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ON SPECTRAL PROBLEM FOR MHD EQUATION

M.P. Dymkov, V.M. Dymkou

We are interesting the equations that govern for the simplest cases the liquid metal flow 
magnetohydrodynamics that, in particular, can be used in the nuclear fusion reactor.

We consider the case of a spacially periodic, incompressible, conducting fluid in a 3 D 
cubic box Q of size L = Lbox under imposed homogeneous and steady magnetic field B0 
aligned with the vertical direction ez. The governing equations can be reduced to a single 
one involving the velocity and pressure only (see [1,2]) as follows

d d 2u
—u(x,t) + (u • V)u + Vp = V2u — Ha2V- 2^y + Grf (x,t), 
dt dz2

V • u = 0,

where following notations are used u(x, t) is the velocity-vector of the flow, f (x,t) is the 
external forcing, x = (x, y, x) is the spatial variable, t is time, Ha = LrefB0,/ — is the

V Pv
L3 - d/2

Hartmann number and Gr = '"'2— ||f || is the Grashoff number (d is number of spatial 
dimensions), p is the density, p is the pressure, v is the viscosity, a is the electrical 
conductivity, B0 is the imposed magnetic field, Re = ■U|int is Reynolds number. The 
addition of periodic boundary conditions and zero initial condition u(x, 0) = 0 completely 
determine the problem.

In order to rewrite the considered problem in the abstract form as an initial boundary 
value problem and identify the operator relevant to the problem, we first need to identify 
the functional spaces where the solution of our problem are to be sought.

Following [3], let Hm(Q) be the Sobolev space of functions from L2(Q) whose derivatives 
of order up to m belong to L2(Q). (Hm(Q)) is the space of three-dimensional vector fields 
with components from Hm(Q). By Lp(Q; B), 1 С p < we denote the set of functions 
v defined on the domain Q C Rn with images in the given Banach space B, for which the 

/ \ 1/p
norm ||v||Lp(Q;B) = f ||v||BdE 1 is finite. Then, define the needed spaces V, V0, V1

and V2 as follows:

V = (v(x) е (HX(Q))3 : div v = 0 in Q, v satisfies the boundary conditions on dQ}, 

V0 is the closure of V in (L2(Q))3, V1 is the closure of V in (H 1(Q))3, 

V2 = V1 П (H2(Q))3



66 «ЕРУГИНСКИЕ ЧТЕНИЯ-2022»

Then, assuming f (•) G L2(0,T; V0) and u0 G V1 and using the Helmholtz-Leray decom
position of vector held u (see [3]), we obtain the following Cauchy problem for the 
considered function u:

u(t) = Lu + B(u) + f (t), u(t)|t=0 = uo, 

where u(t) = u(-,t) and u(-) G (L2(0,T; V2) : uZ(t) G L2(0,T; V0)}, f(t) = f(-,t) and 
the operators L and B are defined as:

1 d 2 u
Lu = — P(V2u //«2V 2—) Vu G D(L),

Re v dz2 7

B(u) = P(u • V)u Vu G D(L), 
where D(L) = D(B) = VC (H2(Q)) 3and P denotes the Leray projector P: (L2(Q))3 V0.

The principle of spectral methods consists in looking for a solution for the physical 
variables (here the space x and time t dependent velocity held u(x,t) and pressure 
p(x, t)) under the form of a hnite expansion over a basis of functions (en), 1 < n < N, that 
spans the space of solutions of the PDE. The novelty is that instead of using bases like the 
usual Chebyshev polynomials, that are easy to implement but incur heavy computational 
costs in order to resolve the problem, we use a basis obtained from the eigenvalue problem 
of the linear part of the governing equations. This method used in [4] and shown their 
efficiency and minimal computational costs for numerical solutions in realistic experiments.

Finally, the problem associated with the liquid metal how magnetohydrodynamics is to 
study in the relevant function spaces the dissipation operator of the form

, Л тт 2 л -1 d2 \ л d2 d2 d2Ha = V - a dz2) ’ = dx2 + dy2 + dz2 ’

We shall hrst solve the eigenvalue problem for this operator

f = Af.

that is equivalent to the eigenvalue problem

' -Я»2 dZ2) f =

with periodic conditions in x, y directions and walls in z = ±1, and where

A2 =
d4 d4 d4 d4

------- 1--------- 1 + 2---------  
dx4 dy4----dz4------ dx2dy2

d 4
dx2dz2

d 4 
dy2dz2

The last equation for some cases can be rewritten as follows

Z'J’z - 2 A + 1 » ■ + A)1 ■' + [kl + Akl] Z = 0.

where k± = kX + A. Hence, the characteristic equation for the corresponding eigenvalues
is

y4 - 2 kl + |(Яa2 + A) y2 + [kl + Akl] = 0.

The proper study of these roots gives an ability to calculate the needed eigenfunctions. 
This problem is investigated in the given paper.

+ 2 + 2
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MULTI-DIMENSIONAL GENERAL INTEGRAL TRANSFORMATION 
WITH SPECIAL FUNCTIONS IN THE WEIGHTED SPACE OF 

SUMMABLE FUNCTIONS

S.M. Sitnik, O.V. Skoromnik, S.A. Shlapakov

Multidimensional integral transform

X
(Kf) (x) = hx1 Л 'lhdX x(I+1)/h у k[xt]f (t) dt (x > 0)

0

(1)

is studied. Here (see, for example, [1] Section 28.4; [2], ch. i; [3], [4])

X = (xi,X2, ...,Xn) G Rn; t = (ti,t2, G Rn,
n

Rn be the n-dimensional Euclidean space; x • t V xntn denotes their scalar product; 
n=1n

in particular, x • 1 = J2 xn for 1= (1,1,...,1). The expression x > t means that
n=1

x1 > t1? x2 > t2? •••) xn > •

the nonstrict inequality > has similar meaning;
X XX x

0 0 0 0

by N = {1, 2,...} we denote the set of positive integers,

No = N U{0}, N(( = N0 x No x ... x No.

k = (ki, k2,..., kn) G N = No x ... x No (ki G No, i = 1,2,..., n) 

is a multi-index with k! = k1! • • • kn! and |k| = k1 + k2 + ... + kn.

R+ = {x G Rn, x > 0};

for l = (li,l2,...,ln) G R+

D1 =
d111

(dx1)11 • • • (dxn)1n ;
dt = dt1 • dt2 • • • dtn;
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