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Multy-dimentional integral transform involving Kummer function in the kernel is studied on the space of 

summable functions on a finite domain 1 1 × × ⊂[ , ] ... [ , ] n
n na b a b R . Mapping properties such as the boundedness are 

given, and the inversion formula is established. Integral equation of the first kind with the Kummer function in the 
kernel is also considered. The solution of the investigating equation is established, and conditions for it solvability 
in the space of summable functions are given.  

 
Consider the integral transformation on the left-hand side of (1) 
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here ( )k

a – the Pochhammer symbol: ( )0 1≡a , ( ) ( ) ( )1 1= + + −...
k

a a a a k  ( )∈ ∈;a C k N , 2 1( , ; ; )F a b c z  –Gauss 

hypergeometric function [1, §1]. The domain of integration of the transformation operator on the left-hand side 
of (1) is a rectangular parallelepiped with opposite vertices 1=x ( ,..., )nx x  and 1 2=a ( ,..., )a a . In this paper, the 

transformation (1) is studied in space a b( , )pL , 1 1= × × ⊂a b[ , ] [ , ] ... [ , ] n
n na b a b R , −∞ < < < ∞a b , 1=( ,..., )np p p , 

1≤ < ∞p , functions 1=x( ) ( ,..., )nf f x x  that have a finite norm [1, § 24.4]: 
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Expressions  
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are called respectively (left-sided) mixed fractional integral and mixed Riemann-Liouville fractional derivative of 
order α  [1, § 24.2].  

We introduce the space of functions  
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α α
+ +Ι = = Ι ϕ ϕ∈a aa b a b( ( , )) { : , ( , ),p pL f f L  

11 0 1−∞ < < < ∞ < < ≤ α <
α

a b , , }p . 

The space α
+Ιa a b( ( , ))pL  plays the same role for equation (1) as the space ( )[ , ]AC a b  of absolutely continu-

ous functions for the classical Abel integral equation [1, §2.2]. 
Based on the representation of the kernel transform operator (1) through the series (2) and using the 

formula [1, formula (1.56)], we write the following formula, which reflects an operator structure (1):  

 ( )1 −βα β λ α
+ + += − λa a a
, ,I I E I ,  (3) 

where E is the identity operator. 
On the basis of [1, Theorem 25.2, 37.1] we obtain. 
Theorem 1. The operator on the left-hand side of (1) acts boundedly from the space a b( , )pL , 1≥p , onto 

the space ( )α
+a a b( , )pI L , 

11< <
α

p ; 0 1≤ α < , 0λ > , −∞ < < < ∞a b . 

If in (1) 0=a  or 0>a , but the function is further defined by zero on the interval 0 < <t a , then we apply 
the multidimensional Laplace transform [1, formula (24.49)] to the left side of (1), we obtain 
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As formula (3) and (4) show, the Laplace transform ( )( )Lh s  of the kernel x( )h  of operator (1) and the cor-

responding reconversion ( ) 1−
  ( )Lh s  of it have the same form, differing only in the values of the parameters. In 

the simplest case of the fractional integration operator α
+0I , which corresponds to the ( ) −α=( )Lh s s  with the 

condition 0α >Re( )  [1, formula (24.50)], for the Laplace transform αs  of the kernel of the inverse operator α
+0D , 

the condition 0α >Re( )  forces us to represent αs  in the form α − −α= ( )n ns s s , where 0−α >Re( )n , and the op-
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 corresponds to the value ns  [1, equality (18.12)]. Such operations we use for the conversion 

of the operator (1). 
Using formula (4) and formula [2, formula 6.3 (7)], we obtain  
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Theorem 2. Consider the equation (1): ( )α β λ
+ =a x x, , ( ) ( )I f g . Let 0 0 1≤ < < < ∞ < α <a x b , , 0λ > ; function 

x( )g  is given on the a b[ , ] ⊂ nR ; x( )f - the required function (in the case 0>a  it is assumed that 0= =x x( ) ( )f g  
for 0 < < ax ), then the unique solution f of the equation (1) exists in the class of functions a b( , )pL , < ∞b , if, 

( )α
+∈ ax a b( ) ( , )pg I L , 1≥p . In the case 1=p  the solution can be represented by the formula (5), if additional con-

ditions ( )α
+∈ ax a b( ) ( , )pg I L  and 0=a( )g  are satisfied. 
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