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In this paper it is proved that the problem of synthesis of non-resonant linear non-stationary control sys-
tem with locally integrable and integrally bounded coefficients and disturbance is solved if the upper general 
exponent of Bohl of the system (7) is globally controllable, i.e if this linear system has the property of uniform 
global quasi-attainability or the property of  uniform full controllability. 

 
Consider the non-stationary control system with disturbance 

 
                                     = ( ) ( ) ( ), , , , 0,n m nx A t x B t u w t x u w t+ + ∈ ∈ ∈ɺ R R R �                                 (1)  

 
and locally integrable and integrally bounded [1,  p. 252] matrix coefficients A and B. In this system = ( )u u t  is 

measurable and bounded control, = ( )w w t  is measurable and bounded vector-function with external distur-

bance. 
For all 0t�  denote 

 
( ) = ( ) ( ) ( ).f t B t u t w t+  

 
Then the system (1) can be written as 

 
             = ( ) ( ), , , 0.n nx A t x f t x f t+ ∈ ∈ɺ R R �                                                  (2)  

 

Definition 1 [2] Equation (2) is called a resonance, if there is an initial condition 0 0( ) =x t x  and bounded 

at 0t t�  the function ( ),f t  that the solution of ( )x t  generated non-boundary on the half-line 0;t t�  equation is 

not a resonant or non-resonant called sustained in the sense of bounded input - bounded output. 
It is known [2, p.295], that a necessary and sufficient condition for the stability of the equation (2) in the 

sense of bounded input - bounded output is the exponential stability of the system 
 

                                                     = ( ) , , 0,nx A t x x t∈ɺ R �                                                                 (3)  
 
i.e. on valid 

Theorem 1 [2, p. 295] Equation (1) non-resonance then and only then, when the system (3) is exponen-
tially stability. 

 

Definition 1 it follows that the resonant case there are initial conditions that the solutions generated by 
them are unbounded with bounded control actions. Therefore, the resonance system difficult to implement, re-
sulting in the construction of control systems is usually primarily the problem of ensure non-resonance. 

For the system (1) we take as a control u  vector function 
 
                                                                      ( ) = ( ) ( ),u t U t x v t+                                                                     (4)  

 
where U  and v – some measurable ( )m n× - matrix and ( 1)m× - vector respectively.  

Than system (1) can be written as 
 

                             = ( ( ) ( ) ( )) ( ) ( ), , , , 0,n m nx A t x B t U t x B t v w t x v w t+ + + ∈ ∈ ∈ɺ R R R �                     (5)  

 
Definition 2 [2, p. 293] The problem of finding a measurable and bounded ( )m n× -matrix of function 

( ),U t  0,t�  at which the closed-loop system (5) with a control (4) is non-resonant (has only bounded solutions 

with measurable and bounded input actions in ( )v t  and external disturbances ( )w t ) is the problem of synthesis 

of non-resonant system. 
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Theorem 1 implies that this problem is solvable if there exists a measurable bounded control 
 

                                                                      = ( ), 0,U U t t�                                                                    (6)  

 
what system 
 

                                                  = ( ( ) ( ) ( )) , , 0,nx A t x B t U t x x t+ ∈ɺ R �                                                  (7) 

 
is exponentially stability. 

It is well known (see e.g. [3, p.61]), that for the exponential stability of linear non-stationary system (3) 
(and, therefore, (5)) corresponds to the upper special (general exponent)  

 

0 1
( ) = lim sup ln (( 1) , )

T k
A X k T kT

T→+∞ ∈
Ω +

N

� � 

 
(Here ( , ),X t s  , 0,t s�  is Cauchy matrix of system (3), and ⋅� �  are in brackets to demonstrate how its operator 

matrix (spectral) norm), pioneered by P. Bohl [4], and, much later, but independently of it, K.P. Persidsky [5]. 
This exponent provides for Cauchy matrix of system (3) uniform bound 
 

0( , ) exp(( ( ) )( )),X t s D A t sε εΩ + −�� �  

 
where > 0Dε  constant depending on the ,ε  and therefore negativity means that there is a uniform asymptotic 

(exponent) stability [3, p. 61]. 
Upper general exponent Bohl0( )AΩ  (also, e.g., as well as the characteristic exponents of Lyapunov 

= ( ) ,i i Aλ λ ∈R = 1, ,i n  irregularities coefficients of Lyapunov, Grobman, Perron, correctness properties and 

reducibility of systems [3,p.46-80] and others) they represent many of the asymptotic invariants of linear differ-
ential systems (3), i.e. variables or properties that are saved under Lyapunov’s transformations.  

Definition 3 [3, p. 57] Transformation of Lyapunov of the system (3) is called a linear transformation 
= ( ) ,y L t x  square ( )n n× - matrix is a matrix ( )L t  whose for every 0t�  is reversible, piecewise continuously 

differentiable and thus satisfies the condition: 
 

1

0 0 0
sup || ( ) || sup || ( ) || sup || ( ) || .
t t t

L t L t L t−

≥ ≥ ≥
+ + < +∞ɺ  

 
Definition 4 [3, p. 182-183] The problem of global control of asymptotic invariant ( )i A BU+ of the sys-

tem (7) is to find such a measurable and bounded control (6), that the system (7) with the this control will have a 
pre-assigned value of this invariant. For example, considering this problem as an asymptotic invariant 
( )i A BU+  the upper general exponent of Bohl 0( )A BUΩ +  system (7), we obtain a problem of global control 

of the upper general exponent of Bohl. 
In the case of a positive decision of the latter problem, we have an opportunity with the help of some 

measurable and bounded control action (6) provides a negative exponent 0( )A BUΩ +  of the system (7) (more-

over, can choose this exponent value itself), and, thus, the exponential stability of the system (7), which means 
that non-resonantly of the equation (5). Therefore, there is a sufficient condition for the solvability of the prob-
lem of synthesis of non-resonant system: 

Theorem 2 If the upper general exponent of Bohl of the system (7) is globally controllable, then the prob-
lem of synthesis of non-resonant system (5) is solvable. 

Consider linear control system (1) without the presence of disturbance ( ( ) 0,w t ≡  0)t�  
 

                                                   = ( ) ( ) , , , 0.n mx A t x B t u x u t+ ∈ ∈ɺ R R �                                             (8)  

 
Definition 5 [6,7] The system (8) is uniformly full controllable if there are numbers > 0σ  and > 0,γ  

that for any 0 0t �  and 0
nx ∈R  there is a measurable and bounded control 0 0: [ , ] ,mu t t σ+ → R  for all 

0 0[ , ]t t t σ∈ + , satisfying the inequality 0( )u t xγ�� � � � and carrying the vector of the initial position  0 0( ) =x t x  

(8) to zero on this segment. 
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Initially V. A. Zaytsev systems (8) with piecewise continuous and bounded matrix coefficients A and B 
and piecewise continuous [8] and the bounded control (6) has been established following 

Theorem 3 [8] If the system (8) with piecewise continuous and bounded coefficients is uniformly full con-
trollable, then the upper general exponent of Bohl of the system (7) is globally controllable. 

On the basis of this theorem, and Theorem 2 we obtain 

Corollary 1 If the system (8) with piecewise continuous and bounded coefficients is uniformly full con-
trollable, then the problem of synthesis of non-resonant system (5) is solvable. 

For the same systems (8) with a locally integrable and integrally bounded coefficients, which are discussed 
in this article, A. A. Kozlov and I.V. Ints in [9] has been proved for the following two-dimensional case 

Theorem 4 [9] Let 2.n =  If the system (8) is uniformly full controllable, then the upper general exponent 
of Bohl of the system (7) is globally controllable. 

From it follows from Theorem 2, as above, directly follows 

Corollary 2  Let 2.n =  If the system (8) with locally integrable and integrally bounded is uniformly full 
controllable, then the problem of synthesis of non-resonant system (5) is solvable. 

In the case of an arbitrary phase space dimension 2,n >  for the systems (8) with a locally integrable and 
integrally bounded coefficients global controllability of the upper general exponent of Bohl succeeded in estab-
lishing [9] with a stronger than uniform full controllability, condition - the evenly global quasi-attainability of 
the system (7). 

Definition 6 [9]. The system (7) has the property of uniform global quasi-attainability if for some > 0T  
whenever 0 0t �  and any > 0r  and 0 < 1ρ �  there orthogonal ( )n n× - matrix 0 0= ([ , ]; , )F F t t T r ρ+  and is 

independent of the 0t  value of = ( , ) > 0,rθ θ ρ  such that for any upper triangle ( )n n× -Matrix H  with positive 

diagonal elements, satisfying the inequalities H E r− �� � and det ,H ρ�  there is a measurable and bounded on 

the interval 0 0[ , ]t t T+  control = ( ),U U t  satisfying for all 0 0[ , ]t t t T∈ +  assessment ( )U t θ�� �  and guarantees 

for the Cachy ( , )UX t s  matrix  system (7) the equality 1
0 0 0 0( , ) = ( , ) .UX t T t X t T t FHF−+ +  

There is a 

Theorem 5 [9]. If the system (8) is uniformly globally quasi-attainable, then the upper general exponent 
of Bohl of the system (7) is globally controllable. 

Then, by Theorem 2 and the last statement is executed 

Corollary 3 . If the system (8) is uniformly globally quasi-attainable, the problem of synthesis of non-
resonant system (5) is solvable. 
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