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This paper is devoted to the study of one class of one-dimensional integral equation  
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involving the Legendre function of the first kind ( )zµ
νΡ  with real , , 0 1µ ν < µ < , in the kernel. By Tamarkin’s 

method the solution of the investigating equation in the closed form are obtained, and necessary and sufficient 
conditions for its solvability in the space of summable functions on a finite interval [ , ]a b  of the real line are 

given.  
 

Introduction. 
We consider the integral equation  
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containing the Legendre function of the first kind 
x

t
µ
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 in the kernel, see [1, formulas 3.2(3) and 3.4(6)] and 

[2, Section 2.1]; , , 0 1R Rµ ∈ ν ∈ < µ < . By Tamarkin’s method the solution of the equation (1) in the closed 

form are obtained, and necessary and sufficient conditions for its solvability in the space of summable functions 
on a finite interval [ , ]a b  of the real line are given.  

We need the generalization [1, 2.4(3)]: 
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where 2 1( , , , )F a b c z  is the Gauss hypergeometric function defined for complex , ,a b c С∈  and 1z <  by the 

hypergeometric series 2 1
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for , 0 Re Re , ( arg(1 ) , 1)z С b c z z∈ < < − < π ≠ , see [1, 2.1(2) and 2.1.(10)]), here ( )n
z  is the Pochhammer 

symbol, that is, ( )0
1z ≡ , ( ) ( ) ( )1 ... 1

n
z z z z n= + + − ( );z C n N∈ ∈ ; 

the representation [1, 3.2(9.24)]: 
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and the following formula [2, formula (1.32)] 
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provided that one of the multiple integrals in (4) converges absolutely. 
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Solution in the closed–form.  

First, we give a formal solution of the equation (1). Using the representation (3) for 
x

t
µ
ν
 Ρ  
 

, we rewrite 

equation (1) in the form 
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Replacing x  by t  and t  by u , multiplying both sides of the resulting equality by  
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integrating, and changing the order of integration according to the formula (4), we obtain:  
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To calculate the inner integral in (5), we introduce the new variables 
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. Using the formula (2), 

we see that the inner integral in (5) equals ( )xν+µΓ µ . 

Thus, the equality (5) takes the form: 
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Differentiating both sides of the (6), we come at the following form of the equation solution (1): 
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Thus, we have proved that if the equation (1) is solvable, then its solution has the form (7). 
Necessary and sufficient solvability conditions.  
Prove the theorem which gives necessary and sufficient conditions of solvability of equation (1) in the 

space ( ) ( ){ }1 1[ , ], ( ) : ( ) , ,L a b t f t t f t L a b−ν −ν= ∈  where ( )1 , ( ) : ( ) <
b
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function ( )f x∗ . In the proof we use the fact that the space of absolutely continuous functions coincides with the 

class of primitive from the Lebesgue integrable functions [3, p. 338; 4, p. 368-369]: 
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therefore, absolutely continuous functions are integrable almost everywhere derivative( )g x′ . 
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Theorem 1. The Abel-type integral equation (1) with , , 0 1µ ν < µ < , is solvable in the space 

( )1 [ , ],L a b t−ν  if and only if 
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and ( ) 0f a∗ = . 

Under these conditions, equation (1) is uniquely solvable in ( )1 [ , ],L a b t−ν  and its solution is given by (7). 
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