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with coefficients depended on the velocities Q(x, t), the conditions and equations like of the 
form
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dxdz

_д_и<x t) = - dXdZH<x,t) £Ф<ХХ + ^x,t)dzSdZH<x,t) - dXdZФ<ХХ 

dz ’

dXXdzH (x,t)) dy ^x,tH

- dXdZ H <x,tMx,t) + dx ^x,t)

and the equation
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are performed.
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OF SPECTRA OF THE ENERGY OPERATOR
OF THE FOUR-ELECTRON SYSTEMS IN THE HUBBARD MODEL. 

QUINTET STATE. TWO- AND THREE-DIMENSIONAL CASE

S.M. Tashpulatov, R.T. Parmanova

The structure of essential spectra and discrete spectrum of the energy operator of four- 
electron systems in the impurity Hubbard model in a quintet state in the one-dimensional 
case were studied in [1]. We consider the energy operator of four-electron systems in the 
impurity Hubbard model and investigated the structure of essential spectra and discrete 
spectrum of the system in the quintet state in two- and three-dimensional case. Hamiltonian 
of the system has the form

H A am,Y am,Y + B am,Y am+T,Y + U am,f ат,Татдат,1 +
m,Y m,T,Y m

+ <A0 — A) a(.La0,Y + <B0 — B) ;<a0/yaT,Y + a++Ya0,Y) + <U0 — U)аСЦа0,ТаСЦа0’1’ (1)
Y t,y

m,Y
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Here A (A0) is the electron energy at a regular (impurity) lattice site; B (B0) is the 
transfer integral between electrons (between electron and impurity) in a neighboring sites 
(we assume that B > 0, B0 > 0), т = ±ej, j = 1,2,v, where ej are unit mutually 
orthogonal vectors, which means that summation is taken over the nearest neighbors, U 
(U0) is the parameter of the on-site Coulomb interaction of two electrons, correspondingly 
in the regular (impurity) lattice site; y is the spin index, y =T or Y =, and am,Y and 
am,Y are the respective electron creation and annihilation оperators at a site m G Zv, 
where Zv is a v-dimensional integer lattice.

It is known that the Hamiltonian H acts in the antisymmetric complex Foc’k space 
(Has. (.)Has ). Suppose that ^0 is the vacuum vector in the space Has. The quintet state 
corresponds to the free motion of four electrons over the lattice with the basic functions 
q‘m,n,k,leZv = .a. .a/-v... The linear subspace Hq, corresponding the quintet state is
the set of all vectors of the form ^2 = £m>n,k,lezv f (m> n> k> l)qm,n,k,lezv, f G lqs, where lqs 
is the subspace of antisymmetric functions in the space lq ((Zv)4). We denote by Hq the 
restriction of operator H to the subspace Hq. We let e1 = A0 — A, q = B0 — B, and 
£з = U — U.

Let F : lq((Zv)4 Lq((Tv)4 = Hq2 be the Fourier transform, where Tv is the
v-dimensional torus endowed with the normalized Lebesgue measure dA, i.e. A(Tv) = 1. 
We set H2q = FHqqF-1.

Theorem 1. The Fourier transform of operator Hq is an operator Hq = FHqF-1 
acting in the space Lqs((Tv)4) by the formula 

Hq ' r = h(A, T, #)f (A, T, 0) +

(2)

where h(A,^,T,0) = 4A + 2BJ2V=i[cos Ai + cos+ cos Yi + cosД], and Lqs is the subspace 
of antisymmetric functions in L q ((Tv)4).

In the impurity Hubbard model, the spectral properties of the energy operator of four- 
electron systems are closely related to those of its two-particle subsystems (one-electron 
systems with impurity). Therefore, we first study the spectrum and localized impurity 
electron states of the one-electron impurity systems. Subsequently, using tensor products 
of Hilbert spaces and tensor products of operators in Hilbert spaces and taking into 
account that the function f (A, t, 0) is an antisymmetric function and using of results of 
investigation of spectra of one-electron systems with impurity, we describe the structure of 
essential spectrum and discrete spectrum of the energy operator of four electron systems 
in the impurity Hubbard model in the quintet state.

Theorem 2. Let v = 2. Then
a).  If eq = — B and e1 < — 4B (respectively, eq = — B and e1 > 4B), then the

essential spectrum of the operator Hq consists of the union of four segments:
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aess(Hq) = [4a - 16B, 4A + 16B] U [3a - 12B + z, 3A + 12B + z]U

U[2A - 8B + 2z, 2A + 8B + 2z] U [A - 4B + 3z, A + 4B + 3z],

and discrete spectrum of the operator Hq consists of a single eigenvalue: adisc(H2) = {4z}, 
where z = A + si, lying the below (respectively, above) of the essential spectrum of the 
operator H2•

b) . If si < 0 and 2 = -2B or 2 = 0 (respectively, si > 0 and 2 = -2B or 2 = 0 ), 
then the essential spectrum of the operator Hq consists of the union of four segments:

aess(Hq) = [4a - 16B, 4A + 16B] U [3A - 12B + H, 3A + 12B + h]U

U[2A - 8B + 2H, 2A + 8B + 2H] U [A - 4B + 3H, A + 4B + 3H|,

and discrete spectrum of the operator Hq consists of a single eigenvalue: adisc(H2) = {4H}, 
where H, same concrete real number, lying the below (respectively, above) of the essential 
spectrum of the operator H2•

c) . If si = 0 and 2 > 0 or si = 0 and 2 < -2B, then the essential spectrum of the 
operator Hq consists of the union of ten segments:

aess(Hq) = [4a - 16B, 4A + 16B] U [3A - 12B + Hi, 3A + 12B + H]U

U[3A - 12B + H2,3A + 12B + 22] U [2a - 8B + 2Hi, 2A + 8B + 2Hi]U

U[2A - 8B + 2H2, 2A + 8B + 2:2 U [2A - 8B + Hi + H2,2A + 8B + Hi + :2

U[A - 4B + 3Hi, A + 4B + 3Hi] U [A - 4B + 3z2, A + 4B + 3:.2

U[A - 4B + 2zi + h2, A + 4B + 2zi + h2] U [A - 4B + Hi + 2^2, A + 4B + Hi + 2h2], 

and discrete spectrum of the operator Hq consists of a five eigen values: adisc(Hq) = 
= {4Hi, 4H2, 3zi + 32, H + 3H2, 2zi + 2:2 , } where H, and :2, are same concrete real number, 
lying the outside of the essential spectrum of the operator H2•

d) . If - 2B < s2 < 0, then the essential spectrum of the operator H2 consists of a 
single segments:

aess(Hq) = [4A - 16B, 4A + 16B],

and discrete spectrum of the operator Hq is empty set: adisc(Hq) = 0.

Theorem 3. Let v = 3. Then
a). If 2 = -B and si < -6B (respectively, 2 = -B and si > 6B), then the 

essential spectrum of the operator H2 consists of the union of four segments:

aess(Hq) = [4a - 16B, 4A + 16B] U [3A - 12B + z, 3A + 12B + z]U

U[2A - 8B + 2z, 2A + 8B + 2z] U [A - 4B + 3z, A + 4B + 3z],

and discrete spectrum of the operator Hq consists of a single eigenvalue: adisc(Hq) = {4z}, 
where z = A + si, lying the below (respectively, above) of the essential spectrum of the 
operator Hq.
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b). If £1 < -6BB and '2 = -2B or 2 = 0 (respectively^ > w and 2 = -2B 

or 2 = 0), then the essential spectrum of the operator Hq consists of the union of four 
segments:

aess(HH2q) = [4A - 16B, 4A + 16B] U [3A - 12B + H, 3A + 12B + HU

U[2A - 8B + 2H, 2A + 8B + 2H U [A - 4B + 3H, A + 4B + 3H],

and discrete spectrum of the operator Hq consists of a single eigenvalue: adisc(Hq) = {4Z}, 
where H, same concrete real number, and W ~ 1, 516, lying the below (respectively, above)

I.
and 2 < -2B, and the condition EW < 36B2 

then the essential spectrum of the operator Hq

aess(Hq) = [4A - 16B, 4A + 16B] U [3A - 12B + H1,3A + 12B + H1]U

of the essential spectrum of the operator 
c). If e1 = 0 and 2 > 0 or £1 = 0 

is implements, where E = + 2 . ,
(^2 + 2B^2) 

consists of the union of ten segments:

U[3A - 12B + H2, 3A + 12B + H2] U [2A - 8B + 2H1,2A + 8B + 2H1]U

U[2A - 8B + 2H2, 2A + 8B + 2H2] U [2A - 8B + H + H2,2A + 8B + H + H2]U

U[A - 4B + 3H1, A + 4B + 3H1] U [A - 4B + 3H2, A + 4B + 3H2]U

U[A - 4B + 2z1 + h2, A + 4B + 2z1 + h2] U [A - 4B + Z1 + 2.',2. A + 4B + Z1 + 2h2], 

and discrete spectrum of the operator Hq consists of a five eigen values: adisc(Hq) = 
= {4H1,4H2, 3H1 + H2,H1 + 3H2, 2Hj, + 2h2, } where H, and H2, are same concrete real number, 
lying the outside of the essential spectrum of the operator Hq.
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