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WITH LEGENDRE FUNCTION OF THE FIRST KIND IN THE KER NEL
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This paper is devoted to the study of one clasmefdimensional integral equation
j(XZ-tZ)‘“’ZPs[;Xjf(t)dt= aR (x> 3,

involving the Legendre function of the first kiﬁtﬁ(z) with real Y, v, 0<p <1, in the kernel. By Tamarkin's

method the solution of the investigating equationhie closed form are obtained, and necessary affitient
conditions for its solvability in the space of suafdhe functions on a finite intervdla, b] of the real line are

given.

Introduction.
We consider the integral equation

e -0)" e (X r0at= o9 Ge 3, @

containing the Legendre function of the first kiﬁ’{,‘i(?xj in the kernel, see [1, formulas 3.2(3) and 3.4

[2, Section 2.1];u0R, v R O<p < 1. By Tamarkin’s method the solution of the equatitéj in the closed

form are obtained, and necessary and sufficienditions for its solvability in the space of summalflinctions
on a finite interval a, b] of the real line are given.

We need the generalization [1, 2.4(3)]:

_ (e x'@a-x=* ' oo ATX)Z)
,F(ab,c 2= T (o g v F(a- & bs xg 1FE ab st %xj . (2)

where ,F (a,b, ¢, 2 is the Gauss hypergeometric function defined famplex a,b,cOC and|z| <1 by the

o k
hypergeometric seriesF,(a,b, c, 2 = ZMZ—

with the corresponding analytic continuation
ko (c), K

Q) [ pra-opvia- 290 d,

SO

for zOC,0< Reb< Re ,[(arg@ z|xm z# . see [1, 2.1(2) and 2.1.(10)]), hefe) is the Pochhammer
symbol, that is(z), =1, (2), = z( z+1)..( z r1) (zOC nO N);
the representation [1, 3.2(9.24)]:

w=— L -1y +up(_z_u_x_g _ __] 4_1 .
P! (2) r(1_M)2(22 )27 5 5 5 2,1 H;1-— |, Re(zp ,}Zz<, (3)
and the following formula [2, formula (1.32)]
b x b b
[dx] f(x ydy=[ dy T xyd, (4)
a a a vy

provided that one of the multiple integrals in édnverges absolutely.
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Solution in the closed—form.

First, we give a formal solution of the equation (1). Wsthe representation (3) fd# (ij we rewrite

equation (1) in the form

DMy VHL X

t2 (l—u)—lt—vF _
r@- u)j 66 (

Replacingx by t andt by u, multiplying both sides of the resulting equality

T I S (X"t)
10 -t l:[2+22 TR T2 J

NI

V E1v opo (¢-t) _
5 > 2,1 W; - jf(t)dt a(x).

v
2

integrating, and changing the order of integrationording to the formula (4), we obtain:

-1 x X
Zu_u)ju‘v fuduf (£ - B2 A Er T

ra

2_.2 2_,2

xF X+E,E—X+E;u;(x t) F —X—E'}—X—E'l—u;t u 2dt = (5)
2 22 2 2 X2 2 22 2 2 t2
2 _owig(vopl v op o (F-t?)
= [(X =t S+ S-S tg(t)dt
a 2 2 2 2 t2
X2 —t2
To calculate the inner integral in (5), we introdube new variables = 5 Using the formula (2),
X“-u
we see that the inner integral in (5) equai3HT ().
Thus, the equality (5) takes the form:
X
[x7V f(udu= (3, (6)
a
F0(x) = 21 X j(x e A O S Y LA il ) POV
2 22 2 2 x2 '
Differentiating both sides of the (6), we comehat following form of the equation solution (1):
Fg=x 9 ~Rp1E "+“ Ny -Xz_tz tg(hdt.  (7)
Fa F(u) 22 2 M2

Thus, we have proved that if the equation (1) isadule, then its solution has the form (7).
Necessary and sufficient solvability conditions.
Prove the theorem which gives necessary and saiffigonditions of solvability of equation (1) ineth

b
spaceLl([a, b, t_") :{ f(O:tV f(H 0 Ly(a b)} where Ly (a,b) ={ f(9: [| f(9] dt< oo}, in terms of auxiliary

function fD(x) . In the proof we use the fact that the space sbhibely continuous functions coincides with the
class of primitive from the Lebesgue integrablections [3, p. 338; 4, p. 368-369]:

X b
9N OAQ[ah) = ¢ x=e] €Xdtf| ()} dew

therefore, absolutely continuous functions aregrable almost everywhere derivatiggx) .
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Theorem 1. The Abel-type integral equation (1) with,v,0<p<1, is solvable in the space

Ll([a, b, t“’) if and only if

" u-iglV Rl Vo, u
fHx) =2 r()I<x - t%) F[2+2,2 AR ]tg(t)dtDAQ[ak})

and fHa) =0.
Under these conditions, equation (1) is uniquelyadde in Ll([a, bl, t_") and its solution is given by (7)
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