t)dt= T(f o 9)(x).
(2p)?
The theorem is proved.
Corollary 2.4. We have

) (F, 5 900 512900 (Fram
(i (Fr9)9- SAf_* 900+ (F % 200l

10
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Remark 2.2. The non-triviality of the convolutions in this subsection is proved as follows. Transforms T
and T are the linear maps defined on X := L*(V*) .We see that X \ ker Tc# 0, and X / ker Ts # 0. For convolutions
(2.1); (2.2), and (2.3); (2.4) we choose f, go X \ ker T¢; f, go X \ ker Ts, and fo X \ ker T, g0 X \ ker Ts; fo X \ ker
Ts, g0 X /[ ker T, respectively. The non-triviality of each of the convolutions now follows from its
factorization identity.

3. Applications

3.1. Normed ring structures on L*(V?)

Definition 3.1. (see Naimark [10]) A vector space V with a ring structure and a vector norm is called the
normed ring if [va||) |[v]] . forall v,woV.

If V has a multiplicative unit element e, it is also required that ||e = 1.

Let X denote the linear space L*(Y®). Now we define norms for f 0 X. For convolutions (2.1), (2.2),
(2.3), (2.4), the norm is

Ifl- — m,dlf(x)ldx-

(2)?

Theorem 3.1. X, equipped with each of the convolution multiplications listed above, becomes a non-
commutative normed ring having no unit.

Proof. The proof for the first statement is divided into two steps.

Step 1. X has a normed ring structure. It is clear that X, equipped with each of the above listed convolution
multiplications, has a ring structure. We have to prove the multiplicative inequality. We now prove that for
convolution (2.3), the proof that for the others is similar. We have

1

— M. (f * Sg)( )‘dx] @ )d M Tru,d|f(x' u)- f(x+ u)||g(u)|dudx)
(2)?
1

|f(x- u)||g(u)|dxdu + |f(x+ u)||g(u)|dxdu -

1
) By ™ 2y ™

1
S ——— |g(u)|dum?d|f(x‘ u)|dx +

1
2(2p) v o e [ 9] dupy [ £ (s u)[x -

2(2p)

wwwww

7 I
_ % 1 vd|g(u)|dui e wldec u)i
3(210)2 (2p)?

wwwww

3 u
. ud|g<u)|dui N mlrcanres ”)i' 1[4l
31(210)2 (2)?

Thus

) [f]Mlg]

Step 2. X has no unit. For briefness of our proof, let us use the common symbols: * for the convolutions
2

!ii
leg

listed above. First, we prove Tsr e 0and TF,- F,, where F(X)- e 2 . Indeed, it is easy to check that
(T.F,)(X) e 0.0n the other hand, we have (FF,)(X)= (F 'F,)(X)= F,(X) (see [11, Lemma 7.6]). This implies
(M- 1ITFy= (T, + iT)F,= Fy.Since TF, = F,.

Suppose that there exists an e0 X such that f =f * e = e * f for every f 0 X. By choosing f(x)= F,(x) we
have F,=- F,*e-= e*F,.

11
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(i) Convolution (2.1). By the factorization identity of convolutions, we have TF,- TF,Te. Since T.F,= F,,
we get F, - F,Te By F,(x)NeOfor every xo ¥V, we obtain Te(x)- 1 for every xo V. The last identity
contradicts to the Riemann-Lebesgue as xIlrp T.e(x)= 0 (see [1, Theorem 31]).

(i) Convolution (2.2). By the factorization identity T.F , = (T.F ,)(T.€).

Using the above proved identity for r ,, we have F, = 0. This fails.

(iii) Convolutions (2.3), (2.4). By the factorization identities, we get TF,- T.F,Te. It follows Tr Te- O.
By (T.F,)(X)= F,(x)NeOfor every xo V", we get T.ee O.Inserting this identity into the factorization identity

we get that Tsf = 0 for every f 0 X, which contradicts to T, Ne 0 on X.

Hence, X has no unit.

We now prove the last conclusions of the theorem.

To end the proof we prove the non-commutativity of convolutions (2.1), (2.2), (2.3), (2.4). Suppose that
one of them is commutative, i.e. f*g- g*f,foranyf, go X. Changing variables x- y= t,x+ y:= tineach

of the integral terms in the left-side of the identities f*g- g*f, (for four convolutions), we find
\7d
My, g(- x+ u)f(u)du-= My g(x+ u)f(u)du, for almost every x o V' (3.1)
and for every f, go L ¥ Write
w= {xo ¥ :x0[01],i- 1..d}

the d-dimension box in ¥ . We set two functions f, go L*(¥") as follows

£(x)- ﬁl' if xow,
n0, if x1w,
wl .
n—X..X,, Iif xow,
and g(x) = Ez" R .
1o, if X1 w.

By integrating, we get

d
X (x+ 1%, %x0( 1,0],"i-= 1,...d,
ri-1

i d
f 2 "y o_
My g(x+ u)f(u)du-= }:li{(l(l- x), xo0(01,"i-1...d,

o, otherwise,

§>?(1— ), x0( 10],"i- 1,...d,
ji:l

m,, 9 X W)F (u)du- B (x+ 1% x0(0, i 1.,
Mi-1

0 otherwise,

The identity (3.1) fails in this case. The theorem is proved completely.

Remark 3.1. This theorem shows a fact that the convolution for one transform can be non-commutative.
Namely, convolution (2.1) for T, Tc, T is noncommutative.

12
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3.2 Integral equations of convolution type
Consider the convolution integral equation with the mixed Toeplitz-Hankel kernel

L (x)+ e k(X Y)+ ko (x= y)Jj (y)dy = p(x), 3.2)

(210)2
where | 0J is predetermined, ki, ko, p are given, ¢(x) is to be determined.
Since the convolutions in Section 2 are considered in L:(¥") (not yet considered in L*(¥")), given
functions are assumed in L*(¥"), and unknown function will be determined there. In what follows, the function

identity f(x) = g(x) means that it is valid for almost every x0 ¥®. However, if the functions f, g are continuous,

there should be emphasis that the identity f(x) = g(x) is true for every xo ¥°.
Now let us write

D7, (0= 17+ 2T (k) + T.(k(¥)+ K ONT (K, (x)- k() + T, (k (¥)+ K, DT, (K, (x)- K (X)), (3.3)

D, ()= 1 Tp(x)+ T((X)- kGNTpX) + T (K (x)- k()T p(x), (34)
D, ()= 1 Tp(x)+ T.(k(X)+ kT ()~ T (k (X) + K, ())T p(X).- (3.5)
Theorem 3.2. (a) Assume that one the following conditions are fulfilled:
(i) Dy ;. (x)#0 for everyxo ¥, a Dr D, ——= 0 }(¥Y).
(ii) D; 1 (x)# 0 for every xo ¥ ; and DT°+—mrso LY.
If equation (3.2) has solution in L*(¥*) then it is solvable in a closed form:
j-F 12@ qgu(x). J(9- F3 % (36)
#
according to conditions (i), (ii).
(b) Assume that conditions (i) and (ii) are fulfilled. Then equation (3.2) has
solution in L(¥?) if and only if
xD - Dy _xD + Dy
F '3 4- F3 o L (v 3.7
v AR e e &0
Proof. We prove item (a). From convolutions (2.1), (2.2) it follows that
—L s T WU (FX )00+ (1% )9,
(2p)?
—amy, F (- wg)du= (Frg)(x)- (f > g)Xx).
(2p)?
By the factorization identities of Theorems 2.1, 2.2 we get
Tt F u)g(u)dug- THOTI00+ T, FOT.9(0), (38)
#(2p)?
T, fle u)g(u)du§= TFOT9(0- T.FOOTg(%), (39)
#(20)?

forany f, go (V).

13
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Suppose that equation (3.2) has a solution j o L (¥*). Applying T to both sides of equation (3.2), using (3.8)

and (3.9) we obtain

[T 9+ ThOT 0+ Tk ()T () + Tk ()T (¥)- Tk, 0T () = T p(x)-

On the other hand, from convolutions (2.3) and (2.4) it follows

o, (06 W@ (90 (1 9,
(2p)?
L (0 WgEdu - (F* 9 (% 9.
(2p)?

By the factorization identities of these convolutions we have

Ty, fx u)g(u)dugz THOT.I00+ T, (IT, g0,
a(2p)?

Tty fxe u)g(u)dug— THOTI00- T.f (ITa(4),
#(2p)?

forany f, go L'(¥?). Applying Ts to both sides of equation (3.2), using (3.11) and (3.12) we get
[Ty )+ ThOTg (9 Tk OITj () + Tk, 09T () + Tk, 0T () = T, p(X).
Therefore, we have the system of two linear equations
NG OO+ Tk + ko)1= T (T (k- kp)OOT= T p(x),
}ﬁlTJ Ok + K)O]+ T (O + To(ky - k)O)T= Top(x),

where Tco(x), Tso(x) are unknown functions. The determinants of system (3.14):
Dre,15(X), D1e(X), D1s(X) as in (3.3), (3.4), (3.5).

Since Dre,ms(X) # 0 for every xo V?, itis easy to find (Teg)(X), (Ts@)(X).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Unfortunately, T and Ts have no inversion transforms. Now, we use the inversion transforms of the Fourier

integral transform (see [11, Theorm 7.7]) to obtain function ¢(x) as follows.
Proof of conditions (i), (ii). Since Drc,15(X) # 0 for every xo ¥, we get

D, (¥) D9
T ()= ———, -
d 9 D, ;. () T () DL (%)
Hence
D, (¥)- iD; (X) D, (x)+ iD; (X)
Fj - = F U R
(Fj )(%) 5 (F 5 )(x) - 500

Using the assumptions (i), (ii) and the inversion theorem of the Fourier integral transform, we get (3.6). Item (a)

is proved. Now we prove item (b).
Necessity. Suppose that (3.2) has solution j o L'(¥*).By the proof of item (a),

D(x)- D) D, (x)+ iD; (¥)

F)X)- ———— (Fj)®-
Drchs (X) D'l'c TS (X)
Now we can apply the inversion theorem of the Fourier transform to obtain
O %(x) and j (1) Floe 2 g‘u(x)
Drc T, ﬁ Dr T

14
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The necessity is proved.
Sufficiency. Consider the function

%Dy - 1D,y xDy + Dy y
i ()= Fli— Edx)- FiI——= &
j X o gu(X) 5., g.(X)

(this function belongs to L*(¥*)). By the inversion theorem of the Fourier trans form, we get

D,- D _, D+iD

T J
D D -
Since F=T.—iTsand F1 = T + iTs, we find two functions

D, (¥
D7 ()’

Fj -

D, (x)

Tj (0- - ,
4 ) D,» (X)

Tj (X) (3.15)

and they satisfy (3.14). Furthermore, we have

e Tes IO 0 L Tl 001D (9

DT(:,Ts (X)
. T (k- k)(X)Dr(X)
T.(k - K)(X)T. = .
s(k- k)T (X) ... ()
Then
T OOl + To(k + K)()]+ T (OIT, (K- k)()]= T, p(X).
Hence

T+ (ke k)% (k- k) * j (x)- p(]- O.
By the similar procedure for the second function in we obtain
TH + (ke k) * e (g k) > j100- T,p().

Using (3.8), (3.9), (3.10), (3.11), (3.12), (3.13) and F = T — iTs we get

FiLj s —gm D60 1)+ K (x YT (DA Fo(x).
i (2p)? B

Hence,

FiLi 00— KO )+ k(e T (dy- pOOS 0.
§ (2p)? B

By the inversion theorem of the Fourier transform, the function ¢(x) satisfies equation (3.2) for almost every
x 0 (V). The theorem is proved completely.
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