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Abstract: This paper is devoted to the study of the multi-dimensional integral transform with the
Fox H-function in the kernel in weighted spaces with integrable functions in the domain R’} with
positive coordinates. Due to the generality of the Fox H-function, many special integral transforms
have the form studied in this paper, including operators with such kernels as generalized hypergeo-
metric functions, classical hypergeometric functions, Bessel and modified Bessel functions and so
on. Moreover, most important fractional integral operators, such as the Riemann-Liouville type, are
covered by the class under consideration. The mapping properties in Lebesgue-weighted spaces,
such as the boundedness, the range and the representations of the considered transformation, are
established. In special cases, it is applied to the specific integral transforms mentioned above. We use
a modern technique based on the extensive use of the Mellin transform and its properties. Moreover,
we generalize our own previous results from the one-dimensional case to the multi-dimensional one.
The multi-dimensional case is more complex and needs more delicate techniques.

Keywords: multi-dimensional integral transform; Fox H-function; Melling transform; weighted
space; fractional integrals and derivatives
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1. Introduction
We consider the multi-dimensional H-integral transform ([1], Formula (43)):
(a;,®;)1 1p

(H(x) = [ Hge [Xf (b, By
0

where (see [1,2], ch. 28; [3], ch. 1) x = (x1,%p,...,%x,) €
n

] fodt, x> 0; 1)

R t = (t1,t2,...,ty) €

R", R" is the n-dimensional Euclidean space; x-t = ). x,t; denotes their scalar prod-

n=1
n

uct; in particular, x-1 = ) x, for1=(1, 1, , 1). The inequality x > t means that

n:1 (e} o0 00 (e}
x1 > t1,...,Xy > ty, and inequalities >, <, < have similar meanings; [ = [ [--- [; by

0 00 0
N ={1,2,...}, we denote the set of natural numbers, Ny = N|J {0}, N2 = Ny x - - - x Ny;
k = (ki,ko,...,kn) € Nj (ki € Nog, i = 1,2,...,n) is a multi-index with k! = kl k!
and |k| = ki + -+ ky; R = {x € R",x > 0}; for k = (x1,x,...,k,) € R} D* =

ol . dt = = "
TET ey At = db - db € = 2 f()
-dimensional space of n complex numbers z = (zl,zz, e, zn) (2]

@
n-
A=A, Ay . Ay) €CG = (M, by, ... hy) €RE; L d

dx1 dxy---dxn’ ’

= f(t1,tp,...,tn); C" (n € N) is the
. c (C/]: 1,2/... ,n);
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m = (ml,mz,.. ymy) € Nfand my = my = -+ = my; n = (1, 1y,...,71,) €
Ntand 7y =7 = -+ = T, p = (P1,P2,---,Pn) e Npand p1 = pop = -+ = pu
=(q1,92,---,qn) ENjand g1 = g2 = =g, (0<m < q,0<n < p);
a; = (ay,ai,,...,04;,),1 < i < p,ay,ap,...,4, € C(iy =12,...,p1;...50 =

1,2,...,pn);
- b; = (bh,b]z,...,bjn),l <j<aqb,bj,... b, €C (1 = 1L2,...,q915.-5jn =
a; = (aj, iy, ..,0,), 1 < i <p a0 € RE (h=1,2,...,p15...50 =
1,2,..7.,;7,1);
ﬁ] = (‘B]'l,ﬁjz,...,ﬁjn), 1< ] < q, nlefﬁjZ’"":Bfn S Ri'_ (]1 = 1,2,...,Q1;...;jn =
1,2,...,qn).
The function in the kernel of (1)

(al/ )lp o L
(b ],‘3]) 1q ] - HHPk k {xktk

k=1

)
=
—

Hg‘; [xt

(ai /wi )ka
( k k :| (2)

bjk’ ‘B]k 14k

is the product of H-functions Hy,"[z]:

, — , (ai/ ‘Xi)l,p 1 ] _
Al = 5 [Z (b By | 27 L/”Zf,,”(s)z Sds, z # 0, 3)
where
(a;, ;) '711”(17 +Bjs) H I[(1—a;—as)
Mo ®) = l(ﬁf B ] = @
i Pillq IT T(a; +a;s) 1‘[ T(1—0bj—Bjs )
i=n+1 ] m+1

In the representation (3), L is a specifically chosen infinite contour, and the empty products,
if any, are taken to be one.

The H-function (3) is the most general of the known special functions and includes, as
special cases, elementary functions and special functions of the hypergeometric and Bessel
type, as well as the Meyer G-function. One may find its properties, for example, in the
books by Mathai and Saxena ([4], Ch. 2); Srivastava, Gupta and Goyal ([5], ch. 1); Prud-
nikov, Brychkov and Marichev ([6], Section 8.3); Kiryakova [7]; and Kilbas and Saigo ([8],
Ch.1-Ch.4).

Due to the generality of the Fox H-function, many special integral transforms have the
form studied in this paper, including operators with such kernels as generalized hypergeo-
metric functions, classical hypergeometric functions, Bessel and modified Bessel functions
and so on. Moreover, most important fractional integral operators, such as the Riemann—
Liouville type, are covered by the class under consideration. The mapping properties in
Lebesgue-weighted spaces, such as the boundedness, the range and the representations of
the considered transformation, are established. In special cases, it is applied to the specific
integral transforms mentioned above. We use a modern technique based on the extensive
use of the Mellin transform and its properties.

Our paper is devoted to the study of the H-transform (1) in Lebesgue-type weighted
spaces £; 5 of functions f(x) = f(x1,x2,...,x,) on RY, such that

1fllzz = {/ PRGNS P {/ x§~V2‘—1X
v, Rﬂr n R}r

[/Rl x%ﬁ*l'f(xl/ .. .,xn)|2dx1]dx2} . }dxn}l/z < o,

v=(r,v,...,vn) ER, vy =15 =---=vy,and 2 = (2,2,...,2).
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In this paper, we apply some our previous results to obtain mapping properties such
as the boundedness, the range and the representations for the H-transform (1).

The research results for transformation (1) generalize those obtained earlier for the
corresponding one-dimensional transformation (see [8], Ch. 3):

(Hf)(x) = / H {xt| E“f""”l*’ ] f(hdt, x>0 5)
0

b jr .B j )1,q
in the space £, » of Lebesgue measurable functions f on R} = (0, 0), such that

/0°° |tVf(t)\2? <o (VER).

The H-transform (5) generalizes many integral transforms: transforms with the Mei-
jer G-function, Laplace and Hankel transforms, transforms with Gauss hypergeometric
functions and transforms with other hypergeometric and Bessel functions in the kernels.
One may find a survey of results and a bibliography in this field for the one-dimensional
case in a monograph ([8], Sections 6-8). Note that a very important class of transforms
under consideration is the class of Buschman-Erdélyi operators; they have many impor-
tant properties and applications. The topic of this paper is also strongly connected with
transmutation theory, cf. [9].

Note that, in transmutation theory applied to differential equations, its solutions
are represented as integral transforms; in this way, solutions of perturbed differential
equations are represented via more simple solutions of unperturbed equations. Through
the results of this paper and similar ones, such a representation may also be accompanied
by norm estimates in classical functional spaces. It helps to estimate the norms of perturbed
equations and analyze their smoothness or singularity conditions, cf. [9].

2. Preliminaries

The properties of the H-function Hy,;'[z] (3) depend on the following numbers ([8],
Formulas 1.1.7-1.1.15):

n p m q q p
”*I,X;“z‘* )3 “z‘+21ﬁj* Y. B AIX%ﬁj*X%M (6)
i= j= = i

i=n+1 j=m+1

i=1 j=1
q 4
p=Yb-Yat+ b ®
j=1 i=1
m P n q
ai‘:Zﬁ]— Z al,az—thi— Z Bj; aj +a; =a*, ay —a; =A; 9)
j=1 i=n+1 i=1 j=m+1
m q n P
C=2b— ) bj+)a— ) a (10)
j=1 j=m+1 i=1 i=n+1
c*:m—i-n—pTﬂ. (11)

The empty sum in (6), (8), (9), (10) and the empty product in (7), if they occur, are taken to
be zero and one, respectively.
The following assertions hold.
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Lemma 1 ([8], Lemma 1.2). For o, t € R, the following estimate holds
|H;n,{;l(g+ it)| ~ C|t|A0+Re(y) exp—ﬂHt\a*+Im(§)sign(t)]/2 (|t| - oo) (12)
uniformly in o on any bounded interval in R, where
* * P — . q i)—
C = (2m)" exp* —Ac—Re(p) 501—[“3/2 Re(a;) H‘B?e(hl) 1/2 (13)
i=1 j=1

and ¢ and c* are defined in (10) and (11).

Theorem 1 ([8], Theorem 3.4). Let « < { < B and either of the conditions a* > 0 or a* = 0 and
Al +Re(p) < —1 hold. Then, for x > 0, except for x = 6 when a* = 0 and A = 0, the relation

Y+ico

, 1 (ay,ap) -
Hm,n |:x (ap IXP):| = / Hm,n prttp flx tdt (14)
P ) ] T2 ST ()
holds and the estimate ( )
ap, &
|Hn M prop } < Apxt (15)
A (bp, Bp) | ¢

is valid, where A is a positive constant depending only on (.

A set of bounded linear operators acting from a Banach space X into a Banach space Y
is denoted by [X, Y].

The multi-dimensional Mellin integral transform (9Mf)(x) of function
f(x) = f(x1,x2,..., %), x = (x1,X2,...,%,) € R, is determined by the formula

(Mf)(s) = / F(HF-1dt, Re(s) =7, (16)
0
s = (51,82,...,5n) € C". The inverse multi-dimensional Mellin transform has the form
1 T1+ico Yntioo
om—1! x:i,/ / x 3¢(s)ds, 17
00 = s [ [ X 17)

x € R%, v = Re(s]-) (j=1,---,n). The theory of multi-dimensional integral transforma-
tions (16) and (17) can be recognized, for example, in books ([3], Ch. 1; [10,11]).

We will need the following spaces. As usual, by L;(R"), we understand the space of
functions f(x) = f(x1,x2,...,x,), for which

_ VP
I ={ [, 0Pax} <o, 5= (prpaeeespa) 157 <

If p = oo, then the space Lo (R") is defined as the collection of all measurable functions
with a finite norm

1 f | (rery = esssuplf(x)],

where esssup | f(x)| is the essential supremum of the function | f(x)| [12].
We need the following properties of the Mellin transform (16).

Lemma 2 ([1], Lemma 1). Let 7 = (vq,v2,...,vn) € R", v1 = 1vp = - -+ = vy,. The following
properties of the Mellin transform (16) are valid.
(a) Transformation (16) is a unitary mapping of the space £ 5 onto the space Ly(R").
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(b) For f € £; 5, the following holds
1 y v1+iR v2+zR vy +iR - —sq 18
X) = — lim s)x °ds,
F00) = Gy dim [ [ 06s) (18)
where the limit is taken in the topology of the space £; 5 and where
if F(v +it) = H Fi(vi +it;), F(vi +it;) € Li(=R,R),j =1,2,...,n, then
v1+iR 1/2+1R 1/,1+1R
/ / / s)ds =i / / / (v +it)d
Jv1—iR Jup vy —iR
(c) For functions f € £, 5 and g € £, 5, the following equality holds
! e m Mg)(1 —5d 19
/f = G o A1~ s)x s, (19)

In [1], we consider the general multi-dimensional integral transform ([1], Formula (1))

(Kf)(x) = <Mﬂmi M-“h/kxt f(Hdt (x > 0), (20)

where the function k[xt] in the kernel of (20) is the product of one type of special function:
k[xt] = k[xltl] . k[thz] R k[xntn].

Transformation (20) satisfies the following theorem.

Theorem 2 ([1], Theorem 1). Let v = (1/1,1/2, V) ERY (1 = 1y = o0 = 1),
h= (h1,h2, . I’ln) ERJr,aTldX ()\1,)\2, . ) e C".
(a) If the tmnsformatzon operator (20) satzsﬁes the condition K € [£5, £, 5], then the kernel
on the right side of (20) k € £, ;5. If we set, for v; # 1 — (Re(A;) + 1) hi,j=1,2,.
ot
(MK —T+it) = — ®
A41—(1—-v+it)h
n o(t:
= B __ (21)
=1 )‘j +1-(1- vj+ lfj)h]'
almost everywhere, then function 6 € Lo (R"), and, for f € ’Qv,i/ the relation
(MKSf)(1 —v+it) = 0(t)(Mf) (v —it) (22)

holds almost everywhere.

(b) Conversely, for a given function 0 € Leo(R"), there is a transform K € [£,5, £, ;5] s0
that the equality (22) holds for f € £,5. Moreover, ifv; # 1 — (Re(A;) +1)/hj, j=1,2,...,n,
then transformation Kf (20) is representable in the form (20) with the kernel k defined by (21).

(c) Based on statement (a) or (b) with 6 # 0, K is a one-to-one transformation from the space
£, 5 into the space £, 5, and if, in addition, 1/0 € Leo(R"), then K maps £;5 onto £, 5,

and, for functions f, g € £, 5, the relation

[e9)

[ FOKg x)dx = [ (KN()g(x)dx 23)
0

0
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is valid.

3. £y 2-Theory for the Multi-Dimensional H-Transform

To formulate the results for the transform Hf (1), we need the following constants
([1]), which are analogous for the one-dimensional case defined via the parameters of the
H-function (3) ([8], (3.4.1), (3.4.2), (1.1.7), (1.1.8), (1.1.10)).

Leta = (&1,@,...,&,;) and ,g: (Bl,ﬁz,...,ﬁn),where

. Re(b; . 1—Re(a; _
— min [ ﬁ(']l)}’ my >0, _ min [ ;( '1)], n >0,
i lSj]SM] I ,Bl — lgi]gﬁ] i

N =
—o0, my; =0, oo, 11 =0,

— min {Re(%)}, my >0, _ min {PR?(%)}, 1y >0,
G =4 1<hsml Pp By = { 1Shsml
—o0, my =0, oo, My =0,

and
Re(b;, )

— min [ /3-]” }, my, >0, _ min {%}, iy >0,
’o‘zn — 1<j, <my n an = 1<i, <ny n (24)
—o0, my =0, oo, 1y =0;

and leta* = (aj,a3,...,a5), A= (A1,A2,...,A,) and

ﬁl 71 q1 P1

ay = Z &y + ZlBh Z lBh’ Ay = Zﬁh - Z“il’
i=1 i=m+1 j=my+1 j=1 i=1
ﬁz 92 q2 p2

*

iy = Z &, + ZIBJZ Z ﬁjz/ Ay = Z:sz - Z“iz'

i=1 i=np+1 j=my+1 j=1 i=1
and

Ty Pn My qn qn Pn

ap=Y i, — ), @, ) Bi— Y Bisda =) B, ) i (25)
i=1 i=7n+1 =1 =1 j=1 i=1

and let u = (pq, 2, ..., 4n) and

q1 P1 p1
1= th - Zal& +
=1 i=1

q2 P2
1 P2 —q2
pe= )by, - Yoa,+ P2
j=1 i=1

qn

— b . Pn—4qn,
]/ln—]; »f;ain+ 5 (26)

The exceptional set & of a function ﬁg@: (s)

—mn —m,n (az/“z
Hp/q(8) = Hyp,
Pa [(b]’ﬁ]) rq

a; , o
| =TT | s

]k"B] ) 1,k

1 , (27)

is called a set of vectors V = (vy,vy,...,v4) € R" (1, = v, = -+ = 1), such that
e <l—y < Bk, k=1,2,...n, where the parameters a, Bk(k =1,2,...,n) are defined by
Formula (24), and functions H;Z{k,;l,f (sp) (k=1,2,...,
Re(sg) <1—v,(k=1,2,...,n), respectively.
Applying the multi—dimensional Mellin transformation (16) to (1), formally, we obtain

n) of the view (4) have zeros on lines

s) =Hoo (2, @i)1,p s —s
(M) (5) =TI [(byﬁ])lqr]wm ) es)
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Theorem 3. Suppose that
G <l—v <P v=v,k#1(kI1=1,2...,n); (29)
and that either of the conditions
a; >0 (k=1,2,...,n); (30)
or
ap =0,A¢[1 —vg] +Re(pg) <0 (k=1,2,...,n) (31)

holds. Then, we have the following results.

(a) There exists a one-to-one transform H € [Eﬂ, £,_37) so that the relation (28) holds for
Re(s) =1—vand f € £,5. /

Ifaf =0, Ar[1 —vy] +Re(pg) =0 (k=1,2,...,1), and ¥ does not belong to an exceptional
set E47, then the operator H maps £5 onto £ 5.

(D Iff € £,5and g € £, then, for H, we have the relation (23)

[ Fe0(Hg) (0ax = [ (HF) (g(x)ex. ()
0 0

(c) Letf e £ v, A= ()\1,/\2, . ,/\n) e C" ,E = (I’ll,hz,...,hn) S Rn IfRe(X)
(1 —=7)h — 1, then Hf is given by the formula
(Hf) (x) — ax1—(A+1)/h

(e}

d (A+1)/h mn+1

Xax /Hp+1,q+1 xt
0

(_X/ E)/ (air Dci)l,p
(b]' ﬁj)l,qr (7X - 1/E)

] f(t)dt. (33)

When Re(A) < (1 —7)h — 1, Hf is given by
(Hf) (x) — _Exlf(/\ﬂ)/h

4 - o (aj, ;)1 ,(—X,E)
il (/\+1)/h/ m+1,n t P t)dt (34)
X —X X A |
- HP+1'q+1 [ (7)\ _ 1[]1), (bj, ﬁj)l,q f( )

(d) The transform H is independent of U in the sense that, for V and v satisfying the
assumptions (29), and either (30) or (31), and  for the respective transforms H on £;5 and H

on L= given in (28), then Hf = Hf for f € L5 N %5

Proof. Let w(t) = H(1 — v +it)= In—[ H(1 — v + it). By virtue of (4), (24), and the

conditions (29), the functions HZ?,’,% (s ) H;,"f;zz( 2), - ,H;’Z‘,’Zj’ (sn) are analytic in the strips
M <l—ny< Bl,. g <1l-v, < [Sn,m = 1p = - -+ = Vy, respectively. In accordance
with (12) and conditions (30) or (31), @w(t) = O(1) as |t| — co. Therefore, W € Lo (R"),
and hence we obtain from Theorem 2 (b) that there exists a transform H €[£; 5, £, ; 5]
such that

(MHS) (s)(1 —V +it) = H(1 — 7+ it)(Mf) (V — it)
for f € £, 5. This means that the equality (28) holds when condition Re(s) = 1 -7 is

met. Since the functions H 71 (s1), ’H;"zz 12(82), ... My (s,) are analytic in the strips

M <l-1< ,gl,... gy < 1—v, < ,Bn, 1 = Vp = -+ = Uy, respectively, and have
isolated zeros, then w(t) # 0 almost everywhere. Thus, it follows from Theorem 2 (c)
that H € [£; 5, £, ;5] is a one-to-one transform. If af = 0, Ag(1 — 1) + Re(pg) = 0

v,
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(k=1,2,...n) and 7 is not in the exceptional set &gy of H, then 1/@ € Lo (R"), and, from
Theorem 2 (c), we have that H transforms the space £; 5 onto £, ; 5. This completes the
proof of the statement (a) of the theorem.

According to the statement of the Theorem 2 (c), if f € £, 5 and g € £ 5, then the
relation (32) is valid. Thus, the assertion (b) is true.

Let us prove the validity of the representation (33). Suppose that f € £;5 and
Re(A) > (1 —v)h — 1. To show the relation (33), it is sufficient to calculate the kernel k in
the transform (20) for such A. From (21), we obtain the equality

_ 1
M)(1—v+it) =H(—v+it)= —
() )= Hl )A+1—(1—v+it)h
L 1
= H(1 — it ;
,}:[1 ( Uk+lk))\k+1—(1—vk+ztk)hk
or, forRe(s) =1—-7,
() (5) = H(s)———— = [ [H(s0) 75— = )
A+1—hs 5 N1 Iyse
Then, from (18) and (35), we obtain the expression for the kernel k
k 1 n i 1—vy+iR " —s 4
H Xk = @iy ﬂRg{}o /H,;iR (k) (s ) x;, " dse
1 n y 1—v+iR =
= G kl;Iler;o N ’Hk(sk)i/\k o x Kdsy, (36)
where the limits are taken in the topology of £, ».
According to (4) and (27), we have
_ 1 — I(1—(=A)—hs
(5 = () LA R
A+1—hs r1—(=A—1)—hs)
_ Hm n+1 [ (_X/ E)/ (ai/ ai)l,p |S‘|
1,q+1 - =
P (b, Bi)rg, (A —1,1)
n 7 —Ak, ), (ai, )1
_ ,Hmk,nk—H ( k k 1 1)1, px s . (37)
klj Pttt (b, Bi)1g (—Ac— 1, hk)| ¢
Denote by &, Br (k 1,2,...,n) the constants @, ,Ek (k=1,2,.. .~,n) in (24), respec-
tively; by a; (k=1,2,...,n), the constants a; (k=1,2,...,n);and by Ay (k=1,2,...,n),
the constants Ay (k = 1,2,...,n) in (25), respectively; and by pix (k = 1,2,...,n), the
constants p (k =1,2,. ) in (26), respectively, for Hgkflk;; 41 (k=1,2,...,n)in (37).
Then, & = & (k = 1,2,...,1); Br = min[By, (1 +Re(A)) /] (k = 1,2,. ) af = a;

(k =1,2,...,n); Ak = Ak (k =12,...n); 0 =w—1k=12,...,n ) Thus, it fol-
lows that

(@) &g <1—v < B (k= -n);

from Re(X) > (1- v)ﬁ 1 and elther of the conditions

(b)a; >0(k=1,2,...,n);

(c)a =0(k=1,2,...,n);o0r

Ak(1 —vi) + Re(jig) = Ak(l — V) + Re(py) —1< -1

(k=1,2,...,n) holds. Applying Theorem 1 for x > 0, then the equality
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—Ah), (a;, a;
e l’“ (=21, (ai, i) p ]

(bj, Bj)rq, (A —1,h)

(_/\k/ hk)/ (aik/ aik)l/pk
(bjk’ nBjk)l,‘]k' (_Ak - ]., I’lk)

o mk Tx+1
H pr+1,qx+1 Xk
1—- vk+zR 1
Zm H RHOO/I ve—iR /\k + 1 — hys
holds almost everywhere. Then, (36) and (38) lead to the fact that the kernel k is given by

k(x) = mntl | (_Xrﬁ)/(airj‘ih,Pi )
p+1,q9+1 (bj, )1 (X — 1,70

X, Sk dsy (38)

and (33) is proven.
The representation (34) is proven similarly to (33). We use the equality

— 1 _ T(hs — A —1)
H(S)X+1—Es = M) (hs— A)
_ 7ﬂm+1,n (ai/lx) ( )\ h) |
P (317, (b i"Bi)g
N o PYISE (i, @i )1,pr (= Ak, B) ' 39
H pr+1, q+1 l<_Ak 1, hk)r (bjk/ ,Bjk)l,qk |Sk ( )

instead of (37). Thus, the statement (c) is proven. [

Let us prove (d). If f € £,5N£; ; and Re(A) > max[(1 —7)h—1,(1—v)k — 1] or
Re(A) < min[(1 —#)k — 1, (1 — V)k — 1], then both transforms Hf and Hf are given in (33)
or (34), respectively, which shows that they are independent of v.

Corollary 1. Suppose that & < By (k =1,2,...,n), and that one of the following conditions holds:
(@a;>0(k=1,2...,n);
(b)aZ—O(kf12 ) A >0(k=1,2,...,n);and
T < — (”k)(k_lz 1);
(c)ak—O Ak<0(k—12 ,n); and
B > —Refw (k:1,2,...,n);
(d)a; =0 (k =1,2,...,n);M=0,(k=1,2,...,n);and
Re(pg) <0 (k=1,2,...,n).
Then the H-transform (1) can be defined on £, 5 with
bZk <Vk<ﬁk (k:1,2,...,1’l),'1/1 =Vp =+ = Vy.

Proof. When 1 — Bk <y < 1-% (k = 1,2,...,n), by Theorem 3, if either af > 0
(k=12,...,n)ora; =0k =12,...,n), M(1—v)Re(py) <0 (k =1,2,...,n) is satis-
fied, then the H-transform can be defmed on £;5, which is also valid when &, < v < Bk

(k=1,2,...,n). Hence, the corollary is clear in cases (2) and (d). When A > O0and & < — Re(z k)

k=1, 2,..., ), the assumption @, < ,Bk (k =1,2,...,n) yields that there exists a vector
U= (v,vy,...,Vy)suchthatay <1—1 < —%};") (k=1,2,...,n),and oy <1—1} < —%ﬁ:k)
(k=1,2,...,n), which are required. For the case (c), the situation is similar, i.e., there exists 7
of the forms Bk >1—v > —%Z") (k=1,2,...,n)and & <1—1v (k=1,2,...,n). Thus, the
proof is completed. [J
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4. Conclusions

The multi-dimensional integral transformation with the Fox H-function is studied.
Conditions are obtained for the boundedness and one-to-oneness of the operator of such a
transformation from one Lebesgue-type weighted space of functions to another, and the
analogues of the formula for integration by parts are proven. For the transformation under
consideration, various integral representations are established. The results generalize those
obtained earlier for the corresponding one-dimensional integral transform.

Due to the generality of the Fox H-function, many special integral transforms have the
form studied in this paper, including operators with such kernels as generalized hypergeo-
metric functions, classical hypergeometric functions, Bessel and modified Bessel functions
and so on. Moreover, most important fractional integral operators, such as the Riemann—
Liouville type, are covered by the class under consideration. The mapping properties in
Lebesgue-weighted spaces, such as the boundedness, the range and the representations of
the considered transformation, are established. In special cases, it is applied to the specific
integral transforms mentioned above. We use a modern technique based on the extensive
use of the Mellin transform and its properties. Moreover, we generalize our own previous
results from the one-dimensional case to the multi-dimensional one. The multi-dimensional
case is more complex and needs more delicate techniques.
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