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This paper is devoted to the study of one class of one-dimensional integral transform  
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involving the Legendre function of the first kind ( )P zγ
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the space ,rνL  of Lebesgue measurable functions f  on (0, )R+ = ∞  such that 
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∫ . Mapping properties such as the boundedness, the range, the representation 

and the inversion of the considered transforms are established.  
 
1. Introduction. 
We consider the integral transform  
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containing the Legendre function of the first kind ( )P zγ
δ  in the kernel, see [1, formulas 3.2(3) and 

3.4(6)] and [2, Section 2.1]. 

Our paper is devoted to the study of transform ,1 fγ
δΡ  in the weighted spaces of Lebesgue measurable, 

generally speaking complex, functions f  on (0, )R+ = ∞  such that 
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Our investigations are based on representation of equation (1) via the so-called modified H- transform of 
the form  
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Here L is a specially chosen infinite contour and an empty product, if it occurs, being taken to be one [2, 

Section 8.3], [3, Chapters 1 and 2], [4].  
In this paper we apply results from [3, Chapters 5.5] to prove the boundedness and one-to-one property of 

the operator ,1 fγ
δΡ  of transform (1) from one space ,rLν  to the another, to present various integral representation 

and characterization of images of these operators, and to establish their inversion formulae. 



MATERIALS OF VIII JUNIOR RESEARCHERS’ CONFERENCE                                                    2016 
ITC, Electronics, Programming 

 228

2. Representation in the form of modified H-transform. 

The Mellin transform formula of the transform ,1 fγ
δΡ  was obtained for suitable functions f in the [4, for-

mula 45] and has the form  
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In accordance with (5), relation (6) takes the form 
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Therefore, by [4, (13)], the initial integral transform (1) are modified H transform (3), with 0σ =  and 
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3. ,2Lν - theory of transform ,1 fγ
δΡ . 

,2Lν  - theory of transform follows from equation (8) with using Proposition 1 for the 1
,кНσ  in [4]. 

Theorem 1 Let Re(1 ) min[Re(1 ),Re( )]−∞ < ν − − γ < + γ + δ γ − δ , Re( ) 1γ ≤ .   (9) 

There hold the following assertions: 

a) There exists a one-to-one map ,1
γ
δΡ ∈ ,2 Re(1 ),2[ , ]ν ν− −γL L  such that relation (7) holds for ,2f Lν∈  и 

Re( ) Re(1 )s = ν − − γ . If Re( ) 1γ =  and { }02 1, 2 2 ( , 0 )s m s l l m N N≠ + ≠ + ∈ = U  for Re( ) 1s = − ν  holds, 

then ,1
γ
δΡ  is one-to-one on ,2Lν . 

b) The transform ,1 fγ
δΡ  does not depend on ν  in the sense if ν  and ν%  satisfy equation (9) and if the 
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Lν  by equation (7), then ,1 fγ
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for f ∈ % ,2
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δΡ  is given by equations (1) and (8). 

d) Let , 0C hλ ∈ > , and ,2f Lν∈ . If Re( ) ( Re(1 )) 1hλ > ν − − γ − , then ,1 fγ
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while for Re( ) ( Re(1 )) 1hλ < ν − − γ −  is given by 
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e) If ,2f Lν∈  and 1 Re(1 ),2g L −ν+ −γ∈ , then there holds the relation  
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4. ,rLν  - theory of transform ,1 fγ
δΡ . 

Accoding to (1), from Proposition 2 and Proposition 3 in [4] for the 1
,кНσ - transform we deduce the re-

sults for the transform ,1 fγ
δΡ .  

Theorem 2  Let min[Re(2 ),Re(1 )]−∞ < ν < + δ − δ  and 1 r< < ∞ . 

There the following assertions are true: 
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and its image is characterized by 
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5. Inversion formulas of the transform ,1 fγ
δΡ . 

According to (8) the relation formulas (31) and (32) from [4] for ,1 fγ
δΡ  take the forms  
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or 
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Conditions for the validity of formulas (15) and (16) are followed and from Proposition 4 in [4].  
 
Theorem 3 Let 

min[1,Re(2 ),Re(1 )]−∞ < ν < + δ − δ  and let Сλ ∈ , 0h > . 

a) If f ∈ ,2νL , then the inversion formulas (15) and (16) are valid for Re( ) (1 ) 1hλ > − ν −  and 

Re( ) (1 ) 1hλ < − ν − , respectively. 

b) If f ∈ ,rνL , 1 r< < ∞ , then the relations (15) and (16) are true in the respective cases 

Re( ) (1 ) 1hλ > − ν −  and Re( ) (1 ) 1hλ < − ν − . 
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