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Qut) = —~ (S H() + HOAW) + A WOHE) 1+ MO.0) ~ K(©)

Qualt) = (HWAE) + MO,0)D() + KODE), Qnlt) = A,

QlS(t7 S) - _H(t)B(t7 5)7 QSS(S) - K(S)
Teopema. ITycmo cyuecmeyrom T-nepuoduueckasn eaadkas mampuyae H(t) = H(t)* >0
w mampuypne K(s) = K*(s) > 0, LK(s) <0, s € [0,7], u M(s,&) = M*(s,£) > 0,
%M(s,f) <0, s€|0,7], £ €R, maxue, umo

R(t) >0, tel0,T). /ﬁﬂg@>o,

0

ede yu(t) = min {pf, . (1),k}, k>0 - maxcumarvroe wucao maroe, wmo

DR(s) T RE() <0, M€+ RM(s,E <0, se7], R
TOZOG; HleleGOe pewenue CUCTNEMDL QﬁcnOHGHMUGJL(bHO ycmOﬁ(‘tUGO.

OTl\IeTI/Il\T, qT0o IHOMHUMO Hpeﬂ‘CTaBﬂeHHBIX ﬂ‘OCTaTOLIH])IX YCJIOBI/Iﬁ 3KCHOH€HH‘I/I3JI])HOI71
VCTOWYIHBOCTH MOJTY 9€HbI KOHCTPYKTHBHBIE OTEHKH pellenuii cucreMsr (1), KOTOpbIe Xapak-
TEPU3YIOT HKCIOHEHITHAIbHOe YOBIBAHIE PeleHuil Ha OeCKOHEeTHOCTH.

JImreparypa

1. Hemmpenko I B., Marpeepa W.W. Acumnmomuneckue ceolicmea pewenudi duddepenuyuarsvms
ypasnenull ¢ zanazdvearowum apzymenmont // Becrauk HTY. Cepusa: Maremarnka, Mexanuka, uHQOpP-
maruka. 2005. T. 5. Ne 3. C. 20-28.

2. blekax T. Ouenwu pewenutl 00no20 KAacca cucmem ypasHenutl HeUmpaabHo20 MUNG ¢ PACTPedereH-
oM sanazoveanuem // Cub. snekrpon. mareM. u3s. 2020. T. 17. C. 416-427.

ON THE ROBUST STABILIZABILITY ANALYSIS OF
THREE-TIME-SCALE LINEAR TIME-INVARIANT SINGULARLY
PERTURBED SYSTEMS WITH DELAY

C.A. Naligama, O.B. Tsekhan

Let p£& % be the differentiation operator, h = const > 0, ™" be the delay operator:
e Phu(t) = v(t — h), e Pru(t) = v(t — jh). The following Three-time-scale Singularly
Perturbed Linear Time-invariant System with Multiple Commensurate Delays in the slow
state variables (TSPLTISD) is considered in the matrix-operator form:

x (T
)| = A(er,e0,e™) |y(t)| + Blen,e)ult), x€R™, yeR™, zeR™ (1)
Z(t) z(t)

with initial conditions: x (0) =z, y(0) =1y, 2(0) =20, x(0) = (0), 6 € [=h,0).
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Here,
Ay <€_ph> A A By
An <€_ph> Agy Ass B,
A <5175276_ph> - &1 &1 g1 |» B(81752) - g1 I (2)
Asy <€_ph> Azy Ass By
E2 E2 ) &2
!
A (™) £ Auge™, i=T3,
=0
be matrix operators, A, A, Ag, By, i = 1,2,3, j = 0,1, be constant matrices of

appropriate dimensions; 0 < e, < ¢y < 1; x, y, z are the slow, fast and fastest
variables, respectively; xo € R™, yo € R™, 25 € R™, ¢(#), 0 € [—-h,0), is a piecewise
continuous ni-vector function; uw € U, U is a set of piecewise continuous r-vector
functions for ¢ > 0.

Definition. For a given ¢; > 0, ¢3 > 0 TSPLTISD (1) is considered to be stabilizable
if there exists the linear feedback controller,

x ()
u(t)y = (Fi(e™) Fy F3) |y (@) |, (3)
z(t)

with, Fi(e7P") € R™™, [, € R™™™ and F; € R™*™ such that the closed-loop system
(1), (2) is exponentially stable for the given, £y > 0, 2 >0 and ¢ > 0.

If there exist numbers, €} > 0, €5 > 0; for which TSPLTISD (1) is stabilizable for
any €1 € (0,¢7] and ey € (0,¢}3], the complete stabilizability is robust with respect to the
parameters €1, £sa.

By C, the set of complex numbers is denoted. Let’s consider S (C) to be in the set of
all the complex numbers C with negative real parts: S(C) ={X € C: Re X < 0}.

Applying for a given ¢, > 0, 5 > 0 to the TSPLTISD (1) the criterion [1] (Theorem
2.) for the stabilizabilty of the state delay system, we obtain:

Theorem 1. For a given 1 > 0 and 2 > 0 thesystem (1)is stabilizable if and only if:

rank [Aln, ynging — A(e1,62,67), B (e1,82)] =m1 +n2+ns YA€C\S(C).  (4)

Assumptions. det Ass £ 0 and det [Agy — Axs Az Ass] # 0.

Under the Assumptions the following ni;-dimensional degenerate system with delay
(slow subsystem, DS), the na-dimensional e;-Boundary Layer System (&;-BLS) without
delay and the ns-dimensional e;-Boundary Layer System (e2-BLS) without delay can be
obtained:

s () = Ag (e‘ph) x(t) + Beu(t), xz, € R™, (5)
dy(t. . .
7o) pp () + Brug, (), € R™ ©)
dz (7. . .
Z(T 2) — Afgzz(Tsz) + Bf&zufsz (1.,), 2eR™ (7)
Te

Theorem 2. The Degenerate System (5) of the TSPLTISD (1) is stabilizable if and

only if:
rank [\, — As(e™"), Bl =ni, A e C\S(C). (8)
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Similarly, the Theorems on the stabilizabilty of the ¢,-BLS(6), £2-BLS(7) are established.

Theorem 3. Let the Assumptions be satisfied, the DS (4), the £4-BLS (6) and the
e1-BLS (7) be stabilizable by a linear state feedback controls Fi(e™P"), F.,, F.,, respectively,
conditions

det (A33 + BgFg) 7£ O,
det [(AQQ -+ BQFQ) — (A23 -+ BQFg)(A?,S + BgFg)_l(Agg -+ B,?,FQ)] 7£ O, (9)

where the matriz operator Fl(e_ph) and matrices Fy and Fs are expressed in terms of
the matriz parameters of the system (1) and F,(e™™), F.,, F.,, are satisfied. Then, there
erist £1* > 0 and e3* > 0 such that the TSPLTISD (1) is stabilizable for all ¢, € (0,&]]
and €5 € (0,¢3], (i.e. robust with respect to the small parameters ey, €5) by a controller
in the composite form (3).

Sketch of Proof. The proof follows [3,4] using the results from [2,5]. Consider a
feedback law of the following form wu(t) = us(t) + u1 (7%, ) + u2(7,) where

us(t) = FS(e_ph)xS(t)) ui(t) = Fo (7)), uelt) = Fo2(7,).

Then by replacing zs by x, ¥ by y — ys, Z by 2z — 2z, we obtain the control law of
the form (3). Applying the feedback law (3) to TSPLTISD (1) we obtain a closed-loop
system of the form of TSPLTISD (1). Since (9), then for sufficient small parameters the
closed-loop system can be decomposed into the exact slow, fast and fastest subsystems by
the appropriate nonsingular transformation [2, 5|. Then it is proved that the decoupled
closed-loop system is asymptotically close to closed-loop subsystems: DS and BLSs, which,
according to the assumption of the theorem, are stabilizable. Considering the preservation
of the full rank of a matrix under the small regular perturbation, and by the Theorem 2,
there exists €] > 0,¢5 > 0, for which the TSPLTISD (1) is stabilizable for any ¢, € (0,<]]
and ey € (0,¢3] with the composite control (3).

The results obtained are extensively discussed in an illustrative example for the further
verification and demonstration of the findings of this study.
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