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1. Formulation of the problem. Let a Euclidean or Lorentz scalar product be introduced in the Lie algebra ¢ .
Linear transformation f:G — G is called an autoisometry if it is both an isometry with respect to the scalar
product and an automorphism of the Lie algebra. A transformation f is called an auto-similarity if it is both

a similarity and an automorphism. As shown in [1], solving the problem of finding one-parameter self-similarity
groups of a given Lie algebra allows us to construct self-similar homogeneous manifolds of the corresponding Lie
group equipped with a left-invariant matrix. In the same paper, all the self-similarities of the three-dimensional Lie
algebra Hs of the Heisenberg group were found for various ways of defining the Lorentzian scalar product on it, and
the corresponding one-parameter similarity groups of the homogeneous Lorentzian manifold of the three-dimen-
sional Heisenberg Lie group Hs were found.

The non-commutative two-dimensional Lie algebra 4(1) is the Lie algebra of the group A(1) of affine
transformations of the line. The connected component of this Lie group containing the identity is the group A" (1)

consisting of affine transformations preserving the orientation of the line. In [2] and [3], all ways of defining the
Lorentz scalar product on two-dimensional and three-dimensional Lie algebras 4(1) and (1) ® ® were found,

for which they admit one-parameter groups of auto-similarities and autoisometries, and formulas were written,
on which these one-parameter groups act. This made it possible to construct self-similar connected manifolds

of Lie groups A"(1) and A"(1)x R. All possible one-parameter auto-similarity and auto-isometry groups for the

four-dimensional Lie algebra ﬂ(l)@ﬁ2 were found in [4], and in [5] a similar problem was solved in the case

of specifying a Euclidean scalar product in the Lie algebra.
The purpose of this work is to find all ways of defining the Lorentzian scalar product in the Lie algebra
G4 = A(1)® A1) for which it admits a one-parameter autoisometry group, write out the matrix defining the action

of this group, and prove that it does not admit self-similarities for any way of specifying the Lorentz scalar product
on it. This four-dimensional Lie algebra G, is the only one belonging to the IV type according to the Bianchi classification.

2. Lie algebra structure. In an appropriate basis (E;, E,, E;, E,) the commutation relations of the Lie algebra
G, are given by two equalities: [E3, E1]= E,, [E4, EZ]: E,, and the remaining brackets are equal to the zero vector.
We will call such a basis canonical. The two-dimensional subspace #, which is the linear span of the vectors E; and
E, isthe derived Lie algebra [94,94] . This is a commutative ideal. The linear spans of the vectors E;, E; and E,, E,
will be denoted by £, and L, . These subspaces are two-dimensional non-commutative ideals.

The Lie algebra G, admits a four-dimensional group of automorphisms, which it consists of transformations,
which are given by matrices of the form

o o o R
O o» o
O B O =
m O 9 o

where a#0, ##0, and y,d can take any value. Such automorphisms will be called automorphisms
of the first type. The simultaneous permutation of the basis vectors E, and E,, E; and E, also preserves the

bracket operation. It is given by a matrix of the form

0100
1000
(2)
0 001
0 010
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Therefore, the composition of automorphisms defined by matrices (1) and (2) is also an automorphism.
It is given by the matrix

,a'0,b'0. (3)

o ox o
= =)
O B O =

o o o R

We will call them automorphisms of the second type. It is important to note that the determinant of matrices
(1)and (3)is equal to af, i.e. is equal to the determinant of the matrix defining the restriction of the transformation

to # . Therefore, the transformation obtained by multiplying the identity transformation by a number is not an au-
tomorphism (we will call such transformations homotheties). A one-parameter group of auto-morphisms can contain
only automorphisms of the first type for >0, #>0.

The linear span of vectors x, y will be denoted by <X, y> .

3. Main results. Let the Lorentz scalar product be introduced on the Lie algebra G, .

Theorem. 1. There is only one way to define the Lorentz scalar product in the Lie algebra G, = A(1)® A(1),

in which it admits a nontrivial one-parameter autoisometry group. The action of this group in the canonical basis
is given by the matrix (4) and the Gram matrix of the basis has the form (5).

e" 0 00 0100
™ 1 000
0 e 00 wv>0,teR, (4) I = (5)
0 0 10 0010
0 0 01 0 001

2. Lie algebra G, does not admit autosimilarity for any way of specifying the Lorentz scalar product in it.

Proof. Case 1. Lorentzian scalar product is induced on the ideal # . Then a Euclidean scalar product
is induced on the subspace #*. Let h(t):G, — G, be a one-parameter group of autoisometries or autosimilari-
ties. Under its action, the ideal #, two isotropic directions in it, and one-dimensional ideals RE,, RE, should
remain invariant. In what follows, we denote E;' =h(t)(E;),i=1 2, 3, 4.

According to [6], in an appropriate basis (€;,€,,€5,84), any one-parameter similarity group of a four-four-
meter Minkowski space that has more than one invariant isotropic eigenvector is given by the matrix
e F(t), >0, where

e 0 00
-n
F(t) = 8 e 001, >0teRr, (6)
t
o o QO

and Q(t) is an orthogonal matrix. In this case, the Gram matrix has the form (5).

In [7], all invariant two-dimensional subspaces of the transformation group were found, which is given
by matrices of the form (6).

According to the theorem proved in [7] and the corollary from it holds H = <e1, e2> , and we can conclude

that Q(t) = E. Butitisimportant for us to clarify whether h(t) is specified by the matrix €“'F,(t) in the canonical
basis, and also we need to find the Gram matrix of this basis. The determinant of the transformation matrix does
not depend on the choice of the basis in the vector space. The determinant of the matrix e F (t) isequalto et

2ut

while the matrix of restriction of the transformation h(t) to # has determinant equal to e“*" . Therefore, u=0,

and only one-parameter autoisometry group can exist.
If v =0, then the one-parameter group consists only of identical transformations. Let v #0. Then the

restriction of h(t) to # cannot have more than two invariant directions. Therefore, E;, and E, coincide with g

or &, ,i.e.they are isotropic (Figure 1).
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fig. 1

According to matrices (1) and (6), respectively

E.(t)=E +E, E,(t)=e""E,.
Then
E,(t)-E,(t)=»"E-E,+e"'E;-E, =" +e"'E,-E,.
The last expression must be identically equal to E; - E,. From this we obtain the identity
e+ -1)E,;-E, =0.

This is true only if ¥ =0 and Ej-E, at the same time. Similarly, we get 6 =0 and E,-E; =0. Since the
scalar squares of the vectors E; and E, are equal to zero, then

ES(t)-E/()=(F +E) (€"E) =e"E; - By,

This expression must be equal to E,-E,. Therefore, E;-E, =0, and similarly we obtain E,-E, =0.

It means that #* = <E3, E4> . Thus, the Gram matrix of the canonical basis has the form

01 0 O
1 0 O 0
- O3 Oas >0, gy >0,
0 0 g3y Oy O3 Ou
0 0 g3 9u

Since ¥y =0 =0, we come to the conclusion that in the case under consideration there can only exist

a one-parameter autoisometry group whose action in the canonical basis is given by the matrix (4).
Case 2. The Euclidean scalar product is induced on the ideal # . Then Lorentzian scalar product is induced

on the subspace H*, and a priori scalar squares of the vectors E; and E, are not equal to zero. Replace the
basis vector E5 by jE; + E;. Then

(7’E1+E3)'E1:7E1'E1+E3'E1

We will choose y so that this expression becomes zero. In the same way, we choose ¢ so that the vector
JOE, + E, is orthogonal to E,, and we replace the basis vectors E; and E, with £, +E; n 6, + E, respec-

tively. Let us keep the previous notation for the new basis, which will also be canonical. Also, without changing the
parenthesis operation, we can make the vectors E; and E, unit.

Let h(t): G, — G, be a one-parameter group of autoisometries or autosimilarities. The isotropic directions
of the subspace #* must be invariant with respect to h(t) . Therefore, in respect to some basis (€;,€,,€3,€,)
is given by the matrix e“'F,(t). According to [7], we have # = <e3, e4> ,and thus, H* = <el, ez> (figure 2). From
the condition on the determinant of the matrix of an automorphism, we again get =0 and only a one-param-
eter autoisometry group can exist.
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E;

fig. 2

Moreover, the restriction of h(t) to # has two invariant directions. This is possible only if the matrix Q(t)

in (6) is identically equal to E. We also need to prove that v =0.
Suppose that E;-E, #0.We have

E;()=E, ES () =/E +E,
E;(t)-E,(t)=)E -E,+E;-E,.
This expression must be identically equal to E; - E, . We get
gEix E220.

Hence y =0, andinasimilar way we obtain 6 =0,if E;-E, #0.It meansthataone-parameter subgroup
consists only of identical transformations. Therefore, we consider further only the case E;-E, =0. We have al-
ready proved that it is possible to choose a basis such that E; - E, =0 . Therefore

EL(t) x EL(t) =gEix E1+ Eax E1 =gEax E1.

This expression must be identically equal to zero. Hence ¥ =0, and in a similar way we obtain 6§ =0.So, in the
case under consideration, there is no nontrivial one-parameter group of autoisometries and autosimilarities.
Case 3. A degenerate scalar product is induced on the subspace % . Let h(t): G, — G, be the one-param-

eter autoisometry or auto-similarity group. Then the only isotropic direction in # must be invariant under the
action of the group. Let us first assume that it is the only invariant isotropic direction. Then, according to [6], with

respect to some basis (e;,e,,€5,8,), the group h(t) is given by the matrix e“'F,(t), > 0, where

1t t¥/2 0 0 0 -10
1 0 0
F,@t)= 01 0 , and T, =
00 1 O -1 0 0 O
00 1 0 0 0 1

is the Gram matrix of the basis.
It was proved in [8] that in this case all invariant two-dimensional subspaces contain the vector ¢, . Taking

into account the structure of the Lie algebra, we come to the conclusion that h(t) cannot be given by the matrix
e“'F, (t). Therefore, there is one more invariant isotropic direction, and in an appropriate basis (e;,e,,€5,8,) the
group is given by the matrix e“'F,(t). The subspace # can be invariant only if Q(t) =E.

Suppose that v # 0. In this case, according to [7], the two-dimensional ideals %, £, ,and £, are contained
in the three-dimensional subspaces V, and V,, which are given by the equations X, =0 and X, =0, respectively.
These subspaces are orthogonal complements to €, and €,, respectively, and have a common intersection
<eg, e4>, so the ideal # can only be contained in one of them. Letitbe V, (figure 3). Then £, and £, are also
contained in V,, since they have a nonzero intersection with # . This means that the linear span of £, and L,
is three-dimensional. We got a contradiction, since the linear hull of £, and £, must be four-dimensional. Con-
sequently, the one-parameter group h(t) consists only of identical transformations.<
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fig. 3
4. Conclusion. In this paper, we proved that four-dimensional Lie algebra G, = 4(1) ® A(1) does not admit
a one-parameter self-similarity group for any way of defining the Lorentz scalar product in it. Hence the corre-
sponding connected Lie group G, =A"(1)x A"(1) equipped with a left-invariant Lorentzian metric cannot

be a homogeneous self-similar Lorentzian manifold. The existing one-parameter autoisometry group for the alge-
bra G, allows us to construct in the future a one-parameter group of motions of the Lie group G,, leaving the

identity of the group fixed.
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